ADVANCED
NUMBER THEORY

Distinguished Professor of Mathematics
City University of New York

Dover Publications, Inc.

New York



dedicated to TONY and SUSAN

Copyright © 1962 by Harvey Cohn.
All rights reserved under Pan American and Inter-
national Copyright Conventions.

Published in Canada by General Publishing Com-
pany, Ltd., 30 Lesmill Road, Don Mills, Toronto, On-
tario.

Published in the United Kingdom by Constable and
Company, Ltd., 10 Orange Street, London WC2H 7EG.

This Dover edition, first published in 1980, is an un-
abridged and corrected republication of the work first
published in 1962 by John Wiley & Sons, Inc., under the
title A Second Course in Number Theory.

International Standard Book Number: 0-486-64023-X
Library of Congress Catalog Card Number: 80-65862

Manufactured in the United States of America
Dover Publications, Inc.
180 Varick Street
New York, N.Y. 10014



PREFACE

The prerequisites for this book are the “standard” first-semester course
in number theory (with incidental elementary algebra) and elementary
calculus. There is no lack of suitable texts for these prerequisites (for
example, An Introduction to the Theory of Numbers, by 1. Niven and H. S.
Zuckerman, John Wiley and Sons, 1960, can be cited as a book that intro-
duces the necessary algebra as part of number theory). Usually, very little
else can be managed in that first semester beyond the transition from
improvised combinatorial amusements of antiquity to the coherently
organized background for quadratic reciprocity, which was achieved in
the eighteenth century.

The present text constitutes slightly more than enough for a second-
semester course, carrying the student on to the twentieth century by
motivating some heroic nineteenth-century developments in algebra and
analysis. The relation of this textbook to the great treatises will necessarily
be like that of a historical novel to chronicles. We hope that once the
student knows what to seek he will find *“chronicles™ to be as exciting as a
“historical novel.”

The problems in the text play a significant role and are intended to
stimulate the spirit of experimentation which has traditionally ruled
number theory and which has indeed become resurgent with the realization
of the modern computer. A student completing this course should acquire
an appreciation for the historical origins of linear algebra, for the zeta-
function tradition, for ideal class structure, and for genus theory. These
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vi PREFACE

ideas, although relatively old, still make their influence felt on the frontiers
of modern mathematics. Fermat’s last theorem and complex multiplication
are unfortunate omissions, but the motive was not to depress the degree
of difficulty so much as it was to make the most efficient usage of one
semester.

My acknowledgments are many and are difficult to list. I enjoyed the
benefits of courses under Bennington P. Gill at City College and Saunders
MacLane at Harvard. The book profited directly from suggestions by my
students and from the incidental advice of many readers, particularly
Burton W. Jones and Louis J. Mordell. 1 owe a special debt to Herbert S.
Zuckerman for a careful reading, to Gordon Pall for major improvements,
and to the staff of John Wiley and Sons for their cooperation.

HARvEY COHN
Tucson, Arizona
October 1961
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INTRODUCTORY
SURVEY

DIOPHANTINE EQUATIONS

The most generally enduring problem of number theory is probably that
of diophantine equations. Greek mathematicians were quite adept at
solving in integers x and y the equation

ax + by = ¢,

where a, b, and c are any given integers. The close relation with the greatest
common divisor algorithm indicated the necessity of treating unique
Jactorization as a primary tool in the solution of diophantine equations.

The Greek mathematicians gave some sporadic attention to forms of the
more general equation

() f(@,y) = A2* + Bey + Cy* + Dz + Ey + F =0,

but achieved no sweeping results. They probably did not know that every
equation of this kind can be solved “completely” by characterizing all
solutions in a finite number of steps, although they had success with special
cases such as 22 — 3y% = 1. In fact, they used continued fraction tech-
niques in both linear and quadratic problems, indicating at least esthetically
a sense of unity. About 1750 Euler and his contemporaries became aware

This section presupposes some familiarity with elementary concepts of group,
congruence, Euclidean algorithm, and quadratic reciprocity (which are reviewed in
Chapter I).

1



2 INTRODUCTORY SURVEY

of the systematic solvability in a finite number of steps. Yet it was not
until 1800 that Gauss gave in his famous Disquisitiones Arithmeticae the
solution that still remains a model of perfection.

Now a very intimate connection developed between Gauss’s solution and
quadratic reciprocity, making unique factorization (in the linear case) and
quadratic reciprocity (in the quadratic case) parallel tools. Finally, about
1896, Hilbert achieved the reorganization of the quadratic theory, making
full use of this coincidence and thus completing the picture.

MOTIVATING PROBLEM IN QUADRATIC FORMS

The first step in a general theory of quadratic diophantine equations was
probably the famous theorem of Fermat (1640) relating to a (homogeneous)
quadratic form in x, y.

A prime number p is representable in an essentially unique manner by the
Jorm a® + y? for integral x and y if and only if p = 1 modulo 4 (or p = 2).

It is easily verified that 2 =124+ 13,5 =22+ 12, 13 =324 22, 17 =
4 + 12,29 = 5% + 22, etc., whereas the primes 3, 7, 11, 19, etc., have no
such representation. The proof of Fermat’s theorem is far from simple and
is achieved later on as part of a larger result.

At the same time, Fermat used an identity from antiquity:

@+ 9@ + ¥ = (@' — gy + @y + 2P
easily verifiable, since both sides equal 22’2 + y%'% + 2'%? + a%’2. He
used this formula to build up solutions to the equation
) 22+ yt=m

for values of m which are not necessarily prime. For example, from the
results

3R4+2=13, (x=3,9=2),

24 12=5, =24 =1,
we obtain

R+2=65 (2 —yy' =4 zy +2y=7).
If we interpret the representation for 13 as

(=32 +22=13 (z= -3, y=2),
whereas
24 12=5, =2 9=1,
then we obtain

(—82 4+ 12=65 (v —yy =—8, 2y +2'y=1);
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but the reader can verify that 65 = 72 4 42 = 82 4 12 are the only repre-
sentations obtainable for 65 in the form 22 + 42, to within rearrangements
of summands or changes of sign. If we allow the trivial additional oper-
ation of using (z, ¥), which are not relatively prime ((kz)? + (ky)* = k%m),
we can build up all solutions to (2), from those for prime m.

Thus Fermat’s result, stated more compactly, is the following:

Let O, y) = 2® + o~
Then all relatively prime solutions (x, y) to the problem of representing

Q(x9 ?/) =m

for m any integer are achieved by means of the successive application of two
results called genus and composition theorems.

GENUS THEOREM
€)) O, y)=p

can be solved in integral x,y for p a prime if and only if p = 1 (mod 4), or
p = 2. The representation is unique, except for obvious changes of sign or
rearrangements of x and y.

COMPOSITION THEOREM
) Oz, y) 0@, ¥) = Qxx" — yy', 'y + xy').

In the intervening years until about 1800, Euler, Lagrange, Legendre,
and others invented analogous results for a variety of quadratic forms.
Gauss (1800) was the first one to see the larger problem and to achieve a
complete generalization of the genus and composition theorems. The
main result is too involved even to state here, but a slightly more difficult
special result will give the reader an idea of what to expect. (See Chapter
XIII1.)

Let Oi(x, y) = 2* + 59,
Qs(, y) = 22% + 2ay + 3y
Then all relatively prime solutions (x, y) to the problem of representing

Ql(x’ y) =m
or

Oy, y) = m
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for m any integer are achieved by means of the successive application of the
following two results.

GENUS THEOREM

(5) [Ql(x’ y)
Q2(x’ ?/)

i| = p, a prime, if and only if p = (;’ 3) (mod 20),

s

in an essentially unique fashion. (The only special exceptionsare, 0,(0, 1) =
5, 04(1,0) =2)

COMPOSITION THEOREM

Q:(z,y) 01", ¥') = Qy(xx" — Syy', 2’y + =y")
(6a) | O:(2,y) Qu(x",y') = Qoazx’ — 2"y — 3yy', 2y’ + 22’y + yy')
0z, y) Qu(2', y) = 022" + xy’ + 2’y — 2yy’, 2y’ + 2’y + yy').

One may protest (in vain) that he is interested only in Q,(x, y), but it is
impossible to separate Q,(, ) and Q,(x, ¥) in the composition process
For instance,

Qz(l’ 1)=7s (Z= 1: y= 1)’
Q2(0’ 1) =3, (x, =0, y, = 1),

and, from the last of the composition formulas,
0,(—=1,2)=21, Quzz' +ay +2'y—2yy = —1,zy + 2’y + yy = 2).

Thus, to represent 21 by Q,, we are forced to consider possible repre-
sentations of factors of 21 by Q,. The reader may find the following
exercise instructive along these lines:

Find a solution to Q,(x, ) = 29 by trial and error and build from the
preceding results solutions to Q,(z, ) = 841 and Q,(z, y) = 203.

Those readers who are familiar with the concept of a group will recognize
system (6a) symbolically as

12 = Q, (identity),
(6b) Q1Q2 = Qz,
Qz2 =Q,.

In this manner we are led from quadratic forms into algebra!
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USE OF ALGEBRAIC NUMBERS

The reader will probably note that the decomposition theorem resembles
the method of multiplication of complex numbers:

(79) @+ B + i) = G — ) + i + ),
where, of course, i = v/ —1. The composition theorems for Q,(z, y) and

0,(x, y) can be similarly explained by use of V/ —5 if we solve for 2" and y"
in each of the following equations:
@+ V=59 +V=5y) = @" + V=5,
(76) @+ V=52 +y +V=5y) =" +y + V-5
Qr+y+ V=52 + v +V—=5y) = 2" + V=5y"),
but we shall defer all details to Chapter XIII.

The important point, historically, is that before the time of Gauss
mathematicians strongly feared the possibility of developing a contradic-
tion if reliance was placed on such numbers as v/ =1, V/=5, and they
would use these numbers “experimentally,”” although their final proofs
were couched in the immaculate language of traditional integral arithmetic;
yet eventually they had to accept radicals as a necessary simplifying device.

A second guiding influence in the introduction of radicals was the famous

conjecture known as Fermat’s last theorem:

If n is an integer >3, the equation

xn + y'ﬂ e ZTL

has no solution in integers (z, ¥, z), except for the trivial case in which
xzyz=0. Theresultisstillnot proved forall n, norisit contradicted.
Here Cauchy, Kummer, and others achieved, for special n, remarkable
results by factoring the left-hand side. We shall ignore this very important
development in order to unify the material, but we cannot fail to see its
relevance (say) for n = 3, if we write

2+ 9=+ Y+ ey + oY),
p=(=14+V=3)2 p=(-1—-V=3)2.

The introduction of such numbers as p, v/ —_1, v/ —5 resulted in a further
development by Dedekind (1870) of a systematic theory of algebraic
numbers. These are quantities « defined by equations, for instance, of
degree k,

A + A1+ -+ 4, =0



6 INTRODUCTORY SURVEY

with integral coeflicients. It turned out that quadratic surds (k = 2) were
an extremely significant special case whose properties to this very day are
not fully generalized to k > 2. Thus the importance of this special
(quadratic) case cannot be overestimated in the theory of algebraic numbers
of arbitrary degree k.

In this book we try to get the best of both worlds: we use quadratic
forms with integrai coefficients or factor the forms (using algebraic number
theory), depending on which is more convenient.

PRIMES IN ARITHMETIC PROGRESSION

If we examine Q,(x, ¥) and Q,(x, y) more carefully, we find that in both
cases the discriminantis —20, (the discriminant is the usual value, d =
B? — 44C for the form Ax® 4+ Bxry + Cy®). Actually, the number of
forms required for a complete composition theorem associated with a
discriminant is (essentially) a very important integer called the class
number, written h(d). Thus, referring to Q(z, y), we find A(—4) = 1; and
referring to Q,(z, ), Qu(x, y), we find A(—20) = 2. The value of the class
number is one of the most irregular functions in number theory. Gauss
(1800) and Dirichlet (1840), however, did obtain “exact’ formulas for the
class number. They used continuous variables and thelimiting processes of
calculus, or the tools of analysis.

One of the most startling results in number theory developed when
Dirichlet used this class-number formula to show the following result:

There is an infinitude of primes in any arithmetic progression

aa+da+2da+3d -,
provided (a,d) = 1, and d > 0.

The fact that quadratic forms had originally provided the clue to a
problem involving the linear form a + xd has not been completely assimi-
lated even today. Despite the occurrence of “direct” demonstrations of
the result of Dirichlet, the importance of the original ideas is manifest in
the wealth of unsolved related problems in algebraic number theory.

We are thus concerned with the remarkable interrelation between the
theory of integers and analysis. The role of number theory as a fountain-
head of algebra and analysis is the central idea of this book.
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BACKGROUND
MATERIAL



chapter I

Review of elementary number
theory and group theory

NUMBER THEORETIC CONCEPTS

1. Congruence

We begin with the concept of divisibility. We say! a divides b if there is
an integer ¢ such that b = ac. If a divides b, we write a | b, and if a does
not divide b we write a ¥ b. If k >0 is an integer for which &*|b but
a*+1 1 b, we write a* || b, which we read as “a* divides b exactly.”

If m| (z — y), we write

n z = y (mod m)

and say that = is congruent to y modulo m. The quantity m is called the
modulus, and all numbers congruent (or equivalent) to  (mod m) are said
to constitute a congruence (or equivalence) class. Congruence classes are
preserved under the rational integral operations, addition, subtraction, and
multiplication; or, more generally, from the congruence (1) we have

&) f@) = f(y) (mod m)

where () is any polynomial with integral coefficients.

! Lower case italic letters denote integers (positive, negative, or zero), unless otherwise
stated.

9



10 ELEMENTARY NUMBER AND GROUP THEORY [Ch. I]

2, Unique Factorization

It can be shown that any two integers a and b not both 0 have a grearest
common divisor d(>0) such that if ¢ | a and ¢ | b then ¢ | d, and conversely,
if ¢ is any integer (including d) that divides d, then 7 [ aand ¢ | 5. We write
d = ged (a, b) or d = (a, b). Itis more important that for any @ and b there
exist two integers « and y such that

ey ar + by =d.

If d = (a, b) = 1, we say a and b are relatively prime.

One procedure for finding such integers «, y is known as the Euclidean
algorithm. (This algorithm is referred to in Chapter VI in another con-
nection, but it is not used directly in this book.)

We make more frequent use of the division algorithm, on which the
Euclidean algorithm is based: if a and b are two integers (b = 0), there
exists a quotient g and a remainder r such that

2 a=gb+r
and, most important, a = r(mod b) where
(3) 0 <r<|bl.

The congruence classes are accordingly called residue (remainder) classes.

From the foregoing procedure it follows that if (a, m) = 1 then an
integer x exists such that (x, m) = 1 and ax = b (mod m). From this it
also follows that the symbol b/a (mod m) has integral meaning and may be
written as z if (a, m) = 1.

An integer p greater than 1 is said to be a prime if it has no positive
divisors except p and 1. The most important result of the Euclidean
algorithm is the theorem that if the prime p is such that p | ab then p | a or
p | b. Thus, by an elementary proof, any nonzero integer m is representable
in the form

@ m = pfpye - p

where the p; are distinct primes. The representation is unique within
rearrangement of factors. Each factor p;% is called primary.

EXERCISE 1. Observe that

f| ol
@len

+1=
1=4, 1=5 §=2(mod7),

4 +5 =2 (mod7).

Write down and prove a general theorem enabling us to use ordinary arithmetic
to work with fractions modulo m (if the denominators are prime to m).
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p—1
EXERCISE 2. Prove 3 1/z =0 (mod p),  (p odd).

z=1
EXERCISE 3. From the remarkable coincidence 2¢ + 5 =27-5 + 1 = 641
show 23 + 1 = 0 (mod 641). Hint. Eliminate y between the pair of equations
o* +y* =a" + 1 = 0 and carry the operations over to integers (mod 641).
EXERCISE 4. Write down and prove the theorem for the solvability or non-
solvability of ax = b (mod m) when (a, m) > 1.

3. The Chinese Remainder Theorem

If m = rs where r > 0, s > 0, then every congruence class modulo m
corresponds to a unique pair of classes in a simple way, ie., if r =y
(mod m), then z = y(mod r) and = = y(mod s). If(r, s) = 1, the converse
is also true; every pair of residue (congruence) classes modulo r and
modulo s corresponds to a single residue class modulo rs. This is called
the Chinese remainder theorem.! One procedure for defining an x such
that « = a (mod r) and z = b (mod s) uses the Euclidean algorithm, since
(x =)a + rt = b + su constitutes an equation in the unknowns ¢ and u,
as in (1) of §2.

As a result of this theorem, if we want to solve the equation

¢)) f(@) = 0 (mod m),

all we need do is factor m = p,“1p," - - - p% and then solve each of the
equations

) f(x) = 0 (mod p,*)

for as many roots as occur (possibly none). If z; is a solution to (2), we
apply the Chinese remainder theorem step-by-step to solve simultaneously
the equations

(3) z = z; (mod p,*), (i=12---,9),
to obtain a solution to (1). If r; is the number of incongruent solutions to
8§
(2), there will be ] r, incongruent solutions. (The result is true even if
i=1

one or more r;, = 0.)

EXERCISE 5. In a game for guessing a person’s age x, one discreetly requests
three remainders: r, when z is divided by 3, r, when z is divided by 4, and r, when
z is divided by 5. Then

« = 40r, + 45r, + 36ry (mod 60).
Discuss the process for the determination of the integers 40, 45, 36.

! The theorem was not handed down from China but was found to have also been
known there since antiquity.
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4. Structure of Reduced Residue Classes

A residue class modulo m will be called a reduced residue class (mod m) if
each of its members is relatively prime to m. If m = p,"1p,% - .- p %
(prime factorization), then any number z relatively prime to m may be
determined modulo m by equations of the form
M z = x; (mod p;*), (@, p) =1, (i=12-"-,9).

The number of reduced residue classes modulo p® is given by the Euler ¢
Sfunction:

@ ¢ = p“(l - i)

By the Chinese remainder theorem the number of reduced residue classes
modulo m is ¢(m), where

() 40m) =TT 609 = mlt = U/pILL = WIpa] - [1 = (W/p)
By the Fermat-Euler theorem, if (b, m) = 1, then

(C)) b*™ = 1 (mod m).

A number g is a primitive root of m if
) g¥% 1(modm) for 0 <k << $(m).

Only the numbers m = p®, 2p%, 2, and 4 have primitive roots (where p is
an odd prime). But then, for such a value of m, all y relatively prime to p
are representable as

©) y = g’ (mod m),

where ¢ takes on all ¢(m) values; t =0, 1,2, -, ¢(m) — 1.

The accompanying tables (see appendix) give the minimum primitive
root g for such prime p < 100 and represent y in terms of ¢ and ¢ in terms
of y modulo p. Generally, t is called the index (abbr. I in the tables)and y is
the number (abbr. N). Of course, the index is a value modulo ¢(m), and
the operation of the index recalls to mind elementary logarithms.

EXERCISE 6. Verify the index table modulo 19 and solve

210460 = 1470 (mod 19)
by writing
10ind 2 + 60 ind ¥ = 70 ind 14 (mod 18)

(and using Exercise 4, etc.).
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5. Residue Classes for Prime Powers!

In the case of an odd prime power p?, for a fixed base p, a single value g
can be found that will serve as a primitive root for all exponents @ > 1.
In fact, g need be selected to serve only as the primitive root of p?, or, even
more simply, as shown in elementary texts, g can be any primitive root of p
with just the further property g?~! =£ 1 (mod p%). We then take (6) of §4 to
represent an arbitrary reduced residue class y (mod p®), using the minimum
positive g for definiteness.

In the case of powers of 2, the situation is much more complicated. The
easy results are (taking odd y) for different powers of 2

1 y =1 (mod 2), trivially,
2 y=(=Dh(mod4), £ =01;

but for odd y, modulo 8, we find there is no primitive root. Thus there is
no way of writing all odd y = g*(mod 8) for t = 0, 1, 2, 3. We must write

3) y = (—1)rS1(mod 8), £, =0,1, =01,
yielding the following table of all odd y modulo 8.

TABLE 1
Y 1 3 5
t, 0 1 0 1
4 0 1 1

More generally, if we consider residues modulo 2%, @ = 3, we find the
odd y are accounted for by

(@) y=(=DhSH(mod2%); £,=01; £, =01---,(2%4)— L

This result makes 5 a kind of “half-way” primitive root modulo 2* for
each a > 3. For instance 5 = 1 (mod 2%) when ¢, = $(2%/2 = 2%/4 but
for no smaller positive value of f;. Let us collect these remarks:

If we factor m = p\"ip," - - - p.®, and if (y, m) = 1, then y is uniquely
determined by a set of exponents as follows: for odd primes p; with primitive
root g; (mod p?).

(5a) y=gli(modp®), 0<t < d(p®.

! In this section and those that follow the proofs are less elementary than before.
The reader should not hesitate to consult some elementary text in the bibliography if the
desired conclusion does not sound familiar.
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If there is an even prime present call it p,(=2). Then if a; =1 all y are
congruent to one another (mod 2), ifa; = 2,

(5b) y=(—Dh(mod4), 0<1,<¢4)=2;
and if a; =3
(5¢) y= (=951 (mod2%), 0<1,<2; 0=ty <P2))2.
The index of y in general is not an exponent but an ordered »-tuple! of

exponents or a vector.> If we assume the primitive roots in (5q) are fixed
for each odd p; as the minimum positive value, we can write

(6) ind (y) = [tO’ tla t2, Y ts]a
where each t, is taken modulo the value ¢(p), or 2, or }(2™), as required
by (5a), (5b), and (5c¢).
Thus, if m = 17, we represent y = 3"t (mod 17), and
(Ta) ind () = [#,), (#; determined modulo 16).
Here the vector is merely the index. On the other hand, if m = 24 = 28.3,
we write
(7b) y =22 (mod 3), y=(—1)5" (mod 8),
(7¢) ind (y) = [t,, 13, L5], (20, 11, t, determined modulo 2).
We can easily see the vectors corresponding to 5, 7, and 11 (= 35 modulo

24);
ind(5)=1[0,1,1], ind(7)=[1,0,0], ind(11)=1[1,1,1].

In accordance with the usual vector laws, we define addition [with each ¢;
determined modulo ¢( p,%), 2, or $(2%)/2, according to (5a), (5b), or (5c)].
Let

(8) ind (y) = [t07 tla ety t2]7 ind (?/’) = [tors t1,7 e ts,]-
Then

(9) ind (y) + ind (y,) = [tO + tO,’ tl + t1,7 T, ts + tsI]‘
We then have an obvious theorem
(10) ind (yy") = ind (¥) + ind (¥").

1 The statements such as (6) must be suitably modified in case an entry such as ¢, is
absent (when m is odd) as well as when ¢, is absent (or 22 || m). (Effectively, n = s or
s+ 1)

2 We use the term “‘vector” intuitively as an “ordered n-tuple of components with
addition and subtraction defined for two vectors by a component-by-component
operation,”
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EXERCISE 7. From representations (7b) and (7c) draw the conclusion that
ind (%% = [0, 0, 0] for all y, for which (y, 24) = 1. (In other words all such y are
solutions to % = 1, modulo 24).

EXERCISE 8. Find all m for which, whenever (y, m) = 1, then y* = 1 (mod m),
using the index vector notation as in Exercise 7.

GROUP THEORETIC CONCEPTS

6. Abelian Groups and Subgroups

In the development of number theory, structurally similar proofs had
been repeated for centuries before it was realized that a great convenience
could be achieved by the use of groups.

We shall ultimately repeat the earlier results (§5) in group theoretic
language. We need consider only finite commutative groups in this book.

A finite commutative (or abelian) group G is a set of objects:

(la) G:{a;,a,-"",a,},

with a well-defined binary operation (symbolized by ®) and subject to the
following rules:

(1) 2,0a; =a;®a, (Commutative law)
(l¢) a,®(a;®a,) = (a; ®a;) ® a,, (Associative law)
for every a; and a; an a, exists such that

(1d) a; ® a, = a, (Division law)

From these axioms it follows that a unique element, called the identity and
written e, exists for which a, ® e = a;. The number of elements 4 of the
group is called the order of the group. The powers of a are written with
exponents a ® a = a?, etc. The axiom (d) can be interpreted as meaning
that the set

a,®a;,a,®a,,""°,a;,®a,

constitutes a rearrangement of the group elements (1) for any choice of a;.

A subgroup is a subset of elements of the group which under the opera-
tion ®, themselves form a group. It can be verified that the subgroup
contains the same identity e as G. A well-known result, that of Lagrange, is
that the order of a subgroup divides the order of the group.!

The groups that are involved modulo m are of two types, additive and
multiplicative.

! Gauss in his Disquisitiones was particularly blind to groups and repeated the proof
everytime he used this result (implicitly). Modern books on number theory, at long last,

take greater cognizance of groups than did Gauss. Despite this fact, his results on
quadratic forms were a stimulus to the group concept.
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The additive group modulo m has as elements all m residue classes (both
those relatively prime to m and those not relatively prime to m). In
accordance with our earlier notation, we would write the residue class
merely as x. The group operation ® is addition modulo m, and for con-
venience we represent it by +, or x + y = x +y. This statement is
exceedingly transparent and we see that (1d) calls for subtraction, ie.,

2) X; + X, = X; means X, = X; — X;

and e = 0 in the usual way.

The multiplicative group modulo m, M(m) has as elements those $(m)
residue classes relatively prime to m. The operation ® is multiplication
modulo m and (1d) is less trivial; indeed, it is equivalent to the fact that
a;a; represents an integer (mod m) relatively prime to m if (a, m) =
(a;, m) = 1. We again represent residue classes by x.

EXERCISE 9. With a convenient numbering of elements, let a, = e and let
K = {a;, a,, ' - -, a,} be a subgroup of order ¢ in G [given by (1a)}. Let K, denote
the so-called coset {a, ® a,, 2, ®a,, -+, a;, @apfori=12---,h Show
that either K; and K; have no element in common or that they agree completely
(permitting rearrangement of elements in each coset). From this result show ¢ | A
(Lagrange’s lemma) and that there are 4/t different cosets.

EXERCISE 10. Show that the Fermat-Euler theorem {(4), §4] is a consequence
of Lagrange’s lemma by establishing the subgroup of M(m) generated by powers
of & modulo m where (b, m) = 1.

7. Decomposition into Cyclic Groups

A cyclic group is one that consists of powers of a single element called
the generator. Two simple examples immediately come to mind.

The additive group modulo m is generated by “powers” of 1. Here, of
course, the operation ® is addition, so the powers are 1, 1+ 1 =2,
1+ 14 1=23,etc., and, of course, m can be written as 0.

If m has a primitive root g, the multiplicative group modulo m has ¢(m)
elements and is generated by powers of g (under multiplication) namely
ghgh g"’(”‘)(E 1) (mod m).

The order of a group element is defined accordingly as the order of the
cyclic group which it generates. By Lagrange’s lemma, the order of a group
element divides the order of the group.

We use the notation Z or Z(m) to denote a cyclic group of order m,
whether it is multiplicative or additive. Thus the multiplicative group
modulo m is cyclic, or, symbolically,

(1 M(m) = Z($(m))

if and only if a primitive root exists modulo m.
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Not every abelian group is cyclic, as we shall see, but for every abelian
group G we can find a set of generators gy, 83, * * , 8, such that g, is of
order A; and an arbitrary group element of G is representable uniquely as

2 g=g"9g"® -®g’

(meaning that the ¢; are determined modulo h; by the element g). This
result is called the Kronecker decomposition theorem (1877). We shall
prove it under lattice point theory in Chapter V, but no harm can be done
by using it in the meantime. We write this decomposition, purely symboli-
cally, as

€)) G = Z(hy)) X Z(h) X - - - % Z(h,).

The order of G must be Agh, -+ * + A, (by the uniqueness of the representation
(2) of g through exponents modulo £,).

For the time being we note that Kronecker’s result holds easily for M(m),
the multiplicative group modulo m for each m. This is a simple reinter-
pretation of the representation for the reduced residue class modulo m
given in (6), §5. We represented the multiplicative M(m) by the additive
group on

) ind (y) = [t0, 13, *, 1),

where ¢; is represented modulo 4;, as in §5. Then, for instance, the
generators are g, = [1,0,---,0]g, =[0,1,---,0}---,8,=10,0,---,1]
and

®) M(m) = Z(hg) X Z(h;) X -+ - X Z(h,).

Here h, = ¢(p,*), with the usual provisions that when 8 |m, hy = 2,
hy = ¢(2°1)/2; when 22 || m, hy = 2 and the h, term is missing, as provided
in (5a), (5b), (5¢) of §5.

We note, in conclusion, that the group G given in (3) is cyclic if and only if
(ho, hy) = (hg, hy) = (hy, hy) = -+ - =1. (We recall that in the group
M(m), 2 | h; so that M(m) is seen to be generally noncyclic and thus no
primitive root exists modulo m generally). To review the method of proof,
let us take G = Z(h,) % Z(h,) of order hyh,. First, we verify that g, ® g,
is of order hoh, if (hy, ;) = 1; hence it generates G. For if

(go®@g)* =e,
then
2" ® g~ =e

By the uniqueness of representation of element e, x = 0 (mod 4,) and
z = 0 (mod h,), whence hgh, | z. Second, we note thatif (hg, ;) = d > 1
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no element g of G can be of order Ayh,. Indeed, the order of g,fo ® gt
cannot exceed hyh,/d. For

(g8 ® gltl)hohlld = g lohld @ ghhuld

— (goho)toh,/d ® (glhl)tlhold

—e®e=ce. Q.E.D.
EXERCISE 1. If m = p,p,, where p; and p, are different odd primes, does the
statement M(m) = Z(p; — 1) x Z(p, — 1) mean that every reduced residue
class  (mod m) has a unique representation as x = g ig.fs (mod m) where
0<t; <p;—1,(j=1,2)? Hint. Take m = 15.
EXERCISE 12. Show thatin a cyclic group of even order half the elements are
perfect squares and in a cyclic group of odd order all the elements are perfect
squares. Square all elements of Z(6) and Z(5) as illustrations.

EXERCISE 13. Do the statements of Exercise 12 apply to noncyclic groups?

QUADRATIC CONGRUENCES

8. Quadratic Residues

The values of a for which the congruence in «,
#? = a (mod p)
is solvable are called quadratic residues of the odd prime p. The quadratic
residue character is denoted! by the Legendre symbol (f) [also written (a/p)],
* where ?

({1_) =1 if 2 = a (mod p) solvable and (a, p) = 1,
p
o (I%) =0  if(a,p)=p,

(2) = —1  if 2® = a (mod p) unsolvable.

4

Thus [1 + (a/p)] is the number of solutions modulo p to the equation
2% = g modulo p for any a. Easily

(ﬂ) = (@) if a; = a, (mod p),
p D/

5.

! We refer to g and p as “numerator” and ‘““‘denominator” (for want of more suit-
able universally established terms).

and
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Thus the evaluation of the symbol (a/p) reduces to the evaluation of the
symbols (—1/p), (2/p), and (g/p), where g is any odd prime.
The famous quadratic reciprocity relations are

(2a) (__1) = (=1)> D72,
p

(26) (%) = (_1)1p2—1wsz
p

(20) (g) = (E)(_l)(p-l)/z'(q—n/z’
p q

where p and ¢ are odd positive primes. These relations enable us to
evaluate (g/p) by continued inversion and division in a manner described
in elementary texts. To avoid the factor (—1)® 2"~/ we could write
(¢/p) = (p*/q) where p* = p(—1/p). For example, 3* = -3, 5% = 5;
thus (g/3) = (—3/g), whereas (g/5) = (5/g).

A very useful relation due to Euler is

3) (%) = a® V2 (mod p)

for p an odd prime and (q, p) = 1.
The equation

“ z* = a (mod p?¥)

can also be shown to present no greater difficulty for s > 1 than fors = 1.
The fundamental case is where (g, p) = 1. There we can show, if p is odd,
that the solvability of

(5a) x® = a (mod p), (a,p) =1,

leads to the solvability of

(5b) 2% = g (mod p?), s> 1.

Correspondingly, if

(6a) a =1 (mod 3),

then we can solve

(6b) ? = g (mod 29), s =3
The details are illustrated in Exercises 14 and 15.

EXERCISE 14. Show that if
z2=a(modp®), (podd),(ap) =1,
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we can find a value k¥ (mod p) for which

Zsy =2, + kp® = 2, (mod p*)
and
22, = a{mod p*tl).

Construct the sequence z,, %,, %3, ,, starting with z, =2, a = —1, p =35,
z2 = —1(mod 5).
EXERCISE 15. Show that if
z2 = g(mod 2°%), s=3, a = 1(mod 8),
we can find a value & such that

ey =2, + k2571 = 2, (mod 257Y), tk =0orl),
and
22, = a(mod 25+Y).

Construct the sequence (1 =)xy, x,, x,, 24 for

z2 = 17 (mod 29).

9. Jacobi Symbol

As an aid in evaluating the symbol (a/p) numerically, we introduce a

(3)
eneralized symbol for greater flexibility, namely (a/b). Forb = + i
4 Y g y y P
we define
) (g) . (iz)’“ {a positive, negative, or zero,

b/ \p, b odd, nonzero.

For b = 41 we define the symbol as 1.
Then it can be shown that for a, b, positive and odd,

(2a) [ (__l) = (—1)®-Dr2
b k3

b

a b 312 (am
(2¢) (_) = (_)(_1)( b/2-(a=1)/2

L \b a

A necessary and snfficient condition that
3 ’ x% = a (mod pq)

be solvable for p, ¢ distinct primes not dividing a is that the individual
Legendre symbols (a/p), (a/q) all be +1. If the Jacobi symbol (a/pq) is —1,
(3) is unsolvable.

There are many cases in which the evaluation of (a/p) (Legendre symbol)
can be facilitated by treating it as a Jacobi symbol in order to invert. The
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answer is the same, as both symbols must agree for (a/p). We shall ulti-
mately see that the introduction of the Jacobi symbol is more than a
convenience; it is a critical step in the theory of quadratic forms.

Thus we conclude the review of elementary number theory. The deepest
result is, of course, quadratic reciprocity, which we shall prove anew in
Chapter XI from an advanced standpoint.

EXERCISE 16 (Dirichlet). Evaluate (365/1847) as a strict Legendre symbol and
(inverting) as a Jacobi symbol. (1847 is a prime.)

EXERCISE 17. Show that even when g is negative, if [a] > 1,b > 1 andaand b
are odd, then

@) (g) - (g) (=1)0-D/2: e-1)r2,

EXERCISE 18. If |a| > 1, |b| > 1, with @ and b both negative and odd, show
that

&) (‘_;) = _<§)(_1)<b—1)/2-(a~1)/2_

EXERCISE 19. Find an expression for (—1/b) for b odd and negative and show
Exercises 17 and 18 to be valid when |a| or |b] = 1.
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Characters

1. Definitions

An important question which we develop here is the manner of distin-
guishing by analytic means a residue class modulo m, which is really an
abstract concept. In our case this means we are trying to represent a whole
residue class,

0 y = a(mod m),

by a set of ordinary (real or complex) numbers x(a), called characters.
We start more generally by defining characters for a finite abelian group?!

G of order 4 with elements a,, a,, - - -, a, (Where a, = e, the unit element).
We call the character y a function over all group elements, or

(2) Z(al)a X(az), T X(ah)z

with the properties

3 x@) # 0,

“4 2(a)x(a;) = x(aa)).

It is easily seen that y(e) = 1, using a,e = a, in (4). Furthermore, if / is
the order of the group, then a* = e, for any element a of the group. Thus
[x(a)}* = x(a™ = 1 and y(a) is an A-root of unity, i.e.,

(5) x(@) = exp 2nit/h) = cos 2mt[h + isin 2xt/h

! Henceforth the group operation will be written ab instead of a ® b.
22
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for an appropriate ¢. There are £ such roots of unity for the A values
t=0,1,2,--+,h — 1. Thus the number of possible characters y deter-
mined by the values (2) is at most A*. Actually, there are precisely
characters, as we shall soon see. (Naturally, two characters are different if
and only if they differ for one or more group elements.)

The product of two different characters, denoted by {x,x,}, is a character
if we define for an arbitrary group element a,

(6 {1x2}@) = 1:(2)2,(8)

using ordinary multiplication. Then easily {y,x,}(a)is never zero. Further-
more, for group elements a; and a;

{x1x 2}(aia;‘) = yi(a:a)x:(a,2,) = x:(a)x:1(a)x=(a)x(a)
= {X 1X 2}(31'){% 1X 2}(31)-

Hence y,7, has the properties of a character in (3) and (4). We define y,"
in like fashion. We can now have a group of characters X. We call
{x1/22} the (obvious) quotient character using ordinary division:

@) {ulx:3@) = 1a(a)/xo(ay).
In the same spirit we define the unit character by
®) xo(a,) = 1 for all a,.

In the case of residue classes under multiplication, we can identify a,
the group element, with y = a, the residue class, and use y(a) and y(a)
interchangeably, with “modulo m” and (e, m) = 1 understood. We can
also write y(a) = 0 if (a, m) # 1 without contradicting the multiplication
law (5).

As an example, consider first the reduced residues modulo 5. Clearly
y* = 1(mod 5) so that from (5) x(a) have only one of the four values
i, —1, —i, +1. The reader can verify the following characters (four in
number):

TABLE 1

Reduced Residues Modulo 5

a= a, a, a,
y =1 2 3 4

zo(a) =1 1 1

@) =1 i —i —1

1a@) =1 —i i —1

xe(@) =1 -1 -1
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To illustrate the group property for residue classes, we note the relations

%a) 23 = 1(mod 5),
(10a) 1(Dx/3) = 1D,
(11a) (=)@ =1, (e.g., taking j = 3).

To illustrate the group property for characters, we note the relations

(%) 22(2) = 1@ x5(8) = 1:(2)°, xo(a) = 11(a)%,

(100) 1(a) = x1(a))?,

(115) i=(—i)3, (e.g., taking j = 3).

We observe that the cyclic structure of M(5) somehow carries over to the

characters.
The reader can verify the following scheme modulo 8:

TABLE 2
Reduced Residues Modulo 8
a=¢ 32 a3 84
y=1 3 5 7
Zo(a) =1 1 1 1
nfa) =1 -1 —1 1
z(a) =1 1 -1 -1
(@) =1 —1 1 -1

and the properties
1= 12 = 1% = %o
XXz = X3 X2k3 = Xv X3X1 = Xe

These properties are capable of generalization, as we shall now see.

%¢)

2. Total Number of Characters

The main result! is that an abelian group of order # has precisely A

different characters.
To see this result, first consider a single cycle of order A.

G = Z(h).

1 For this chapter we assume Kronecker’s theorem on cyclic structure, proved in
Chapter V.
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The elements of G are expressed in terms of a generator a as
a,a% --- a%=ce).
Then, clearly, the values of x(a) are of the form exp 2niufh, and
) z(@l) = exp 2mitufh,  for 0 <t < h,
Thus we obtain # different characters as « varics:
(0] 1.(a%) = exp 2mitulh, 0 <u<h.

For each character (or for each fixed ) the 4 group elements are generated
at ¢ varies to O to £ — 1. The properties (3), (4) of §1 are easily verified for
the characters in (1) and (2).

The comparison with Table 1 in §1 (above) for reduced residues modulo
5 should be altogether clear if we note that a = 2 and that a‘ has the
successive values 21 = 2, 22 = 4, 2 = 3, 2° = 1 (all statements holding
modulo 5, of course).

Next, let G = Z(h,) X Z(h,), an abelian group of order A4,h, which is
decomposed into two cyclic groups of order 4, and A,:

a,a’ M (=),
2y, 8,2 -, a2, (= e).
Thus the general element of G is
?3) g=aas, 0<r1<h, O0<t,<bh,
Then we write
C)) Xuyu,(8) = €Xp 2mityuy[hy + tausfhsy).
As uy and u, vary, they are reduced modulo /4, and A,, respectively, so that
(5) 0<u <h, 0<uy<<h,

We generate all h s, (different) characters, as we verify below. The reader
can refer to residue classes modulo 8 in Table 2, §1 (above), Here
hy = hy = 2, %0, X1, X2> X3 can easily be identified with the 4 characters y,, ,,,
in (4), where u; = 0,1 and u, = 0, 1.

Thus, when we have an abelian group of order / (using cyclic structure),
we can show that there are h characters. We can even see that the character
group has the same cyclic structure. (These proofs occupy the rest of the
section.) Specifically, let

(6) G = Z(h)) X Z(h) X - - X Z(h)
so that an arbitrary element of G is

@) a = agha1--al, (t, mod h,),
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Then, as we have shown for s =1, here are A= hy---h, possible
characters:

(Ba)  Xuguy---u (@) = exp 27ri(M 4+ 4 LALE

), 0 <u, < h,
hy h,

A convenient notation is

(85) Xuguy - -u (@) = e(tofhg)*o - - - e(t,[h )",
0 <wu; < hy, 0<t,<h,
using the function

) e(£) = exp 2mit.

This function has the obvious period 1, e.g., (£ + 1) = e(£), as well as the
exponential property e(§ + 1) = e(£)e(n). Also, e(£) = 1 if and only if &
is an integer.

It is not obvious that the 4 characters listed in (8a) are different. For
instance, if uy 5 vo(mod hy), we must verify that for some a

(10a) Xug 0B F Xpy- - 5()

But we need only take a = a, in (7), then the relation (10a) follows from
the obvious result that (with ty = 1,1, = t, = - - - ¢, = 0),

(10b) exp 2mitglhg F~ exp 2mivg/h,.

In similar fashion if a % e we can find some y in the set (8a) for which
x(a) # 1. For example, if a # e, then in the decomposition,

(1D a=agh---al  0<¢ <b,
we note one exponent (say) ¢, = 0 (mod #,). Thus,
(12) Z100---of@) = exp 2mitylhy 7~ 1.

Now let us assume there are ¢ characters in the character group X; we
know ¢ > h. We shall show ¢ = h. First note the results:

_hify =y,
13) 2. 1(@) = {0 if ¥ = any other (fixed) character;

ainG
cifa=e,
(14) x,znx x@) = {0 if a = any other (fixed) group eiement.

First take (13). For y = y, the conclusion is obvious. For y # x,

write > x(a) = S. We have for each fixed y an element a* such that
ainG
x(a*) 7 1 (by definition, since y # y,); whence

S = Zcx(a a*) =agcx(a)x(a*) = Sy(a*),

ain
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since as a varies a*a is a rearrangement of the group elements denoted by a.
The conclusion follows from the fact that y(a*) 7 1; hence § = 0.
Likewise in (14), for a = e the conclusion is obvious. For a # e write
Y x(a) = S. But we have a special character x* for which r*(a) # 1,
inX
3(By (12). Therefore,
S=3 (u@ =3 '@ 1@ = 56,
xinX xinX
since, once more, with x* fixed, {y*x} is a rearrangement of the characters
y of X. Thus, since y*(a) # 1, S = 0.
The final result now follows:
(15) h=c

For proof, set
23 (@) =22 ()

using relation (13) on the left and relation (14) on the right!
From (13) we find that, since y/x. = xo exactly when y; = y,,

h when x; = ¥,
0 when y; 7 %,

ain

(16 @ = |

Such results would be more laborious to prove by using the cyclic structure.
The “dual” result is

an 2 Z(a1)X(az_1) = {

xinX

h when a; = a,,
0 when a;, + a,.

Again we note x(a,/a,) = x(a,)/x(a,), and a,/a, = e exactly when a, = a,.
The relations (16) and (17) are called ‘‘orthogonality” conditions, by
analogy with the perpendicularity of two (ordinary) geometric vectors

m

[Ay, -+, A,), [By, -+ -, B,), namely > 4,B, = 0.
i=1

EXERCISE 1. Show that there are no other characters than those listed in (8a)
directly by considering value of x(ay), x(ay), - - -, x(a,) for the generating group
elements in (7).

In this exercise and the next take s = 2 for convenience.

EXERCISE 2. Show (16) and (17) directly from the explicit form of the
characters in (8a).
3. Residue Classes

We noticed in Chapter I, §5, that the residue classes ¥y = a modulo m,
relatively prime to m, can be represented additively by the vector index.

(1) ind Y = [to, [ ST ts]?
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where t; are the exponents used in (54, b, ¢} of Chapter I, §5, with

m = pyhipy - pe
The congruence classes of 7, are somewhat varied but can be represented
symbolically by
@ 0 <1, <h,
where h; = ¢(p,*), 2, or §$(2™), as the case may require (fori > 1,i =0,
i = 1). Of course, §(m) = hghy - -+ h,, the order of the group of reduced
residue classes M(m), making the usual allowances for missing components

if 8 + m.
The additive group of indices may be represented symbolically in the
usual form of (6) in §2 (above) or of (5) in §7, Chapter I;
3 M(m) = Z(ho) X Z(hy)) X - -+ X Z(h),
with A, defined as the moduli of (5a, b, ¢} in Chapter I, §5.
Its characters are seen to be in the form of (8b) and (9) in §2 (above).

We think of the arguments as integers y rather than group elements,
written as

@ gy - u,(Y) = €ltolho)* e(tsfhy)™ - - - et [h ).
For more convenient symbolism, we use the new symbol with a single
subscript:

&) Xpaly) = e(tifh) = Xo-..010---0(¥)

where the subscript 0 - - - 010 - - - 0 symbolically denotes u; = land u; = 0
for all other u;, (j # ).

When p,% = 2%, a; > 3), there are two symbols corresponding to
e(ty/h,) and e(t,/h,), which we denote by y,(y) and y,mu(y). We recognize,
of course, y,(y) = (—1fy) = (—1)¥ V2 if y > 0 and odd and y(y) =
(2Jy) = (=¥ VB for example, when a; = 3.

From now on, ¥,(y) (not x,(¥)) will denote the unit character.

The illustrations we now give are self-explanatory, except for the right-

hand marginal notations of type “(a/b)” and “M = ---” which are
explained in §4 and §7 (below). The reader should identify the characters
of (4) with those on pages 29 and 30.

EXERCISE 3. Construct a similar table modulo 9, 15, 16, and 24. (See m = 12
in §6, below.)

4. Resolution Modulus

We next consider extending the domain of values over which y is defined.
To begin with, we might set y = 0 where it has been previously undefined,



[Sec. 4] RESOLUTION MODULUS

TABLE 3
m =13, #(3) = 2.
Yy = ! 2 =24
20 21
= 0 1
13(y) = x3(2") = exp 2=ity[2 = 1 -1 | (M=3),
=124 = 1 1| M=,
TABLE 4
m=4=22 ¢4 =2
1 3
y= = (=D
(=1)° | (=1
ty = 0 1
1) =(=Dh = 1 -1 M = 4),
Hn=1l= 1 1 M =1,
TABLE §
m=35, §5)=4
1 2 3 4
y'= =24
20 21 23 22
=10 1 3 2
25(¥) = 25(21) =
exp 2nity[4 = x5 = 1 i | =i | -1 M =5)
wBi= | 1 | =1]-1 1 (M =5),
=1 |- i -1 M=)
154 =0 = 1 1 1 1 M =1),

29

(=3
Oy

(—4/y)
@/

(51

25y
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TABLE 6
m=1, =6
1 6
Y= g0 32 31 34 38 w "
= o 2 1 4 5 S
2@ = exp 2rityf6 = gp = | 1 —1;1\/3 1+;'\/3 —l—zi\/§ 1—;’\/5 1
W= |1 —1—21'\/3 —H;n/s —H;'\/s —1—21'\/5 =
W= |1 1 -1 1 -1 -1 (M =D, (=P
wi= |1 —H;n/s —1—2,‘\/3 ——1—21'«/3 -h;n/s =2
W= |1 —1-;:'\/3 1—2.-\/3 —1J;i\/§ 1+;V§ -1 lor=2n
n=1t= |1 1 1 t 1 1l =1, @o
TABLE 7
m =8 =23 #8) =4
1 3, 5, 7
= = (=1)h54
Y Lo|=s | s |- [T
ty = 0, 1, 0, 1
L= 0, 1, 1, 0
2@ = (=)o = 1, | —-L 1, ] -1 M =4, (-4
2@ = (=1 = L] -5 1 -1 1 M=8), @y
Xaxs = L, L -1 - M =8, (=8
=2 == I, 1 1, 1 (M =1, “ly)

knowing that the multiplication rules of §1 (above) still apply, although
division is restricted to the original range. We, of course, want less
trivial extensions.

When a character y(y) is defined for y modulo m, with (y, m) = 1, it
might still happen that

) 1Y) = 1(y2)

whenever
Yy, m) = (yy, m) = 1



[Sec. 4] RESOLUTION MODULUS 31
and
03 Y1 = ¥y, (mod M),

for some other M’ in addition to m. The smallest M’ (>0) for which the
property holds is called the resolution modulus M.
For example, the unit character modulo m is defined by

{xl(y) =1 (ym=1,
0u® =0, (y,m)>1,

but it might just as well have been defined modulo 1 by y*(y) = 1 and then
%1 = x*(y) specialized to only those y where (y, m) = 1.

A less trivial example is y,(y) modulo 8 (see Table 7 above), for which
M =4 eg,

Q)

()]

1) =1, if y = 1 (mod 4),
1@ = —1, ify=—1(mod4).

The resolution modulus is indicated in the margin of the table by
M=--").

LEMMA I. An equivalent definition of the resolution modulus M is the
least value of the positive integer M* with the property that

®) =1
whenevery = | (mod M*) and (y, m) = |. For proof see Exercise 4 (below).

We next define the natural extension of a character y(y) modulo m to a
character modulo M where M is the resolution modulus of yx(y). The
process is trivial, of course, unless the values of ¥ for which (y, M) = 1
include more values than those for which (y, m) = 1. As a nontrivial case,
for example, if m = 15 and M = 3, we might have a character x'(y)
modulo 15 which is none other than y,(y) but limited in domain of
definition to (y, 15) = 1 and trivially extended to 0 when (y, 15) > 1.
(Compare the following table with Table 3.)

TABLE 8

2

y(mod15) 0 1 34 567 89 10 11 12 13 14
P 01 -1 01 001"-10 0 -1 0 1 -1
1(y) 01 01 -1 01 -1 0 1 =1 0 1 -1

We would like to know how to retrieve y,(y) from y'(y) by the “natural”
process of noticing that y'(y) is determined modulo 3 as long as (y, 5) = 1.
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The basic method is contained in the following lemma:

LEMMA 2. If (y, M) = |, then for given y, M, and m we can find an x
such that

©) (y + Mx, m) = 1.

Proof. Let p* be a general primary divisor of m. Then an z; exists such
that (¥ + Mz, p) = 1. For, if p,| M, then p, + y and z; = 0 suffices.
If p, + M, any choice of x, with x, £ —y/M (mod p,) will suffice. By
the Chinese remainder theorem, an x exists which satisfies z = z; (mod p;)
and (y + Mz, m) = 1. Q.E.D.

Thus, if x(y) modulo m has resolution modulus M, we define y*(y), the
natural extension of xy modulo M, by using ¥ = y + Mz of the lemma.

2*@) = () for (y, M) = 1 (even if (y, m) > 1) and
x*(y) = 0 for (y, M) # 1

We can see that the value x(y) is unique, despite the latitude in the
choice of = by definition of the resolution modulus (since all Y are con-
gruent to one another modulo M). Furthermore, we can see that y*(y) has
resolution modulus M (by showing that if y*(y) = 1 whenever y = 1
(mod M), and (y, m) = 1, then y(y) = 1).

EXERCISE 4. Prove Lemma 1. (Hint. Call M” the resolution modulus as
defined in the lemma. Show trivially that M > M”, and, using the residue class
¥1/Y2, show M” > M.)

EXERCISE 5. Show that the resolution modulus is given by the subscript in
xa(y) and x2"(y).

EXERCISE 6. Show that the resolution modulus of a character modulo m is a
divisor of every M’ for which (2) leads to (1).

EXERCISE 7. The reduced residue class group modulo m has a character whose
resolution modulus is m unless 2 | m. (Show that one such character is y,..,(¥) by
using each primary factor of m, giving particular care to 27.)

™

5. Quadratic Residue Characters

We recall that Jacobi’s symbol (a/b) had the property that the denomina-
tor could vary over odd positive or negative integers. The reciprocity law
is slightly encumbered if we permit negative signs (see Exercises 17 and 18
of Chapter I, §9), yet even restricting ourselves to odd b we can consider
the denominator “more arbitrary” than when b is prime.

We pursue the opposite of the original viewpoint of Legendre’s symbol
by writing

m 1) = (aly),
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as a function of the denominator for odd y. Clearly,

#)) 1) = x(yDxyo)
and
©)] 1) # 0

for y odd and relatively prime to a. To see that x(y) is a character in the
sense of this chapter, we must find a modulus m to which'it belongs in the
sense that

@ x@) =1, ify=1(@modm), (y,m)=1L.

It is easily seen that we can take m = 4daif we take y > 0 only, for then the
reciprocity law yields for a odd (by Exercise 17, Chapter I)

© 1(W) = (yla)(—1)@-Vi2-w-1i2
and easily

We now ask the vital question: what is the resolution modulus of y(y)
as a character? To answer this, first we define a square-free integer as one
which has no perfect square divisor greater than 1. Then we define k(a),
the square-free kernel of a, as follows: if a = 4B% and A4 is square-free,
then k(a) = A.

THEOREM. The character y(y) = (a/y), restricted toy > O and y odd, is
a character with resolution modulus |k(a)] if k(a) = | modulo 4 and 4 |k(a)|
otherwise.

Proof. If (y, a) = 1, (aly) = (k(a)/y) directly from definition. Suppose
2 + k(a); then, since ¥ > 0 and y odd,

(5a) k(@)ly) = (y/k(@)(—1)w—D/2 (k@ —1y2

If k(a) = 1 (mod 4), (k(a)/y) = (y/k(a)). Thus the Jacobi symbol (with y
odd), (a/y), is determined by ¥ modulo k(a). If k(a) £ 1 (mod 4), (k(a)/y)is
determined by y modulo 4k(a), i.e.,

( ka)) _ (K@)
a6sai)s easily seen. ( y ) (y + 4k(a))

Next suppose 2 | k(a). Then k(a) = 2a*, a* odd.
(k@)/y) = 2/y)(a*[y).

But (a*/y) is determined by y modulo a* or 4a*, hence modulo 4a* (easily),
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whereas (2/y) is determined by y modulo 8, hence (k(a)/y) is determined by
y modulo 8a* = 4k(a).

To prove that the quantities stated in the theorem are resolution moduli
in the respective cases, we must show a prime factor p cannot be removed
from k(a) or 4k(a), as the case may be. Thus the integer k(a)/p or 4k(a)/p
would not be suitable as resolution modulus in the respective cases k(a) = 1
or k(a) == 1 (mod 4).

First of ail let p be odd; we wish to show that if ¥ = 1 (mod &(a)/p)
[or even (mod 4k(a)/p)] this would be insufjicient to imply that y(y) = (a/y)
= 1. For proof take y* such that (p/y*) = —1. |To do this, note that
if y* = 1 (mod 4) from reciprocity (y*/p) = (p/y*) and y* can be chosen
simply congruent to a nonresidue modulo p.] Then, if

(7a) y = 1 (mod 2),
with

(7b) y = 1 (mod k(a)/p),
and

(7¢) y = y* (mod p),

we can still have y(y) = 0 if (y, @) > 1, whereas, otherwise
@® 1) = (dk(a)fy) = (k(a)]y) = (K(@)/p)v)(ply) = —1.

The more difficult case is p = 2. For this case k(a) = 1 (mod 4).

Then there are two alternatives. If 2 + k(a), then k(a) = —1 (mod 4).
We choose y = 1 (mod k(@)), ¥ = 3 (mod 4), and y = 1 mod (4k(a)/2).
Thus x(y) = 0, if (a, y) # 1, otherwise

®) 2@ = (afy) = k(@)y) = (ylk(a)(=D¥-DE-FHO-V2 = ],

completing the proof for the alternative 2 + k(a).

Now, if 2 | k(a), then 4 + k(a), and we can take y = 1 (mod k(a)/2) at
the same time as y = 5(mod8). Thus y = 1 (mod4) and y = 1 (mod
k(a){2), which yields

(10) y = 1 (mod 4k(a)/2);

but, using reciprocity [formulas (4) and (2b) of Chapter I, §9], we see

an (4k(@)fy) = (3k(a)[y)2ly) = (y/tk@@))2fy) = —1.  QE.D.
The reader may wonder why the symbol (afy) was not treated as a

function of a, which seems to lead to a simpler theory (see Exercise 8 below).

The reason will be clear as we find that the symbol (a/y) as a function of ¥

is just right for an important application (Dirichlet’s lemma, §7).

EXERCISE 8. Show that x*(a) = (a/b) has resolution modulus k(b) with no
restriction that a be positive.
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6. Kronecker’s Symbol and Hasse’s Congruence

The theorem of the preceding section makes the introduction of further
concepts mandatory, first as a matter of convenience and then as an
essential part of the theory!

Note first of all that if @ = 1 (mod 4) then the character y(¥) = (a/v)
must have resolution modulus |k(a)|, which is odd and for which k(a) =
1 (mod 4), all odd squares being =1 (mod 4). Since k(a)‘| a, we can define
the residue symbol (a/2) as follows:

o -lg-(9-0)

Thus we have Kronecker’s extension of Jacobi’s symbol:

jo if 4 divides q,
2 (2) =
(2) 5

1ifa = 1 (mod 8),
The general symbol (¢/b) can be defined by prime decomposition as in
Chapter I, §9, to accommodate any resolution modulus of the element a,
since any resolution modulus is in one of the “definable” categories for a.
Of course, a may have square factors other than 4.

Second, we note that in the theorem in §5 (above) on the resolution
modulus of (afy) the condition that y > 0 is required only to ensure the
validity of the reciprocity law (5a) when a < 0. (When a > 0, the condi-
tion on y may be removed.) It is therefore clear that the sign should be a
part of the resolution modulus. We define

_ |k(a), if k(a) = 1 (mod 4),
~ |4k(a), otherwise,

—1if a = 5 (mod 8),
[ undefined for all other a.

3) f(@)

the so-called conductor (or Fiihrer in German). Then Hasse, for instance,
restricts the meaning of a congruence modulo f(a) by saying y; = ¥,
modulot f(a) when ¥, — ¥, is divisible by f(a) and when y, and y, agree in
signif f(a@) < 0 (or with no further restriction if f(a) > 0). Thus, embody-
ing the earlier remark on Kronecker’s extension, we can prove the follow-
ing more final improvement of the theorem in §5.

HASSE’S RESOLUTION MODULUS THEOREM

The Jacobi symbol (aly) = x(v), as a character, can be extended to
the Kronecker symbol (f(a)|y) = x*(y), so that x*(y) = x(y) whenever
x(y) # 0. For this new character, y*(y) # 0 when y is relatively prime to
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[f(a); and for nonzero values y*(y,) = x*(y,) if and only if y, = y, modulo*
f(a). Also | f(a)| is the minimum value for which the latter congruence
property holds in any extension symbol for x(y).

In the rest of the book we consider y(y) mainly for ¥ > 0, obviating the
need for the new congruence symbol. [The symbol x*(y) for negative y is
the subject of Exercise 9 (below).]

Consider the further example:

The real characters modulo 12 can be listed in terms of their generators
Zs:X3- We note the resolution moduli:

TABLE 9
m=12=4-3, ¢(12) =4
y=| 1 5 71 11
uy =1 1 1| -1 -1 M =4,  (-36[y)
xa@) = | 1 -1 1| -1 (M =3), (—12/y)
W) = | 1 -1 | -1 1 M =12), (12/y
n@ = 1 1 1 1 M=1, 36y

The characters y,(y) and y4(y) alone are definable for y even. For y;(a),
since /= —3, we must restrict y to be positive.
EXERCISE 9. Show for x(b) = (f(@)/b), x(—b)= x(b) but
x®) = x(f(@ —b) iff(a >0 and 0 <b < f(a)
= ~xf@| —b) iffl@ <0 and 0 <b <|f(a).
EXERCISE 10. Show that it is impossible to extend (a/y) to ¥ = 2, when

a = —1(mod4). Hint. Note (3/2) = (3/(2 + 12)) and (3/2)% = (9/4) lead to a
contradiction with earlier rules for (a/y).

7. Dirichlet’s Lemma on Real Characters

We now turn our attention to the real characters, i.e., those characters
modulo m which take on only real values. If we inspect the tables in §3
(above), we find that except for a few cases in which m = 7 and m =35 the
imaginary element i = v/ —1 is absent. We then observe that the real
characters can be characterized by a Kronecker symbol (g/y) for some
suitable g, not always square-free. (This accounts for the notation (g/y) on
the right-hand side of the tables.)
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DIRICHLET’S LEMMA

Any real character y(y) modulo m can be expressed in the form

¢y 1) = (gly), ¥>0,
using Kronecker’s extension of the Jacobi symbol. The value of g will be =0
or 1 (mod 4) and will depend on the character y as well as m.

The proof of this theorem is tedious but not difficult. We shallillustrate
the proof in the case

2 m = 2MpyPap fa, a; >3, a, > 1, a; =1,

where p, and p, are distinct odd primes. The most general character
modulo m in the notation of §3 is

€)] XuguyuguY) = ello/ho) oe(ty/h VMe(tafhg)2e(ty[hy)"s,

where, of course, the 7, are given by (5a, b, ¢) in Chapter I, §5, and v, and ¢,
are determined modulo #,, where

“) hy =2, hy = $(27)/2, hy = $(py™), hy =$(ps™)
and
® $(m) = hohyhyhy.

First of all, x,, y u,,(%) is a real character if and only if each u; is a
muitiple of 4,/2. This is fairly elementary, since we can, for instance,
choose y* so that (say) #, = 1 but the other t;, =0, (i =0, 2, 3). Then
Xuguyupu,(¥*) = €(1/hy)*t = exp 2miuy/hy = cos 2muy/hy + i sin 2muy fhy.
Naturally the imaginary term is absent only if sin 27u,/h; = 0 or u,/(3h;)
is an integer. Likewise, u;/(3h,) would have to be an integer.

Second, we verify (for y > 0)

(6a) e(tolhg) = x4(¥) = (=1/9),
(6b) e(ty/h)M"? = yo0, ()" = (2/y),
(6C) 6(12/h2)h2/2 = szaz(y)hzﬂ = (?//Pz)a etc.

This is, of course, the most important and least trivial step. Equation 6a
follows directly from the fact that e(ty/h,) = (— 1) and(—1/y) = y (mod 4),
whereas in (5¢), Chapter I, §5,

10 y = (—1)o54 (mod 2%).

Hence y = (—1) (mod 4). Similarly e(t,/h,)"/? = (—1) = 1 if and only
if 1, is even, or, easily, if* and only if y = £(25)%* = +1 (mod 8). If we

1 See Exercise 12 below,
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recognize this as the condition that 2/y) = 1, we see (6b). To see (6¢), we
consider the representation (5a), Chapter I, §5,

®) y = g (mod p,™), (¥, p)) = L.
We observe that ¢, is even if and only if (y/p,) = +1, for in elementary
number theory (Chapter I, §8) we recall (y/p,) = 1 if and only if the

congruence
y = 22 (mod p,"), (¥, p) =1

is solvable for each a,. Such values of y occur if! and only if ¢, is even in
(8), always assuming (y, p;) = 1. Now

e(tyfhy)"="* = (—1)= = (y/py).
Thus, finally, any real character has the form

®) 1) = (= 1/y)*Q2/y)*(y[p2)**(y/ps)">,

where w; = 1 or 2. We use the notation p* = p if p = 1 (mod 4) and
p* = —pif p= —1(mod4) and find by reciprocity (y/p) = (p*/y) for
y > 0; hence we may satisfy (9) by

(10) @) = (gly), g =(=1"2""1(p;*)" (pg*)™.

Note that when the factors 2%, p,“2, or p,*: become squares they con-
veniently make x(y) = 0 when y is divisible by 2, p,, or p, respectively.
Of course, (10) is Dirichlet’s lemma for m in the convenient form (2).

EXERCISE 11. Show that the only m for which all characters are real are 1, 2
(trivial), and 3, 4, 6, 8, 12, 24. In fact, this is equivalent to the statement that all
h; = 2in (2) of §3 (above). (Compare Exercise 7, Chapter 1.)

EXERCISE 12. Justify the “if and only if”” statements in the proof of (6b) and
(6¢). (The “only if” is easy but not the “if.”)

EXERCISE 13. Justify the factor 2~*Y in (10) and write out the similar
equation if m is odd or if 2 | m and 22 || m.

! See Exercise 12 below.
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Some algebraic concepts

1. Representation by Quadratic Forms

The basic problem is the representation of an integer m by the quadratic
form in the integral variables x and y

Oz, y) = Ax* + Bay + Cy* = m.

The problem is twofold. First of all, we must decide if such a representa-
tion is possible or if the Diophantine equation in two unknowns

0y O, y) =m
is solvable, and then we must find out how to characterize all solutions,
i.e., how to write the general (z, y) satisfying (1).

In this chapter we shall indicate how the problem, in principle, leads to
the study of special algebraic systems. A satisfactory solution is not
achieved until Chapter XII, and indeed not until we use algebraic numbers,
in this case, quadratic surds (a + % I))/c, that would arise if we were to
solve the equation Q(z, ) = 0 by “completing the square.”

Specifically, we write

@ 44Q(z, y) = 24z + By} — Dy?,

where D = B? — 44C is the discriminant. We assume D is not a perfect
square (hence 4 # 0), although D may have square divisors.

In the case in which D < 0, it follows that 44Q(z, y) = 0 from (2);
hence O(z, y) is either zero or it agrees in sign with 4. (Infact Q(z, %) = 0
only when the integers , y are both zero, as is easily verified.) For D <0

39
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the form is therefore called positive (or negative) definite, according to
whether the sign of A is positive (or negative). We note that 4 cannot be
zero, for then D = B? would be a perfect square.

In the case in which D > 0 the form is called indefinite since the values of
Q have no definite sign. Thus, if 4 # 0, values of  and y exist that make
AQ >0 (e.g., y =0, £ = 1) or which make 4Q <0 (e.g, *= —B,
y =2A4). If A =0, it can be seen that Q can also be made positive or
negative.

The distinction between indefinite and definite forms carries over to the

factors as the question whether VD is real or imaginary.

EXERCISE 1. Show that if D is a perfect square the equation Q(z, y) = m has
only a finite number of solutions and indicate how they would be formed.

2. Use of Surds

We excluded the simple case in which D is a perfect square, and in the
other case we shall introduce the symbol v/ D to accomplish the factoriza-
tion of (2) in the last section.

We introduce N, the norm symbol for a fixed D, not a perfect square:
if a, b, c are integers, positive, negative, or zero (but ¢ % 0), then we define?
the conjugate surds
a+b/D Py

c ’ c

i —b/D
1= 24" 2

Thus A = 1’ if and only if 4 is rational (b = 0). We cansee (1)’ = A. The
norm is defined as

2 2

Ny =L=02 _ 5
c

Thus N(A") == N(1), N(a/c) = (¥/c?), N(A,4;) = N(A) N(,). (The latter
follows from the identity (4,4,) = 4,'4," if 4; and A, are two surds.)
Although we may use several surds in a problem, they will all have the same
square-free kernel as D (or the same “‘reduced” radical) so that the norm
symbol N will always have a clear reference. When D < 0, the norm,
N(&) = |&]? (the usual absolute value squared). In this new symbol the
factorization (2) of §1 (above) becomes

60 440(z, y) = NQ2Az + By + VD y).

We now assume A % 0 for convenience.

! Unless otherwise specified, Greek letters denote variables which can become
irrational.
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The set of numbers & = 24z + (B + V' D)y is generated by giving
integral values to the integers z, y. This set really leads to a set of couples
(£, &) like the cartesian coordinates of analytic geometry:

£ =24z + (B + V D)y,

2 _
(2a) & =24z + (B — V Dy.

Then the vector V = (&, £') is generated by the two vectors V, = (24, 24)
and V, =(B + VD, B — VD) by use of integral coefficients

(2b) V = aV; + yV,.

The problem of (1) is to find a vector V = (£, &) of this type, for which
3 N(&) = 44m.

3. Modules

We define a module as a set of quantities closed under addition and
subtraction. Thus, when a module contains an element &, it contains
0(= & — &) as well as negatives —&(= 0 — £) and integral multiples
(& + & written 2&, & + & + & written 3£, etc.) We shall use gothic capital
letters M, N, O, etc., to denote modules.

The various vector sets used earlier [such as ind y in Chapter I and (£, &)
of §2 above] clearly satisfy the definition of module. For the most
important applications we generalize (2b) of the preceding section:

We consider combinations of a finite set of vectors! V,,

49] u=ux,V, +2,V, + -+ 2V,

where the z; range over all integers. The set of these u forms a module M
and the vectors V,, V,, -+ -V, are called a basis of the module, written

M=[V,Vy, -, V]

If the further condition is satisfied that no element u has two distinct
representations of type (1), or in other words, the s-tuple (z,, - - -, %) is
uniquely determined by u, we call the basis minimal

A module R consisting of elements from a module M is called a sub-
module of IN.

* From now on we can consider that vector means “element of module” without
contradicting its previous intuitive meaning of “‘ordered n-tuple.”

? Beginning with Chapter V, we shall take “basis” to mean “minimal basis” in
reference to modules, to simplify terminology. (But compare the ideal basis defined in
Chapter VII, §4.)
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LEMMA I. Any submodule 3 of the module M = [V] is precisely [nV]
for a properly chosen integer n.

Proof. Assume 9 does not consist only of 0. The submodule consists of
some of the integral multiples of V. We consider the smallest {n| > 0 for
which nV lies in the submodule Rt. For any element mV of R, n|m.
Otherwise by the division algorithm m/n = g + r/n where 0 < r < |n| and

the vector
rV = (mV) — q(nV)

belongs to N, since both #V and mV belong to 9. This contradicts the
definition of » as the smallest element of its kind. Q.E.D.

Note that we have used the symbol & both as the vector V and the
component of V = (£, &), depending on which is more convenient.

4. Quadratic Integers

It is clear in some sense that a surd with integral coefficients is a generali-
zation of an integer. Gauss, in fact, defined as “integers” the numbers
a+ bV —1, where a, b are ordinary integers positive, negative, or zero.
More generally, one can see that if & =a + bV D then & — 2aé+
(a* — b2D) = 0, which corresponds to the quadratic form 2% — 2azy +
(a® — B2D)y2. Gauss did insist, however, that the standard form must have
an even middle coefficient, so that he did not regard 2% + xy + y* as
“integral” but rather worked with 22% + 2zy 4 2y as the basic form.
The relevance to surds becomes apparent if we note that

x2+xy+y2=N(x+1—+;~/jy),

and Gauss in essence rejected! (1 + v/ —3)/2as an integer because it “had
a denominator” or it did not arise from a form 22 + Bzy 4 Cy? with B
even. Yet at a later point we shall see that the whole development of
algebraic number theory hinges on the use of certain numbers of type
(a + W D)/2 as integers, as perceived by Dedekind (1871). This new type
of integer enabled unique factorization to be extended to quadratic fields
in a manner analogous to composition of forms (as in the introductory
survey).

If we proceed by generalization of rational numbers, we can say that
the rational number & = p/q is a root of the equation

g¢—p=0

* This surd was in fact treated as an integer by Eisenstein (1844), a pupil of Gauss, but
the significance of the proper definition of algebraic integer was not then appreciated.
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and the integer is a root of an equation with first coefficient g equal to 1.
An equation with coefficient of term of highest degree equal to 1 is called
a monic equation; more generally it has the form

(1a) a4 4+a,=0, (aintegral).

Now it is clear that a general quadratic surd & = (a + Y4 5)/c is a root
of the equation

Q) c2% — 2act + (a® — b2D) = 0.

Without any regard for the middle coefficient, we now define a quadratic
integer as a solution to any monic quadratic' equation:

(1b) &+ BE+C=0,

where B and C are integers. Hence for B= C = 1,& = (1 £V =3)/2
becomes an integer.

From now on, for the sake of clarity, an ordinary integer will often be
called a rational integer.

5. Hilbert’s Example

Hilbert gave a very famous example of an associative and multiplicatively
closed set (called a semigroup), which fails to display unique factorization
because of the “scarcity” of integers. Consider all positive integers
congruent to 1 modulo 4:

$:1,5,9,13,17,21,25,29,---,441,-- -

If we define a “prime’” number as a number indecomposable into factors
lying in $, we find that numbers like

5,9,13,17,21,29,--+,49 - -

ar¢ “prime” but 25=5-5,45=59,---,and 441 =21-21 =949
are not. We observe that these last two factorizations are irreconcilable.
The most convenient way to resolve the difficulty is to introduce new
integers, i.e., to “discover” 3, 7, 11, etc., so that we may write 441 = 3%- 72,

Actually, 3 can be “discovered™ as the *“‘greatest common divisor” of 9
and 21. Likewise, in algebraic number theory we shall discover that
the “greatest common divisor™ can even serve as a factor. This is a result
which requires a greater development of modules, even leading to a
composition theory for forms.

LIt can be shown that a quadratic surd which fails to be a solution to a monic

quadratic equation cannot be the solution to a monic equation of higher degree (Gauss’s
lemma).
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EXERCISE 2. Consider the set $° of positive integers which are quadratic
residues modulo some fixed m. Show that it has properties like those of $. Do
the same for the set $” of positive integers = 1 (mod m) for m a fixed integer.
EXERCISE 3. Generalize Hilbert’s set to cover all of the foregoing illustrations.

6. Fields

The role of algebraic integers can be seen best by starting with the
concept of field. A field is a set of quantities taken from the complex
numbers closed under the rational operations, namely addition, sub-
traction, multiplication, and division (excluding division by zero). In
elementary number theory the field of rational numbers was introduced.

It is often convenient to extend the definition to quantities consisting
of sets of real or complex numbers. Thus another type of field, introduced
in Chapter I §2,is exemplified by all residue classes modulo p for p,a prime.
This is a set of p sets written 0,1, 2, - -+, (p — 1). They are clearly seen to
be closed under the operations of addition, subtraction, and multiplication,
whereas the existence of b/a modulo p for a = 0 takes care of division.
These sets form a finite field. The residue classes modulo m are not a field
if m is % 0 and composite. Forifm = ab, (la| # 1, |b| 5 1), thenz = 1/a
(mod m) cannot exist (as 1 = ax leads to b = abx = 0, which is false.)

In quadratic number theory the field we consider is taken to be the set of
surds (a + bV D)/c for a, b, integral, D fixed and not a perfect square,
and ¢ # 0. It can be seen that addition, subtraction, multiplication, and
division of such quantities lead to quantities of the same form. (This is
done in elementary algebra.) This field can be written symbolically as

R(V' D), meaning that the set of surds is generated by adjoining v/ D to the
rationals. The field R(V B) is called a field over the rationals.

We can state that our problem on “integers” is to characterize all ele-
ments of the field R(V D) which are also quadratic integers.

The concept behind “field” is due to Riemann (1857), who noted, in
regard to function theory, that the difficulties involved in defining w = v/ z
(such as the usual difficulty in sign in the radical) are no worse for w'than
for any rational function of z and w such as zw® = 22V'z. This is a gross
simplification of Riemann’s contribution, but we merely emphasize the
peculiar closeness to algebraic number theory where, say, the field RV 5)
has the same problem. There the important choice (sign of +V/2 versus
sign of —V/2) is made only once, and this choice of sign distinguishes all
elements from conjugates henceforth. Riemann introduced no term, but
Dedekind introduced “Korper” (1871), in the sense of “body” or ““embodi-
ment” of elements arising from rational operations, which for awhile
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was rendered in Latin ““corpus” by British mathematicians, whereas French
mathematicians used the cognate “corps,” meaning body.

The word “field” seems to have been introduced by American algebraists
who also used “realm” in the interim. Strangely enough, now, in both
English and Russian,! field and the cognate polye mean field in two senses,
the algebraic sense discussed here and also the sense of vector field from
physics.

EXERCISE 4. Show that any field over the rationals containing (a + bV D)c
contains V' D (if b # 0).

EXERCISE 5. Show that if D, is square-free then the field generated by VD,
can contain no other reduced radical than v/ -50. Hint. Show first that the field
generated by V2 will not contain V3.

7. Basis of Quadratic Integers

Consider next the problem of deciding when the arbitrary surd & of the
field generated by V' D,
0 £ = (a + bV D)/c,

is a quadratic integer. First of all we extract from D its (positive or
negative) square-free kernel Dy, so that D = m2D,;. Then we can cancel
any factor of ¢ which divides both @ and b and make ¢ > 0 for convenience.
Replacing b by b/m, we write

_a+b\/ﬁo E,_a——b\/ﬁo
¢ ’ - ¢ )

&

Thus VD and VD, generate the same field. We see that for & to be an
integer the coefficients in (15) of §4 for &, namely,

£+ ¢ =—B and &' =C
must be integers. Thus we must restrict @, b, ¢ (relatively prime) so that

2 __ 12
2y gy EbD_

Cc c

C

are integers.
First we observe (a, ¢) = 1; otherwise, if for some prime p, p | a and
p | c. then for C to be an integer p? (which divides the denominator) must

! The agreement of English and Russian on the same stem for two uses of field is
remarkable, since there is a separate word in almost every other language for the
physicists’ vector field (Feld, champs, campo, etc.).
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divide @* — b*D,. From a® — b*D, = 0 (mod p?) and a® = 0 (mod p?) it
follows that 52D, = 0 (mod p?); but since D, had no square factor p | b
and thus p | a, p | b, p | ¢, contradicting our assumption that the fraction (1)
was reduced.

Thus since B is integral, if ¢ # 1, ¢ = 2 necessarily, and

?) a* — b*Dy = *C =0 (mod 4).

We now consider in detail all possibilities concerning the parity of a and b
if ¢ = 2. We can see that unless a and b are both odd then either g, b, and ¢
are all even or 4| Dy, leading (cither way) to a contradiction. Then
a? = b® = 1 (mod 4) and, from congruence (2), Dy = 1 (mod 4). Hence,
easily, if Dy £ 1 (mod 4),c = 1.

Conversely, if Dy = 1(mod 4), and if a and b are both odd, we can take
¢ = 2, since a® — b2D, = 0 (mod 4), making B and Cintegral and making
£=(a + bV D)2 a quadratic integer. Likewise, trivially, if D, = 1
(mod 4), £ is an integer if ¢ = 2 and both 4 and b are even (although the
fraction (1) will not be reduced). We cannot make ¢ = 2, however, if
a and b are of mixed parity, (i.e., one odd and one even). Thus the most
general quadratic integer is

[a+b3Dy 4 = b (mod 2) if D, = 1(mod 4,
©)] £ = 2
la 4+ byDy,  all a, bif Dy # 1(mod 4).
There is nothing in the discussion to exclude » = 0. Here ¢ = 2 only if
D, = 1(mod 4), and a is then also even, so that the only rational numbers
that are quadratic integers are ordinary integers.
Note that we have another way of stating the result in (3) if we observe

@+ bVDY2 = (a— b2+ bl + VD)2 Thuswelet(a — b)2 =a’
b = b and under the condition a = b (mod 2) we can set
(a+ bV Dy)j2 =d + b'(1 + vV Dyf2),
where a’ and b’ are arbitrary rational integers. Thus we define
L4 Dyt b = 1(mod 4),

4) wo = 2

Dy if Dy 5 1 (mod 4).
Then in both cases a basis of quadratic integers in R(V' D) is [1, wg]. This
module is designated by the symbol
() D =11, w,l.
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Hence the most general integer in

RWV=1) sz +yvV—1, (basis = [1, V—1J),
RW2) sz +yV2, (basis = [1, V2]),
RWV=2) isx+yV =2, (basis = [1, V' =2)),
RWV3) sz 4+ yV3, (basis = [1,V/3]),

RV=3) isz+y(+V=3)[2  (basis =1, (1 + V=3)2],
RWVS) sz +y(l + V52, (basis = [1, (1 + V/5)/2]),
R(V8) s the same as for R(V2) (same basis),

R(V'=12) is the same as for R(V —3) (same basis),

R(\/E) is the same as for R(V' 3) (same basis).

The field R(V. m2D,) is independent of m, and so is © and its basis.

8. Integral Domains!

A set of quantities taken from the complex numbers which is closed
under addition, subtraction, and multiplication (ignoring division) is
called a ring. If a ring contains the rational integers, it is called an integral
domain. The quadratic integers of a fixed field R(V D,) form an integral
domain which we call ©. For addition and subtraction closure is obvious,
and for multiplication it suffices to work with the basis elements: to take
the hard case, let D, = 1(mod 4). To establish the closure under multi-
plication, we note in this case w, = (1 + \/30)/2 and wy? = wy +
(Dy — 1)J4. Thus (@ + bwy)a + b'wy) = aa' + (ab' + a'byw, + bb'w?
= (ad’ + bb'(Dy — 1)/4) + (ab’ + a'b + bb")w,, clearly a member of the
module [1, wg} = 0.

The closure of © makes it possible for us to discuss congruences within
D, ie., & = &, (mod ») if (§; — &y)/nisin O. The congruences then are
clearly additive and multiplicative as in rational number theory. Thus,
if f(£) is a polynomial, with quadratic integers (elements of D) as coeffi-
cients, &, = &, (mod #) implies f(§,) = f(&;) (mod n). The properties
extend to all rings.

Note that V' —3 = 1 (mod 2) and that V3 =£ 1 (mod 2) on the basis of

the fact that (V' —3 — 1)/2is an integer but (\/5 — 1)/2is not an integer in
each respective field.
! The definitions of ring and integral domain are restricted to the context of subsets of

the complex numbers. Definitions of integral domain vary widely in the literature, but
we follow the spirit of the original efforts to generalize rational integers.
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THEOREM 1. If the integral domain O of all quadratic integers of R(\/_D)
contains an integral domain O* which does not consist wholly of rationals,
then D*is characterized by some fixed positive rational integer n as the set
of integers of O which are congruent to a (variable) rational integer
modulo n.

Proof. Clearly the aggregate of quadratic integers O, which are in 0 and
congruent to a rational integer modulo n, is closed under addition,
subtraction, and multiplication by means of the ring property of rational
integers.

The converse is less immediate. Consider the terms x + yw, of the
arbitrary integral domain ©*. To avoid a triviality (the case in which no
irrationals occur), we note y 7 0 for some terms. For every element
x + yw, which occurs in O*, yw, must occur in O*, since O* contains all
integers . We consider the smallest such Jy|; call it n. Then, for D%, all
terms yw, (in z 4+ yw,) must be multiples of nw, by the lemma 1 in §3
(above). Hence the general term of O* is §{ = x 4 ynw, for = and y
arbitrary; £ = z(mod n) for all £ in ©%, and, conversely, all such & have
the form = + ynw,. Q.E.D.

The integral domain O* corresponding to nis written O,,. Thus O, = O.

EXERCISE 6. In the field R(V j) show that the residue classes of integers of

O, 2z + yv —1, taken modulo 3, form a finite field (see §6 above) of nine
elements. Show that the residue classes modulo 5 do not form a field. Hint.
5=241%

EXERCISE 7. Write down the five residue classes of integers « + yV —1 of O,

in R(‘/—_l) modulo 2 + vV —1. Show that they form a field by showing a
residue class containing each of the integers 0, 1, 2, 3, 4.

9. Basis of O,

The integers in O,, were seen to have the form « 4 ynw,. This observa-
tion leads to several cases, depending on the residues of D, and of Dgn? =
D. We define
14+ D 1+ n/D,

2 2
(note w = nw, — (n — 1)/2);

(la) o= ,if Dy = D = 1(mod 4), (n odd),

D D,
b)) =‘/7 = El/z—“,ifD =0, Dy=1(mod4), (neven),

(note w = nwy, — n/2); and

Q) w=vD=nVD, if Dy#£1(mod4), (anyn).
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In any case, O, = [l, w] = {1, nwy]. The details are left to the reader.
Note, again, that O, in R(x/m) is the same as O, in R(N/E,).

The designation of the letter O for the integral domain has some histori-
cal importance going back to Gauss’s work on quadratic forms. Gauss
(1800) noted that for certain quadratic forms A% 4+ Bxy 4+ Cy*® the
discriminant need not be square-free, although A, B, and C are relatively
prime. For example, 22 — 45y2 has D = 4 - 45. The 4 was ignored for the
reason that 4 | D necessarily by virtue of Gauss’s requirement that B be
even, but the factor of 32 in D caused Gauss to refer to the form as one
of “order 3.” Eventually, the forms corresponding to a value of D were
called an “order” (Ordnung). Dedekind retained this word for what is here
called an “integral domain.”

The term “ring” is a contraction -of “Zahlring” introduced by Hilbert
(1892) to denote (in our present context) the ring generated by the rational
integers and a quadratic integer 7 defined by

n”+ Bn+ C=0.

It would seem that the module (1, #] is called a Zahlring because »? equals
— By — C “circling directly back” to an element of [I, #]. This word has
been maintained today. Incidentally, every Zahlring is an integral domain
and the converse is true for quadratic fields.

EXERCISE 8. Show that the set of integers » in ©; for which »” = 5 (mod p),
(p prime) forms an integral domain directly from the definition.

EXERCISE 9. Specify this integral domain for different cases of Dy (mod 4)
[noting that (Dy/p) = D{ ~D/2 (mod p) according to Euler’s lemma).
EXERCISE 10. Give an example of a ring contained in O, and not forming an
integral domain. Can Theorem 1 (above) be generalized?

**10. Fields of Arbitrary Degree

The present course is devoted almost exclusively to quadratic fields, in
which the basic ingredients of algebraic number theory are amply evident.
Yet we should take a quick glance at fields generated by (say) the irreducible
equation of arbitrary degree

) a@g" +ax* 14+ 44q,=0,

if only to see what lies beyond this course. This section, therefore, i$
wholly descriptive and the major results are unproved; they are of course,
unnecessary for the later text.

For simplicity, start with the irreducible cubic equation

2 agr® + a2 4+ a,x + a; = 0,
2 3
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where a,, a;, a5, a, are integers. This equation has three roots, which we
call 6,,0,, 0, There are several possible fields we could consider; for
example, R(6,), the field formed by performing rational operations of 0,

with rational coefficients.
The field R(6;) consists entirely of elements of the form

€)) & =1+ 10, + b5

where r,, r, and r; are rational. This is not obvious (see Exercise 14).
Furthermore, the field R(6,) may or may not contain 6, (see Exercises 15,
16, and 20). This is an alternative we tend to overlook in the quadratic
case in which both roots of a quadratic must, of course, generate the same

field, since they “‘share” the use of vV'D. At any rate, if R(6;) does not
contain 6,, a new field which can be called R(0,, 8,) is formed by rational
operations on both 8, and 8,. Then R(6,, 8,) is larger than R(6,) (in the
sense that R(6,, 6,) has all elements of R(9,) and more elements in addi-
tion). Otherwise R(6;, 0,) is merely R(6,).

Generally, we can speak of 6 and ¢ (instead of 6, and 0,) as any two
algebraic numbers with no specific relation between them, e.g., 0 might
satisfy (1), whereas ¢ satisfies an equation of degree m. Then there exists
a number y of degree no greater than nm such that R(y) = R(¢, 0) (see
Exercise 17). If the degree of y is actually nm, we say one of two things:
either R(y) is a field of degree m relative to R(6) or R(y) is a field of degree n
relative to R(¢). The fact that there are two such characterizations is
extremely important! later on.

Here we mention another point, also easily taken for granted in the
quadratic case, where any surd (@ + bV T))/c generates the same field as

vV 7), as long as b 7= 0. We must think, in general, of a field as an aggre-
gate of elements, independently of generators, since in the cubic case there
may be no special number like v/ D which would seem to be the “logical”
generator. In fact, in the preceding paragraph it may sometimes be more
convenient to think of R(yp) as R(¢, 6) or to think of two simultaneous
generators instead of one, altogether.

Returning to the cubic field R(6,), every element &, satisfies a cubic
equation of type (2), whose coefficients may be quite difficult to calculate
(see Exercise 12). If the equation has @, = 1 or is monic, and all other
coefficients are integral, then &, is called an algebraic integer, as in the
quadratic case. We should like to be able to think of our field as an
abstract collection of numbers having many possible generators; yet if 6,
were chosen correctly formula (3) might include all algebraic integers in

! See the Concluding Survey.
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the field if we restrict ry, ry, 14 to all rational integers. This cannot always be
done. The best we can do is to say that for &;, an integer, the fractions
r1, T, and r; are integers or at worst have a denominator that must divide
some constant integer Q.

This result need not be wholly mysterious. For instance, we write (3) for
all three conjugates assuming that &), &,, &; and 6,, 0,, 0, are algebraic
integers. We also note the determinant:

&i=ri+ b + r3012 1o, 012
(4) 52 = r1 + r262 + r2622 A = l 02 022
Ey=1r; + rfy + "3032 1 6, 65

If we eliminate r, and r;, for instance, we find an expansion

(5) ry =1[6(0,02 — 00,5 + £,(9,0,2 — 6,65%) + £4(6,0,2 — 6,0,%))/A.
Now A can be expanded incidentally as

() A= (8, — )0, — 65)(8; — 6,).

There are similar expressions of r, and r;, always with denominator A.
We then use several results that are not proved here:

(a) The so-called discriminant of 0,, A® = D, is a rational integer
(see Exercise 21).

(b) The algebraic integers form an integral domain.

(c) A rational fraction cannot be an algebraic integer unless it is a
rational integer.

Thus each r; can now be written in the form y,/A = {;/D, where
{; (= Ay,) and vy, are algebraic integers. Hence Dr; = {, is an ordinary
(rational) integer z, and r; = 2,/ D, which has the desired form, since Q =
D, for example, serves as denominator. The numerators 2, are, of course,
not arbitrary, any more than in the quadratic case [see (3) in §7 (above)].

It might suffice to say that the integral domain has a basis of n algebraic
integers (which can be selected generally with much more difficulty than
in the quadratic case). We have no occasion to do this here for n > 2.

The following exercises might clarify some of the difficulties to which we
allude.

EXERCISE 11. Show that all powers of 6, are type (3) by induction. Assume
0," = r{® + r{M0; + r{™,% and multiply both sides by 6, using (2).

EXERCISE 12. Show that &, satisfies a cubic equation by showing 1, &, &2, §32
to be numbers of type (3) and by subsequent elimination of the powers of 6;,
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EXERCISE 13. Show that if & =r, + ry0; + rg0% expresses the three con-
jugates (i = 1, 2, 3), for & of type (3), then show that £,£; has an expansion of
type (3). Hint.

Eky = (ry + rofy + 10 0(ry + reby + rabs?),

and note that from the root properties of (2)
0, + 05 = —ajjay — by; 0503 = —azlasy;
022 + 632 = (6, + 03)2 — 20,0,; 1/6; = _(‘10612 + a6, + 02)/‘13;
0,20, + 0,20, = (6,2 + 0505 + 03) — (05 + 05)° + 36,65(6, + 65).
EXERCISE 14. Show that all elements in R(6,) are type (3). (Note carefully if
you are dividing by zero at any time!)
EXERCISE 15. Consider the pure cubic equation

3 = ab?, (@>1,b>1,ab>1),

where (2, b)) = 1 and @ and b have no square divisors. Show that R(ab?)$ does
not contain R(p(ab?)*%) where p = (—1 + v'=3)/2, an imaginary cube root of
unity.

EXERCISE 16. Show R(p(ab?®)*%) does not contain p*(ab?)*s.

EXERCISE 17. Show that if v = p + (ab?)* then R(y) contains p and (ab®*%.
Also write the rational equation defining .

Hint. Solve for p by combining (y — p)® = ab* with p? = —p — 1 in the
expression for p. (Do not “‘rationalize” the denominator.) The conjugates of y
are, incidentally, p + (ab®¥, p + p(ab®!s, p + p*ab?*s, p* + (ab®, p* +
plab®)¥s, p* + p*(ab®)'s.

EXERCISE 18. Show that the ficld generated by va + Vb = & contains Vab
and Va and Vb. Show that £ satisfies an equation of fourth degree.

EXERCISE 19. Show that the (cyclotomic) equation
W=D ~-D=B+B+MB+283+2+1+1=0
has as its six roots A* = exp 2zik{7 (= cos 2nk[7 + isin 27k/7), 1 < k < 6.
EXERCISE 20. Show that u, = 4% + 1/2* = 2 cos 2xk/7 satisfies the equation
W+ u?-2u—1=0.
From this show that the three roots satisfy
By = =2, dg =t =2, =gyt =2

(Thus R(u;) = R(ug) = R(u3).)
EXERCISE 21. Multiply the determinant A by its transpose (rows and columns
interchanged) and verify that for rational S,
So S S 3
D=A=|S S, S;|, S;i=28.
Sy Sy Sy o
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EXERCISE 22 (Dedekind). Show that the number
& =[1 + b(@®h)s + a(ab®*5]/3
is an algebraic integer in R(ab®*s if a* = b* (mod 9). Hint. Show that the

numbers
&, = [1 + b(a®h)"5p + a(ab?*5p*)/3

&3 = [1 + b(a’b)ép* + ala®h)*%p)/3

are conjugates or that (x — &))(x — &)(x — &) has rational integral coefficients.



chapter IV

Basis theorems

1. Introduction of » Dimensions

The main result of Chapter III, after the introduction of new terms, was
a very simple one, namely the expressibility of a certain module D, by
means of a basis [1, wg] and similarly for O,,, the integral domains associ-
ated with O (in §7 and §9 of Chapter III).

Two questions are natural:

Is the situation as simple for the basis for an arbitrary module? Is there
an easy relationship connecting different bases that can be used for an
arbitrary module?

The answers are “‘generally” affirmative and lead to an interesting
theory. For simplicity it is actually equally convenient to act in somewhat
greater generality (taking more thantwo dimensions). The degree of gener-
ality achieved will also be useful in Chapter V when we make further
applications.

2. Dirichlet’s Boxing-in Principle

The general techniques for constructing a basis, however intimately
connected with algebraic number theory, were not fully appreciated until
very late (about 1896) when Minkowski, in his famous work Geometry of
Numbers, showed in detail that considerable significance can be attached
to the seemingly simple procedure of visualizing a module coordinatewise.
Although the usefuiness of Minkowski’s techniques is not appreciated fully
when restricted to the quadratic case, these techniques have a starkness and
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an appeal to fundamentals, which command recognition in their own right,
as they bring out the importance of geometry as a tool of number theory.
A well-known earlier example of geometrical intuition is the following:

DIRICHLET’S BOXING-IN PRINCIPLE (1834)

If we have g + 1 objects distributed among g boxes so that each box may
have any number of these objects (or none at all), then at least one box will
contain two objects.

The principle is obvious. To apply it, let us consider the following
version: if we have more than M™ points in an n-dimensional unit cube,
where M is a positive integer, then two points exist each of whose n
projections (coordinates) differ respectively by no more than 1/M.

(Of course, a one-dimensional “cube” is a line segment, a two- dimen-
sional “cube” is a square, etc.) For proof we simply divide each side into
M parts yielding a total of M" cubes. Then, if more than M™" points are
present, two must lie in one cube.

3. Lattices
For an arbitrary module It a basis was defined (Chapter III, §3) as a

finite set of elements of M (or vectors) uy, u,, -+ -, u, for which the com-
binations denoted by

1) U=z + Ty + -0+ T,

for integral n-tuples (z,, =y, * - -, x,) account for all elements of IM. We
also express (1) by saying u lies in the space spanned by uj, u,, * - -, u,

(implying integral coefficients ).

An arbitrary module need not have a basis. For example, the set of all
rational numbers (positive, negative, and zero) has no basis. [For, if
uy, * <+, u, corresponded to fractions p/q,, - * -, p./q., then we could not
obtain all fractions in (1), since the denominators are limited, as the reader
can easily see.] Thus the elements of a module cannot be expected to be
“too close” if the module has a basis. The matter of “not being too close”
is expressed by means of two' terms: finite dimensionality and discreteness.
This requires a series of definitions.

We first introduce linear independence: a finite set of vectors in M
Vi, ¥y, *°*, V, is linearly dependent over the integers if rational integers
a,, a,,***,a,, not all zero, exist for which

2 avy + agve + -0+ av, =0;

! The “‘discreteness’ implies separation in the usual sense, whereas “finite dimen-
sionality” implies “noncrowding at c0.”
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otherwise they are called linearly independent. The dimensionality of a
vector space is then defined as the maximum number of linearly indepen-
dent vectors.

A norm is a function of the vector v denoted by |v| with the properties
(reminiscent of distance from the origin):

(2a) llav|| = |a| - | v|| for a rationall, (linearity),
2b) vy + voll < ve) + vl (triangular inequality),
(2¢) 0 < {v|| with equality only for v =0, (definiteness).

" A discrete module is one in which a norm exists such that
(2d) lv| =k when v#0

for k, a fixed, positive constant. There may be several norms satisfying
this property (but all norms need not do so).

A lattice® is finally defined as a discrete, finite dimensional module. We
shall use gothic symbols £, MM, R, O to denote lattices as well as modules.

We can easily check that the module of all integers & in © has both
properties and is therefore a lattice. We see that the dimensionality is two,
since for every & = x 4 yw, the three quantities &, 1, w, are linearly
dependent (ie., 1 - & — -1 — y - wy = 0), whereas 1 and w, are linearly
independent by the irrationality of v/D. The discreteness follows from
{many) choices of ||£]], including

2 n27%
3) &) = [@—“‘;—'5'—} .

Here the properties (24, b, ¢) are not wholly trivial. Property (2a) is easy;
property (2b) is left to §4 below. To show property (2d), note that since
([&] — |€'D? = 0, on expanding, we find

€12 + |87 = 2188 = 2 IN(O)I.

Thus, unless £ = 0, from the fact that {N¥(&)| = 1 it follows that for each
& &l = 1. Furthermore, |&| = ||&'|| and Jla| = |a|, with rational a.

! As a matter of convenience, we define fractional combinations of vectors by saying
w, = p/qw, means gw, = pw,. The fact that this use of fractions is consistent is similar
to the fact that the use of fractions in ordinary or modular arithmetic is consistent (see
Chapter I, §1). Thus (2a) gives an extension of the norm symbol when ¢ is rational.

2 The geometrical idea of lattice was used by Gauss (1800) and is called Gitter
(German), treillis (French), reshetok (Russian). An independent concept in algebra
was introduced by Dedekind (1894) under the name Dualgruppe, more recently Verband
(German). The English word /atrice was unfortunately also used by algebraists for the
other concept (adding to the confusion because Dedekind had been motivated by
module theory !). In Russian the word struktur is widely used but not in French or
English.
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A submodule of a lattice is clearly a lattice, since the properties all carry
over. It is called a sublattice. Thus any quadratic module is a lattice of
dimension 2 or less and a sublattice of O.

4. Graphic Representation

To illustrate the ideas, note that the lattice O, of integers in a qua
field can be represented in the real and imaginary cases by a suitable
choice of coordinates. We can represent £ by (&, &) in a real field (Figure

4.1) and by (Re &, Im &) in a complex field (Figure 4.2).

¢

wo

FIGURE 4.1. Representation of @ + bw, in the plane: D, = 5, 1 becomes (1, 1), w,
becomes [(1 + V5)/2, (1 — V5)/2].

We can easily verify in both the real and the imaginary quadratic cases
that €] = [(1&]2 + |£']%)/2]*% is the distance from the-point representing &
to the origin divided by a constant factor to ensure that &£ = & = 1 will be
at unit distance. Thus property (2b) of §3 for the norm (3) of §3 is a
consequence of this general result (expressed in #» dimensions):

The triangular inequality. If (&1, -+ -, &), (0, - - -, n,,) are real n-tuples,
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Im ¢

Re &

FIGURE 4.2. Representation of a + bw, in the plane: D, = -2, 1 becomes (1, 0),
v/ =2 becomes (0, V2).

To prove! this inequality, we might square both sides to obtain

2 &2+ 2(2 §i2)%(2 nH% + Z nt = 2 £2+2 E §ms + Z ..

On canceling squares, we obtain

2(2 & f)%(Z ’71‘2)% = 22 &M,

This is a consequence of the so-called Cauchy-Schwarz inequality,

) (Z ¢ 12)(2 ’7i2) = (E 3 i"7i)2~
The last result comes from the identity of Lagrange,
Q3) (E 5;'2)(2 7];'2) = (z 5;"’71‘)2 + 2(51‘737' - 55’7:’)2-
i>j
Thus working backward from (3) we prove (1). (We are interested currently
in n = 2, although the arbitrary # is required later on.) Q.E.D.
Thus the integral n-tuples x = (x,, * - -, ,,) form a lattice £, with norm

Ix[| = (2 + - - - + 2, 5)*. Note for x # 0, [|x]| > 1.
EXERCISE 1. Sketch the lattices for D, in the cases Dy = —5 and Dy = 2.

EXERCISE 2. Write out identity (3) for n = 2 and n = 3 and state when the
equality can prevail in (2) and (1).

5. Theorem on Existence of Basis

THEOREM 1. Every lattice has a minimal basis.

We begin with some incidental remarks. First of all, the converse of the
main theorem is a simple matter.

1 All summations henceforth are from 1 to n on the indices.
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THEOREM 2, A module with a basis (minimal or not) constitutes a
lattice.
Proof. We consider the element u of I represented by the basis as

u=zmu + -+ 2z.u,asin (1) of §3 (above). In general, many repre-
sentations are possible, but we define
M = (@* + -+ + 9%

for the representation which yields the smallest possible value. To use
the triangular inequality, note that if another v is represented by v =
yuy +  + + + y,u, for purposes of norm the vector u + v would have the
representation (z; + yu; + - - + (%, + y,)u,, among others (possibly).
Thus

o+ vl < [ + )¢ < e + Gy = lull + vl

and the rest of the norm properties are verified quickly. The finite
dimensionality is a form of Cramer’s rule for systems of linear equations.
Any n + 1 vectors of 9t must have a linear relation with integral coeffi-
cients not all zero. (See Exercise 3 below.) Q.E.D.

As a major consequence of Theorem 1, using the minimal basis, we can
replace the element of M, u = zu; + -+ - + x,u,, by the vector of lattice
8,, x = (2, 2y, * * *, 7,), Whose components z, are rational integers. The
addition and subtraction of two vectors in I by uniqueness, becomes an
operation on the vectors in £,. Thus, it follows that every lattice is
equivalent! to a lattice £, of integral n-tuples.

To get right to the main result, Theorem 1, the central difficulty of the
proof is that a lattice can be of dimension n, yet might not clearly have a
basis of n elements. For example, the quadratic module

) M = [35V/3,8 — 28V/3, 6 — 21V3]

is generated by a set of 3 elements. It actually has a nonobvious, two-
element basis, as we shall see as an exercise:

3 M = (10,8 + 7V/3].
With this in mind, we proceed with the proof: let our lattice { of
dimension » have n linearly independent vectors w,, w,, « * +, w,, (which

still are not necessarily a basis). Any other vector w of the lattice £ need
not be a linear integral combination of these w,, yet w satisfies a relation by
virtue of linear dependence,

(4a) EW =W, + goWo + -0 + 2, W,

! Yet in algebraic number theory the seemingly difficult norm (3) of §3 (above) can
still be more useful than the simpler norm (1) for later purposes. (See Chapter VIII.)



60 BASIS THEOREMS [Ch. IV]

where g, g, g5, ", g, are integers (which vary with w). By changing
signs, if necessary we can make g > 0. Such a representation is also
unique to within constant factors, for, if

(4b) gw=g/w +-- + gn W

we could obtain two representations of gg'w in integral coefficients from
(4a) and (4b) by using a multiplier of g’ and g on (44) and (4b). By linear
independence, the w; must have the same coefficients each way, and
g8 =gg orgilg =g/lg"

We can show now that as w ranges over £, g has only a finite number of
(integral) values. We are assuming, of course, that common divisors of
g, 81 " *» g, have been canceled out of (4a).

To determine this result, let us assume g takes on an infinite number of
different values. We can first of all restrict values of g, such that 0 < g, <
g. Otherwise, we can use the division algorithm to write in each case
g =q8 + g/, where 0 < g,/ < g, Then. if we write

n
W =w — >qw,
i=1
we find for our new vector w¥
n
%) gwr=2g'w, 0<g <g
The fractional coefficients for w*, with g the least common denominator,

(g/lg. &2 g, . 8. 19)

are points of a unit n-dimensional cube. Let m be some integer. If there
are more than m” such points, by the Dirichlet boxing-in principle, these are
distinct points w*, wi of a cube, each of whose fractional coordinates is
closer than 1/m. Thus, writing the difference, we see

(6a) WE— Wt =rw W, + W, | < 1m,

and by the triangular inequality, extended to # summands,

|| » n
lw* — wil = | 2 rw <3 frwl,
(66) Iw = whl <31l Do <3 I,

But since m can be arbitrarily large, we shall have a vector w* — wt =

Wy 5% 0, whose norm can be made arbitrarily small, causinga contradiction.
Q.E.D.
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Hence we can write an arbitrary w in £ in the form
) gw =i§1giwi’
and, using the value G = max g with G! = H, we can write for any win 8
®) Hw = ilGiwi (Hfixed), G, = gH]g,

although none of the fractions G,/H need be reduced.

As a first step, in our lattice & of dimension n, for any set of n linearly
independent vectors (W, * - -, W,), an arbitrary vector of £, namely W, is
expressible by (4) with a fixed value of g, namely H.

We next define a set of sublattices £, 22 ... g ag follows: g
is the set of vectors v of £ which are linearly dependent on wy; let £ be
the set of vectors v of € which are linearly dependent on w; and w,.
Clearly, 2% contains 8. More generally, let 2! be the set of vectors v
of £ which are linearly dependent on w,, * * -, w,, or those v satisfying

(9a) Hv=1x2w, + 2,W, + *** 4+ T, W,, (; integers).

Of course, z; (in fact all z;) could vanish. Ultimately, 2™ = &.

We now define v, as some vector v of form (9a) in £ for which «, takes
on the minimum positive value (say) g, for any k.

We assert that [vy, Ve, -, V,] constitutes a minimal basis of £. This
involves showing that any v belonging to £ can be represented uniquely as

(10) V=yv1 + YsVo +-+ Yn¥n»

where the y, are integers. We leave uniqueness as an exercise and prove the
representability as follows:

LEMMA |. For all v in 2% represented by (9a), the values of x, are all
multiples of g;, the minimum positive value of x,.

Proof. To see this, we note that the values of x, determined by (9a) are a
module by the module property of 8®. The z, are not all zero; e.g., with
v = w,, (9a) becomes

%b) Hw, =040+ -+ Hw,

and we see z, = H. Thus by Lemma 1 in Chapter III, §3, the integers z;
are multiples of their minimum positive value g, (which incidentally
divides H). Q.ED.

We prove the main result by induction. First, let k = 1. We then
consider all v for which Hv is of the form x,w;. Here the , are the multiples
of a minimal g;, whence Hv, = g,w,. Then for the variable v of &1,
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¥ = (x,/g)v;, in accordance with (10), (with n = 1). We next assume the
representation to be valid if v lies in £%~1 and we extend it to v in £®
given by (9a). Here, too, the x, are the multiples of some g, for which

Hv, = -+ gy, Thus, if v satisfies (9a), v — (z,/g,)v, lies in g4V,
and step by step an expansion of v of type (10) is obtained (with n = k).
Q.E.D.

As an illustration, we consider the module, M, of all pairs (z, y) of
integers of the same parity, both odd or both even, i.e., z = y (mod 2). It
is easily seen that w; = (2, 0) and w, = (0, 2) are linearly independent but
no integral combinatign will yield (1, 1), which is also in . We note,
however, H = 2, i.e.,, for any (z, y) in M,

2z, ) = 2(2,0) + 90, 2) = xw; + yw,.

The minimal basis consists first of (2, 0) = v,, which is the shortest vector
parallel to w;. To find v,, we ask for the smallest |y| = 0 for which 2(z, y)
lies in M. This is given by (z, y) = (I, 1) = v,. Hence M = [v,, v,]. We
could also take for v, any (x, 1) at all (for odd z). A systematic con-
struction method (for n = 2) is deferred to §9 (below).

EXERCISE 3. Complete Theorem 2 (for #n = 2) by showing that for any three
vectors of M

u =a + au,

v = by + byu, a; b,, ¢, = integers

W = ity + Collp
there exists a linear relation Au + Bv + Cw = 0 with integral coefficients not all
zero. (Allow for some or all of the a,, b,, ¢, to be zero.)

EXERCISE 4. Verify by inspection that every element shown in (2) is generated
by some integral combination of elements in (3) and conversely. (Hint. 30 =

5(6 —21V3) + 3(35v3); 40 = 5(8 — 28V'3) + 4(35V3), etc.)
EXERCISE 5a. Show that the inequality (6a) can be proved without using
n

fractional coefficients: use Gwl = z G/'w, 0<G; <G; and write out
gGw* — gGwt. i=1

EXERCISE 5b. Show that the representation (10) is unique or that if v = 0 all
y; = 0. [Hint. For some representation of v = 0 by (10) let k be the largest
integer for which y,, # 0 and work back to the representation of Hv = 0 by (9a).]
EXERCISE 6a. Find the minimal basis of the module generated by the (redun-
dant) integral vectors in each of the following two examples by inspection:

@ w,.=(1,0,0), w, = (0, 3,0), wy = (0,1,1), w, =(0,0,3),
@) wy=(1,0,0,0, w,=(0,210, w;=(,00,4), w,=(0,012),
w; =(0,1,0,1), w,=(0,0,20, w,=(0,400.

Here a minimal basis can oe selected from among the generating elements
listed, which is not always the case. Proceeding more generally with (ii), note
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w,, Wy, W3, W, are four linearly independent vectors; hence we may write an
arbitrary w in the module as

W= TW, + -+ TWe, (z; integral),
=YWy o YWy, (y; not necessarily integral).

On expanding we find relations between #; and ¥, reducing to

=2

Yy =Ty + 25/2 + 224

Y3 =23 + x5/ — x5 + 2,

Yg. = xq — 25/2 + 225 — 22,
Then £ ) is defined by y, = y3 =y, = 0, and a minimaly, = 1 occurs when
z, = 1, other z; = 0, hence v, = w;; £ ® isdefined by y3 = y, = 0 (whence z; is
even), and a minimal ¥, = 1 occurs when x, = 1, other x; = 0, hence v, = w,;

2 @ js defined by y, = 0 (whence again z; is even), and.a minimal y; = 1 occurs
when x4 = 1, other z; = 0, hence v3 = w3; £ ) is defined with no restriction on

¥;, and a minimal y, = ¥(= —y3; = —y,) occurs when x; = —1, other z; = 0,
hence v, = (—wy — w3 + wy)/2. Thev,, - - -, v, are another basis, expressed in
terms of the independent set wy, - - -, w,.

EXERCISE 6b. Show, by the above method, that a basi$ for the module
generated by w, = (6, 8), wy = (8, 6), wz = (4, 4) is w;, (Wy + Wp)/7.
EXERCISE 6¢. Do likewise when w; = (a, b), w, = (b, a), wy = (c, ¢).

6. Other Interpretations of the Basis Construction

We preserve the usual notation with £, a given lattice of dimension #.
It is convenient at times to use fractional notation; thus (8) of §5 (above)
can be written as

(1) w =2 (g/H)w,
=1
There are several equivalent forms of our basis construction.

THEOREM 3. A set of vectors u;, uy, - - -, u,, constitutes a minimal basis
of a given lattice £ of dimension n if and only if the relation

® w =3 /G,

for win £, implies each one of the fractions x,/G is reducible to an integer.
Proof. Assume relation (2) to hold for some w with an «,/G irreducible
and G > 1. Ifuy, -- -, u, were a minimal basis, then we could write

3 w=>yu, (y integral),
=1
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with some y, # x,/G. We have two representations, from (2) and (3), for
Gw, contradicting the minimal basis property.

Conversely assume u, * * -, W, is not a minimal basis by failure of linear
independence. Then, if the set of u, is linearly dependent for some integers
a, not all zero and

C)) 0=2au,
then trivially the vector w = 0 can be written

n

(5) W= Zl(ai/G)ui
for any integer G at all (not zero)!

If the set u; is linearly independent, but is not a minimal basis, by the
method of proof of Theorem I, for some fixed integer G, all w of £ can be
written in the form (2). But if all ,/G are integers, the set of u, constitute
a basis which must be minimal by uniqueness of coefficients (linear
independence). Q.E.D.

We finally achieve a geometric construction if we return to the termin-
ology of §5 where wy, - -, w, represents a set of n independent vectors
and L% represents the sublattice of vectors of € linearly dependent on
Wy, ©**, W, An arbitrary vector of £ accordingly is

k
(6) V= ’Zl(xi/ H)w,
with rational (not necessarily integral) components x;/H along w,.

THEOREM 4. A minimal basis can be constructed by induction as follows:
a minimal basis of £ is a vector v, linearly dependent on w; and with,
minimum positive component along w,. Generally, a minimal basis of £t*)
consists of the minimal basis of £*~1) together with a vector v, of minimum
positive component along w,. Finally 8™ = @,

Conversely, if the minimal basis of 2%} is formed by adjoining a vector v,
to the basis of 2*~1), then v, must have minimal component along w,.

The proof of the converse is all that is really required. It follows from
the fact that if the component of v* along w, is nonminimal, then the
component is a multiple, 5, of the minimum by the Lemma 1, §5. Then
v* = sv, belongs to £*1) and

0 V¥ =5+ (avVr 0+ @) Is| > L.

Then v, is expressible in terms of v, - -, v,_;, v*, etc,, in terms of a
relationship of type (2) with an irreducible denominator s. Q.E.D.
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GEOMETRICAL CONSTRUCTION

A minimal basis of 2 consists of a vector [v,] collinear with w, and
containing no point of £ except the two extremities of v;. If a minimal
basis of £? is desired in the form {v;, v,], then the parallelogram deter-
mined by v, and v, must contain no point of € internally or on its boundary
except the four vertices of the parallelogram. If a minimal basis of £® is
desired in the form [v,, v,, v;], then the parallelepiped determined by v,,
v,, and v; must contain no point of € internally or on its boundary except
the eight vertices of the parallelepiped, etc.

FIGURE 4.3. v, and v, are a basis of %,; w, and w, are not a basis of &, (see 4);
q, and q, are not a basis of £, (see B).

Note that the line is of minimum length, whereas the parallelogram and
parallelepiped are of minimum “height,” etc., for the minimal basis (see
Figure 4.3).

7. Lattices of Rational Integers, Canonical Basis

We consider in more detail lattices 9, which are sublattices of a lattice
£,, where £, is defined as the set of points x whose cartesian coordinates
are arbitrary integers, with “distance” norm (see §4), Thus

£,:X = (B, gy * * *, ), — 0 < ¥ < + 0.

Any submodule of £, “inherits” the lattice property because it inherits a
norm as well as a finite dimensionality. (Clearly, any vectors of 9 that are
linearly dependent in £, are linearly dependent in It by the same equation
of type (4) in §5 and vice versa). We can regard £, as a lattice with special
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minimal basis
“1_(1’0703 '.70)7
- 09 1, 09 : ) 0 E)
(1a) uy = ( )
Lun - (Og 0’ 0’ ’ 1)!
so that
(1b) X = u2, + Wy, + 00 4wz,

We assume the sublattice M is of dimension #, i.e., that it has »n indepen-
dent vectors q,, q,, * * *, q,. We define the components

(2) ‘li‘—'(qu,q,-g,"',qm), i=1,2,"-*,n,

and the determinant D = |g,,| 7 0. We recall from algebra the result that
the q, are linearly independent if and only if D # 0, since the relation
n

> q.x; = 0 constitutes a set of n linear homogeneous equations in n

=1
unknowns z,.

LEMMA 2. If D is an integer 40, the vectors w, = (D, 0,0, ---), w, =
(0,D,0,---), wy=(0,0,D,--:),---, are linearly independent and lie
in 9.

Proof. The linear independence of the w; follows from

3 ﬁlaiwi = (a,D, ay,D, a;D, - - ).

Trivially, ﬁa,wi = 0 implies all a; = 0. The fact that the w, lie in M
follows frc;rjllthe result that for each k we can solve the system

(4a) Sha=m

for integral ;. To do this, we write the j-component of system (4a)

4b) 3 by = Doy,

where §,; = 1 ifk = jand 0if k # j. If Q,, is the cofactor of g,,, it is clear
that b, = Q,, satisfies the system (4q) or (4b) from elementary determinant
theory, e.g.,

(40) Qudi; =

i=1

3

D6, Q.ED.

)
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LEMMA 3. A minimal basis for 9t is provided by the so-called canonical

basis:
v; = (v, 0,0,--+,0)
Vo = (Va1s Ve, 0,7+, 0)
©) V3 = (Va1 Vg Yoz "+ 0)
[vn = (an' Vazs Vg ’ Vnn)

where v, is defined as the vector in the space spanned by u; which lies in

IR and has the smallest possible value of v;;; likewise v, is defined as the

vector in the space spanned by u, and u, which lies in 9t and has the

smallest positive value of vyy; Vv, is defined as the vector in the space spanned

by u;, u,, ug, which lies in I and has smallest positive value of vy, etc.
Furthermore, we can choose

0 < vy < vy,
© 0 <vy <vi, 0 <vg < v,
L0<v <V (j>)

These conditions determine a minimal basis uniquely.

Proof. The first part is obvious under the interpretation of the construc-
tion in terms of the w, given in Lemma 2. (Making v,; > 0 is a trivial
matter, since any vector v can be replaced by —v for the purpose of defining
v;) The inequalities (6) can be proved by the divisor-quotient method.
For instance, take n = 3. The inequality O < v, <C v,, can be ensured by
starting with a v, not necessarily satisfying this inequality and writing
UgalVag = q + rfvss Where r, the remainder, satisfies 0 < r << vy,. Hence
vy — gv, lies in I has the same (third) component vy, as v; but has r
instead of v,,, satisfying the inequality. Likewise, some combination
Vs — qv, (or v, — gvy) can take care of vy (or v,,).

The uniqueness.of this minimal basis is proved by the fact that all v, are
minimal, hence unique (see the geometric construction of §6). Thus, if
M had two canonical bases with unequal v, the difference v of the v, would
have the ith component and succeeding ones 0. Hence the vector v is
eligible for consideration as a v, for some j < i. But the jth component of
v is the difference of two values of v,; and is therefore less than the
corresponding v, contradicting the minimum property of v;;. Thus all v;;
are also equal, making v, the same. Q.E.D.

We introduce the integral matrix (a;;), which is called unimodular if
its determinant is 31 and strictly unimodular if the determinant is +1. We
then consider a more general basis relation.
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LEMMA 4. Two lattices of minimal bases [v,, v, -+, v,] and [v/,
vy, c+ 0, v,']in €, are equivalent if and only if the bases are connected by
a unimodular relationship:

n
@ v,=>ayv/ I<i<n,
i=1
n
’ .
(8) v =‘§1b”vj, P<i<na,
i=

with integral coefficients.

Proof. Assume the lattices to be equivalent. The basis elements v, are
individually in [v,", vy, - - -, v,’], and (7) are valid, likewise (8). Hence
(a;,), (b,;), the matrices of two transformations, combine to produce the
identical transformation of [v,, - - -, v,] onto itself. Thus

lagl - 1b;;l = +1,
and |a;;| = |b;;| = 1, since all coefficients and determinants are integers.

Conversely, the system (7) can be reversed. If g,; is the cofactor of a,;,
the substitution easily yields

n
zvi‘hk =V, la,l = v’
i=1

to form (8) for the unimodular case. Thus each set of n vectors spans the
others from the unimodular property. Q.E.D.

LEMMA 5. Two different minimal bases of 9t, a sublattice of £, have
the same determinant except possibly for sign, i.e., if v, = [v,, -, v,,],
v =[v, - v 1for I<i<n, then|v, | = £ |v,/|.

Proof. By the product theorem for determinants, if

n
Vig = Eaijvik,’
i=1
then
foal = |a;l 0] Q.E.D.
We shall call this common absolute value D. Two canonical bases with
the same D are not necessarily equivalent, since all we have done is to
specify the product v,yr55- - v,,. (In fact, in so doing, we completely
ignore the nondiagonal integers v,;.)

8. Sublattices and Index Concept

The preceding theory of submodules (or sublattices) of £, can be carried
over to submodules (or sublattices) of any given lattice £. All we need do
is write the minimal basis of the lattice as n vectors

L=[u,u,, - ,u,]
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and identify the element x = 2u; + - - - 4+ z u, withx = [z, z,, - - -, 2,]
the element of £,. Thus operations on elements of x in M correspond in a
one-to-one fashion with operations on elements of x in £,. (We continue
our restriction to sublattices of dimension n.)

From this it follows that if the modules £, M, N have the property that
£ includes M and M includes N then a set of minimal bases can be found

[ 2=[“19“‘)“7l]5

(1) g‘n = [v],’ Y vn]9
Lm=[w1’.“awn]’
such that
[ n
l v, =2 a;u;,
@ "
‘ W, = z biJvJ’
i=1
or, if (c;;) represents the product of the matrices (b;;) and (g;;), then
3) W, =3 ciU;
i=1

Thus we have the following lemma:

LEMMA 6. If € includes M and I includes N, then if the minimal basis
of £ in 9t has determinant A and the basis of M in N has determinant B,
the basis of £ in N has determinant AB.

We next consider any two modules in £, namely It and £, where I is
contained in £. Then, if vectors x and y belong to £, we say

) x = y (mod M)
if x — y belongs to M. By the module property, this definition permits
addition and subtraction, hence multiplication by a rational integer (but
not necessarily by an algebraic integer). This definition is also consistent
with the ordinary congruence modulo 9t if £ is the (one-dimensional)
module of rational integers. Congruent vectors constitute an equivalence
class in the same sense as congruent integers.

The number of different classes will be seen to be finite. It is called the
index and is written j = [£/9R]. Thus the classes form a finite module of j
elements which is denoted by the quotient symbol £/I.

LEMMA 7. If £ contains IR, the index j of /M is the absolute value of
determinant of the basis expression for 9t in terms of the basis of £.

Proof. 1t suffices to take £ = £, by the opening remarks of §7 (above).
We suppose M to have a canonical basis as described in Lemma 2, §7. We
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show every vector of £, is congruent modulo 9t to one of the following
| D] = vyqv9p * " * U, iNCONgrUENt VECLOTS:

(5) t= (t1’ 12"' "tn)a 0 §f1< Vyse

We begin by taking an arbitrary vector in £,, namely, w = (wy, * -+, w,).
We then subtract a sufficiently large multiple of v,, (see Lemma 3 of §7),
according to the familiar division algorithm: letting w, = v,,9 + t,, we
see that w — ¢v,, has the nth component ¢, satisfying (5). Then working
with just (n — 1) first components of w — ¢v,,, we produce the (n — 1)th
component #,_, in an expression of the form w = gv,, — ¢'v,_,. Thus, by
induction, w is congruent modulo 9 to a vector of type (5). No two vectors
of type (5) are congruent modulo It (see Exercise 8 below). Q.E.D.

Lemma 8 is a corollary.

LEMMA 8. Ifj=1inLemma7, M = L.

The index, by definition, is independent of basis. It constitutes an
invariant concept to replace the determinant (which is seemingly dependent
on the particular basis).

EXERCISE 7. Prove that the index j has the property that, for any element v of
£, jv belongs to M. Show this two ways, first by using the determinant property
and second by using the subgroup definition (i.e., that 9 is an additive subgroup

of 2).
Thus if 3R is a module in O, by taking v = 1, show that any modulo contains

the integer j, equal to its index.

EXERCISE 8. Show that no two vectors of type (5) are congruent modulo M
(by showing the difference between any two such vectors is either 0 or inexpressible
by the canonical basis of Lemma 3, §7).

9, Application to Modules of Quadratic Integers

A module M of quadratic integers in O, an integral domain, now presents
three alternatives:

(a) The module may consist wholly of zero.

{b) The module may be of dimension one.
In these cases M consists of multiples of a quadratic or rational integer
(possibly 0) and is relatively uninteresting.

(c) In the nontrivial case the canonical basis, by Lemma 3, is

4] M = [a, b + cw), a>b=>=0, ¢ >0,

Here a is the smallest absolute value of a rational integer in It (not 0), and
b + cw is a term of I with the smallest positive coeflicient of w.
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In practice, a module might be written with an excessive number of
elements, and our object is to choose clever combinations of these elements
to form a minimal basis of the original module, as illustrated in (2) and (3)
of §5 (above). Thus we may be confronted with a module having the
{nonminimal) basis shown:

M= (&, &m0+ 84,
We can augment the set by any

)] S = Z:laifi

for integral a;, and we can remove any &, which happens to be noticed as a
linear combination of others. These operations are sufficient for the
construction of a basts. Indeed, the desired minimal basis vectors, belong-
ing to the module, have the form (2); moreover, once they are put in, the
original vectors may be dropped, since they are necessarily linear com-
binations of the minimal basis vectors!

We want to obtain the basis in canonical form, so we set

&) M, =[a; + by, a5 + by, - -+, a; + b0
and proceed by induction. Thus
(4a) M, = [a, + by, a, + byw].
The most general element of M, is
zy(ay + byw) + @y(ay + byw) = (¥1a; + 23a5) + (€16, + zb)w;

hence the most general rational integer of M, is a multiple of x,'a; +
xy'a, = a, where x," and z,’ are the smallest integers not both zero which
permit x,'b, + x,'b, to equal zero, or z,’/x,” = —b,/b, reduced to lowest
terms. Futhermore, the term with the smallest nonzero coefficient of w
has form b + cw where ¢ = ged (by, by), since ¢ divides all x,b; + 2,b,
and can be expressed as such a combination. Finally

(4b) M, = [a, b + cw].

Now if we consider My = [a; + b0, ay + byw, a3 + byw], then My =
la, b + cw, a; + byw), and we can reduce [b + cw, a; + bzw] by the same
procedure to the form [a', b’ + ¢’'w]; thus

40 M, =a,d, b + o)

Then we note [a, '] = [ged(a, @')] = [a"). This, in fact, is the Euclidean
algorithm. Hence, M, = [a", b’ + c'w]. Likewise M, can be reduced to
canonical form step by step.
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EXERCISE 9. Reduce to canonical form, the following bases:
m, =[35V3,8 —28V3,
My =[35V3,8 —28V3, 6 —21V3,
M, =[35V3,8 —28V3, 6 — 21V3,85].
EXERCISE 10. Show that for every linear transformation
{x’:ax+by ad — bc = n(# 0)
y =cx +dy

a unique set of integers 4, B, C, P, Q, R, S exists such that the transformation can
be expressed as a result of the transformation

@ = Az" + By”  AC = |n|
y = Cy” 0<B<A4

together with the transformation

z” = Px + Qu PS — QR = +1.
y" = Rx + Sy

Hint. Make use of a canonical basis (4, 0), (B, C) for the module in £,
generated by the vectors w;, = (a, ¢), w, = (b, d).

10. Discriminant of a Quadratic Field

Let a module Mt in O, for R(V B) be expressed with a two-element basis

) M = [£,, &),

where &, and £, belong to ©;. We define
& &

(2) A = A(SIR) = ., , = 51521 - 51152
1 S

as the different of the module. We next see that the different A £ 0 if and
only if &, and &, are linearly independent (equivalently if and only if the
dimension of M is two). For we see that A = £,5,[(£,/&,) — (&,/£)'];
hence A = Qifand only if (§,/£,) is equal to its conjugate and consequently
to a rational fraction (say) r/s. This violates linear independence (with
integral coefficients) for &, and &, (e.g., ré, — s&; = 0).

The module of all integers of an integral domain O, (in the terminology
of Chapter 111, §9) is

3a) D, = [1, nwy].



[Sec. 11] FIELDS OF HIGHER DEGREE 73

It has a different
nyDy, if Dy =1(mod 4),

A=AD,) = nwy—wg) ={_ ~ _
(3b) (D,) = nlog — o) =) JDq if Dy 1(mod 4).

A more important quantity is
@ dit) = d = A%,
the discriminant of the module M, which we see is always an integer:
n*D, if D, =1 (mod 4),
4n®D, if Dy £ 1 (mod 4).
In general, if M is a module of integers in O,
6 A = jAD,), and dM) = j*d(D.),

where j = [O,/M], the index of M in O,. This follows from the determin-
ant multiplication property. Very often, for convenience, we refer to the
discriminant d of D, as the “discriminant of the field R(V D, or as the
“fundamental discriminant” (of this field).

Thus, starting with d(9,;) = d, we note either

Dy=d=1(mod4) or D,=d/471(mod4),

&) d,) =

and Dy(# 1) is square-free. We can now unify past notation by writing

@ O, =[Lw,), n=z=l,
where

d— Jd
s - (59),
1t w 5
and

AD,) =nV d whereas d(D,) = n%d.

EXERCISE 11. By a direct comparison with Chapter 111, §9, verify (7).
EXERCISE 12. Verify (6) directly by calculating A() for M = [a, b + cw,l.

*#11. Fields of Higher Degree

The problem of constructing a minimal basis of the algebraic integers in
fields of degree n is one that in general is subject to the *‘existence” type
of argument and amply illustrates the power of the abstract methods of
this chapter. Suppose we start with (say) the field R(6) where 8 is of degree
n; then, as we noted in Chapter I1I, §10, the quantities

4y 1,0,6, .-, 601
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are linearly independent, using integral coefficients, and the general integer
of R(6) must be of the type

@ Emrgtrd b, 0

where r, are rational numbers of denominator < Q by §5 (above). Then a
perfectly good norm is

(3) ”5” = [rO2 + e rn—l]l/és
and if & 7 0 some r, # 0 and, necessarily,
) €]l = Irl = 1/Q(> 0).

satisfying the discreteness condition. From this, the existence of the mini-

mal basis follows.

We observe that this proof is not based on an explicit construction; in
fact, there is almost no theory to help us! In a general way we know, from
Theorem 3 of §6 (above), that a set of integers wg, w,, * * +, w,_; of R(6)
will fail to be a minimal basis if and only if another integer @ of R(6)

exists for which
%) Go = zywy + *** + 2,_,0,_1,

where x;, G > 1, are integers and G cannot be “divided out.”” This
statement is of great practical value in establishing the basis of higher fields,
where illustrations are deferred to the bibliography. It might suffice to
note in the quadratic case the fact that w is an integer in the familiar
example 20 = 1 + V/—3. This indicates again that (1, V' —3] does not
form a minimal basis of the algebraic integers of R(\/ —3).




**chapter \Y%

Further applications of
basis theorems

STRUCTURE OF FINITE ABELIAN GROUPS

1. Lattice of Group Relations

In earlier work we restricted ourselves, as a matter of convenience, to
abelian groups which are representable as the product of cyclic groups.
This representability was easily achieved in Chapter I, §5, for the reduced-
residue class group.

According to the famous theorem of Kronecker (1877), cited in Chapter
1, §7, every finite abelian group is decomposable into the product of cyelic
groups. We shall give proof by using a type of lattice basis.

Let the elements of a commutative group of order  be written as

a,(=e),a;a; " ,a,
Then we consider all A-tuples of integers (positive, negative, or zero) in £,
(1) (xl’ Tgs " * " xh)’

and we fix our attention on £, the set of all A-tuples for which a group
relation is determined (using the multiplicative operation)

) a,"1a,"t - - a,r = e,
75
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First of all, we note that £, is a lattice. Let us suppose that

aly1a2yz « o ahyh = e.

Then
aﬁifl:tlllagz:tllz “ e aihi”h =e.

Thus the sum or difference of two A-tuples in £, is also in £,.
Now £, will obviously contain certain simple elements. For exampile, if
* p ple,
g, is the order of a,, a%* = e, and £, contains the / vectors

(0,"',0,gi,0,"':0),

&) . iy :
(g; at the ith position, 1 < i < h).

Thus, g, = 1 (for a, = e), yielding (1,0, - - -, 0). Since we have A linearly
independent vectors (3), we can conclude £, has a finite index in £,. (It
will later turn out that this index is A.)

Starting from the A vectors (3), we have a set that is very easy to augment
to a finite set of vectors completely determining £,, at least in theory, for
the components of any vector of £, are each determined modulo g;. We
can then examine every single (x,, 5, * -+, ;) of £, where 0 < z; < g; by
the group properties to see if (2) holds.

EXERCISE 1. For the cyclic group Z(3) the elements are a, = e = a,3, 2,2 =
a4, a5 = a,. Then show that the elements of £, are generated by the set of

vectors
(1,0,0), (0,3,0), (0,0,3), (0,1, 1.

EXERCISE 2. For the “four-group” Z(2) x Z(2) the clements are (a; =)e,
ay, a;, (a, =)ayay, where a,> = a;> =e. Then show that the corresponding
relations are, similarly, given by

(1,0,0,0, (0,2,0,0, (0,0,2,0, (0,0,0,2), (0, 1,1, 1)

EXERCISE 3. Do likewise for the group Z(4).
EXERCISE 4. Do likewise for the group Z(5).

2. Need for Diagonal Basis

Thus we can then find a basis of £, in triangular (canonical) form:

.
vl = (alh 0, 09 ttT, 0)7
Uy = (ay, Gy, 0, -, 0),
0 JU = (@315 U320 33,5, 0), 0= a,; < ay;
vy = (A, Gpos Ga3s " 5 Qi)
| nlss " * * gy = H.
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This means that all the interrelations between elements come as combina-
tions (powers, products, and quotients) of

a“u e,

afmad =e

(2) 1 ’
‘La‘l‘ma“hﬂa"ha e aZM = e.

If we had achieved the *‘diagonalized™ stage in which a;; = 0, for j # i,
then we could say all interrelations come from cyclic groups of order a;;
generated by af/ = e. This is exactly the same as saying that the group
decomposes into a product of cyclic groups (even though we find many
a;; = 1). But for this purpose, the canonical basis is not good enough.

We must use a type of “double” reduction. We must reduce the basis
of both £, and £, simultancously in order to obtain a diagonal array in
relations (1) and (2) instead of the triangular array.

3. Elementary Divisor Theory

We consider, in a general context, a lattice 3t which is a sublattice of £,

of finite index. Then a basis of M, namely, [v,, - - -, v,] can be written in
terms of the basis [m,, - * -, u,] of £, by making use of a matrix (a,;) = A
Thus
[ vy = ayly + aply, + - + ag,
Yo = a21“1 + 022“2 + st gy,
M W% kb, g,
V= " +atkuk+...+atmum+'..+atnun’
L Vp = dnty + a,lly + o+ Applly,.
where

[u;=(1,0,-++,0),
@ sn% =(0.1,-+,0),
L

w, =(0,0,---,1).

Now the matrix A = {a,;) is a representative of the relation between the
basis u; of £, and the basis v, of M. Yet (q,;) still depends on the two bases,
which can be chosen with some degree of arbitrariness. For instance, we
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could replace the set of vectors (uy, * * +, u,) by a unimodular transform of
the set; likewise for (vq, "+, v,).

Let us consider special unimodular transformations of the bases of €,
or M. Here g is an integer and s, ¢, k, m denote special indices (s # ¢,
k # m).

-

(@) v¢+gv,—v, {v,unchanged fori #s),

(b) w, £+ qu, —>u,, (u, unchanged for i # k),
) J () v,—> —v, (v, unchanged for 7 # s),

d) w,— —u, (u; unchanged for i 7 k),

() v,<v, (v; unchanged for i # s, t),

® weou, (u; unchanged for i # k, m).

Here the symbol — should be read “replaces” and u,<— u; denotes an
interchange. The transformations are generally reminiscent of admissible
operations in evaluating a determinant, but here the important thing is
that the operations are all reversible in integral coefficients. For example,
the inverse of (a) is the operation v, F gv, — v, (opposite sign) and like-
wise for (b). All the other operations are their own inverses. Thus the
elementary operations described are unimodular and in any combination
constitute a unimodular transformation on u, and v,. The value of the
determinant |a,,} is preserved except possibly for sign.
Let us observe the effect of these six rules on the matrix A4:

@) ay, + ga, — agy, a; unchanged for i # s; k=12 -n;

{(b) ag, £ qa,—~a,,, a, unchanged for j # m; s=1,2,""n;

@ 4 (©) ag— —agy. a; unchanged for i # s; k=12 n;
’ d) a4 — —ay a,; unchanged for j # k; s=12,-""n;

} () ay <> ay, a, unchanged for i # s, t; k=1,2,"""n;
() ay—ag, ag; unchanged forj £ k,m; s = 1,2, -n

We can easily recognize (a): the addition (subtraction) of ¢ times the
t-row to (from) the s-row (¢ # s); (b): the addition (subtraction) of
g times the k-column to (from) the m-column (k % m); (c) and (d): the
change in sign of a row or column; (e) and (f): the interchange of two
rows and columns.

THEOREM ON ELEMENTARY DIVISORS

The exercise of rules (a) through (f) can reduce the matrix A to purely
diagonal form.
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Proof. We consider the smallest positive matrix element, other than
zero, which can be created by the exercise of these rules. Call it z;; then
by the exercise of rules (¢) and (f) we can bring z, into the upper left-hand
corner to replace a;;. Now, all elements of the first row (or column) must
be divisible by z;,. To see this, we shall show z; | ay,, for, by the exercise
of rule (b) (with s =k =1, m = 2), we can form a matrix in which
dy, — qay; — ay, for any g positive or negative, whereas the other elements
of the first row and column are unchanged. Clearly, if g is the quotient and
r the remainder in the division of a,, by a1, (= 2;), then a;, = qa;, + r.
Thus r - a;,, but0 < r < a,, (= 2,) and r = 0. This proof, incidentally,
shows how to make the first row and first column equal to zero, except for
the corner element z,.

Thus the new matrix has the following form:

2z, 0 00
0
0
0
0
It transforms a new basis of £, = [u,/,--,u,’] into a new basis of
=Iv), - -,v,’]. We repeat the operations, using [u,, - -+, u,’] and
vy, -+, v,], leaving uy’, v, alone. We can then achieve a value z, in the

upper left-hand corner of the (r — 1) by (n — 1) matrix with zeros in the
second row and column. Ultimately, we obtain a diagonal matrix with

values zy, 2, * -+, 2, along the diagonal. This tells us that a new basis
of M is expressible as “diagonal-term™ multiples of a new basis of £,,.
Q.E.D.

Thus bases of 2, and M can always be chosen as
(5) Bn = [wl’ e 3 wn]’ i]ﬁ = [lel, e > zlwn]'

The more complete theory of elementary divisors tells us that z; | zy,
2y | 73, etc., hence the term. It is nevertheless clear that the value of the
determmant or index of M in L, is 242, - * - 2,..

As a method of keeping track of the operations, note that we might write
down a new basis for £, and M in set (3) every time we use one of the
rules in set (4).
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ILLUSTRATIVE EXAMPLE

Problem. To reduce to elementary divisors, the transformation

© {vl =2, + 2u, (2 2‘)

1 4/

v /

vo = u; + 4u,

Solution. Clearly 1 is the value of z;. The rest is straightforward.
(Recall that the — means “replaces” not “becomes.”) Use operation (¢),
or interchange of rows, on the original system:

vy = 2u; + 2u, Vo —> ¥y v, =V,
Let €.g.,

v, = u; + 4u,. Vi —> ¥y, Vo = V.

Use operation (b), or subtraction of 4 X Row 2 from Row 1, on the
resulting system:

’

vy, = 2u; + 2u,.

u, = u,’.

{vl' =w + 4u, Lot {u1 — 4u, —>uy {ul =u, — 4u,’
e e.g.,

U, — Uy,

Use operation (a), or subtraction of 2 X Row 1 from Row 2, on the
resulting system:

v =u vy vy v =v
, , , Let , , , e.g.,
v, = 2u,” — 6u,’. vy — 2vi — v,

Use operation (d), or column sign-change, on the resulting system:

4 ’ ’ ’ 7 n
v, =u u, —u u’ =u
Let , €.8.,

"

v, = —6u,. u, —uy, u = —u,”
Finally
vl/I — ull/ 1 O
(7) " " ’
v, = Ou, 0 6
in terms of the transformations in the right-hand column above:
u,” = u, 4+ 4u,,
(80) 1 1 2
u2/l — _ ll2,
v " _ Vo,
(8b) 1 2
vy = v, — 2v,.
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Thus, for our illustrative example, (5) becomes

9 L, =[u,w]=[uy”", wj M = [vy, v,] = [v{", v,"] = [u,", 6u,"]).
Matrices can be used more formally! but in the few practical problems

here they are unwieldy.

EXERCISE 5. Prove the divisor property z, | 25, z, | z5, etc., by noticing from
(5) that z; must divide the remaining matrix of order (n — 1), etc.

EXERCISE 6. Verify that the following matrices provide a canonical basis for
the lattices €, of Exercises 1 to 4 above. (See Exercise 6a, Chapter 1V.)

10000
1000 100 o

1 00 05000
200 0400

ofo 3 o] G (i) vlo 3100
02 0 021 0

01 1 02010
111 01 01

01001

EXERCISE 7. Perform the reduction for the foregoing matrices, obtaining the
new bases as in the illustrative problem.

4. Basis Theorem for Abelian Groups
KRONECKER’S THEOREM

Every finite abelian group can be decomposed into the product of cyclic

groups.
Proof. Let

1) a(=e),a, -, a,

denote the elements of the group G. Let us construct a canonical basis for
£, the lattice of group relations determined by equating to e the elements

(2) al,’ az" T, A,
with the triangular form manifest as
(3) 31‘/ = aitlagiz e aif'zz’ (1 < i< h)

Now we apply elementary divisor theory to matrix (z;;). This means that
we can find bases of £* and £, (written for group elements, rather than
exponents):

(4) Air (all)?‘ll(a2l)7’,2 P (ah’)"m’ 1 < i < h’ ’r”l = :*:1,

(]

(6  A;=apaje-cap, 1 <i<h syl = £l

! The formal reduction theory is due to C. Hermite (1851) and H. J. S. Smith (1861)
(see treatises on algebra in the bibliography).
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in terms of which the system (3) becomes A," = A/ by (5). Hence
(6) A121=A222="-=Ahzh=e

for z, - -, 2, the set of elementary divisors of (z;;). Now system (6)
represents a set of generators of all relations among the elements of the
abelian group. By the basis property, |s;;| = 41, so that the a, are all
expressible in terms of A, e.g.,

O] a, = AlpAlz - - Al 1 <i<h
The group G is generated by # cyclic groups (6) in the generating
elements A,. Q.E.D.

Actually, many of the z, are 1, as an easy illustration will show. For
instance, in the case of the four-group Z(2) X Z(2), a basis of £, is reduced

1 000 1 000

0 2 00 01 00
from to .

00 2 0 00 2 0

01 1 1 00 0 2

The left-hand matrix indicates that the group Z(2) X Z(2) is generated by
the relations

a,=e,
a2 =ce,
®)

! al?=e,

| 22238, = e.

The right-hand matrix indicates the generators:

A, =e, A, =a,, a, = A,
A, =e, A, = 2,35, a, = A,,

(%a) AlZ=ce, ©b) A, = a,, ©c) i a, = A,,
Ad=e, A, =1, [a4 = ALAA,.

EXERCISE 8. Write out the results (9a), (9b) in the other groups of Exercises
1to 4 and 6.

EXERCISE 9. Prove 2z, - - - 2, = h from (6).
5. Simplification of Result

A fairly elaborate but elementary equivalence theory of cyclic decompo-
sition enables us to find several different forms of the basis. For instance,
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in Chapter I, §7, we saw Z(6) = Z(2) % Z(3), but an abelian group of
order 4 might be equivalent to Z(4) or Z(2) X Z(2) (not both).

By the discussion in that section, once the cyclic structure is achieved we
can assure ourselves that each cyclic group will be of order p* for p prime
by breaking up each cyclic group into factors whose order is p*. Then we
could achieve the following structure for an arbitrary abelian group G of
order A:

o)) G = Z(p") X Z(p) x -~ -,

where p, are primes, not necessarily distinct, and &, > 0; h=TIlp/. A
further theory, too lengthy to repeat here, shows in effect that the decom-
position (1) is unique except for order of factors.

The uniqueness is not needed directly for applications in this book,
but it enables us to know the values of the elementary divisors z; ahead of
time from the divisibility properties in Exercise 5, §3 (above), for a given
group structure. For example, let

() G = Z(p*") % Z(p®) X Z(p°) X Z(¢")

where p and ¢ are different primes and 0 < @ < b < ¢, 0 < d. This leads
to a matrix of (arbitrarily large) order h = p*+**+<g¢ with h elementary
divisors. They are, however, known as follows:

(3) 1 =Ry= =2y g, pa = Zjp-25 pb = Z5_15 pch = Zp,
since only then will §4 lead to a structure (where 2, ‘ Zi1)
0 G = Z(p") X Z(p") X Z(p°q")

consistent with the definition (2) of G.
In our applications the groups which arise will be even sufficiently
simple that the cyclic decomposition may be deduced “by inspection.”

GEOMETRIC REMARKS ON QUADRATIC FORMS

6. Successive Minima

In our previous definition of a lattice I we introduced at least one norm
[¥|l defined for the vectors of M to serve as evidence of discreteness.

We shall carry these ideas a bit further. We shall talk only of the lattice
4, of all integral »-tuples

(1) v= (xlx DI xn)r
and we shall specify {|v| as a very important type of function, which we now
define.
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Call a quadraiic form in integral coefficients
@) Oy, g, v, x,) = ay®y® + 0%, + a5 + -0
+ a2+ gm0 + a,xh i <),
positive definite if for all integral values except v = 0

) Oxy,+ -+, x,) > 0.

The definition of positive definiteness is seen to be equivalent to one we
would obtain if we considered real values of x, instead of just integral ones,
and there are well-known techniques of algebra for determining positive
definiteness. A sufficient condition is that a real transformation matrix
exists, (a,;), such that

4) r; = E ;&5 foe;;| # 0
/=1
and

&) A

M

&2

1

i

(This condition is also necessary, but we refer the student to the bibli-
ography for further references in algebra.)
We take

(6) vl = Oy, -+ -, 2,)%

Then we can show, among other things, that [|v| has the properties of the
norm of Chapter 1V, §3, and also that for any T the inequality

(M Oy, -+, 2)<T

holds only for a finite number of v. The latter statement follows from the
fact that by (5) |&,| < T*¢ and by (4) the coordinates z, are bounded once T
is assigned:

® ol < 3 61 < T 31wl

We now define successive minima as follows: consider all vin £,. For
these vectors v, the norm ||v|| has a positive minimum m,, which it achieves
for at most a finite number of v by the property just established. Trivially,
if |vi]] = m,sodoes | —v,| = m,. Weask, less trivially, how many linearly
independent v have the same minimum m,. Let there be k of them,
Vi, ¥y, =, V. Forinstance, if O = 2% + x,2 + 32,2, then m, = 1 (say)
atv=(1,0,0) and v, = (0, 1, 0).
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Let k < n; then consider the set of vectors v linearly independent of
vy, ' ' *, ¥, and let m, ; be the minimum of ||v| for this set. The minimum
may be established at v,.,, - - *, v, (additional linearly independent vectors),

Then if / < n we continue to ask for vectors v linearly independent of
vy, * -+, ¥, for which [v]| takes its next minimum mz,, ;, etc.

L] L] L] L] L] L]
* L] L] L] . [
. - . < .
3
V3 V2
————

¢=1 \Vl
L] L] L] L] *
. . . . . .
L] L] L] . L]

my=mg=1

FIGURE 5.1. ¢(z,y) = «* + zy + y*. Minimal sets for ¢(z,y) are [vy, v,l, [vy, vsl,
[ve, v;5).

We write for simplicity m, = ||v,|| for all #; thus always
) Mmy=My=""''=mM <My =" """=mx<-<m,

Figure 5.1, in two dimensions, shows the several minima for

(10) $@ y) =& + 2y + ¥* = @ + y/2)* + 3*y/2)%,
whete m; = m, and Figure 5.2 shows a case in which m; < m,.
The natural question that arises is this: does the set vy, vy, * - -, v, have

to be a basis of 8,7 The answer is affirmative whenn = 1, 2, 3. This serves
as a great convenience in a manner we shall soon describe. The answer
is negative when n > 4, as we shall see below. This startling result some-
how tells us that four-dimensional space is more “pliable” than lower
dimensional space, and it was probably the first indication that out of the
theory of lattice points would grow a special branch of number theory
called the “‘geometry of numbers.”?

! This name was introduced by Minkowski (1893). There is a confusing cognate,
“geometric number theory,” which Landau used (1929) to denote the process of count-
ing large numbers of lattice points in a region, as we do in Chapter X.
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EXERCISE 10. Show |v|| satisfies the definitions of norm in Chapter 1V, §3.
EXERCISE 11. Show the following form is positive definite:

O, y,2) =22 + y? + 22 + a2y + yz + az.

2
3y? + 322 + 2
Hint. Q(x,y,z)=[x+<y+z):| s : + 22

2

X
o Qt, 1) = my2 ¢
Q) = my?
L ] L ] L ] L]

FIGURE 5.2. For proof of theorem in §7.

EXERCISE 12. Do likewise for
O, y,2, ) =22 + 2 + 22 + 12 +ay +yz + 2t + a2 +yt + 2t

2
t
= (x +1¥—) + etc.

(In each case the number of variables is decreased one at a time, each time a
square is completed, and removed).
7. Binary Forms
Let us consider how the earlier remarks apply to
(D Q(x, y) = Ax? + Bay + Cy?,

a positive definite quadratic form satisfying the conditions in Chapter III,
§1;
2 A>0, D= B%—44C < 0.
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We find the successive minima m, and m, belonging to [O(z, »)]** and
corresponding to
vi=(x,y) and v, = (25 ¥,)

These points lie on ellipses Q(£, ) = m,? and m,%. (See Figure 5.2.) We
wish to prove the earlier assertion that vy, v, is a basis of £,.

If we regard v, and v, as the w, and w, of the geometrical construction in
Chapter IV, §5, we see that the basis property of [v;, v,] amounts to the
fact that the parallelogram bounded by the corners 0, v,, v,, ¥, + ¥, has
no other lattice points in its interior or boundary than the four vertices.
Otherwise, the parallelogram would contain a lattice point of £, other than
the vertices. It can be seen next in Figure 5.2 that triangle I (shaded) would
contain a lattice point v’ other than its vertices, (for, if such a lattice point v,
were in triangle II then v’ = v; + v, — v, would be in triangle I). By the
convexity of the ellipse (see Exercise 13 below), triangle I lies interior to the
locus Q(&, ) = m,? and thus Q(v')* < m,?, which contradicts the definition
of m, (as v’ is clearly not collinear with v,). Q.E.D.

In Chapter XII we treat in greater detail the problem of expressing the
form Q(x, y) under a different basis. For the time being, it might suffice to
notice that we are in effect writing

€) (=, ) = =(1,0) + %0, 1),

or we are using u; = (1, 0) and u, = (0, 1) as a basis of £,.
Suppose we wanted to use vy, v, as a basis of £,:

vy = (23, ¥)) = 2,8y + Yy,
(4) 1 1 l) 1%1 1%2

Vo = (Ty, ¥y) = ToUy + YUy
Then by Lemma 4 in Chapter 1V, §7, vy, v, constitutes a basis exactly when
) Ty — Ty, = +1.
In terms of a new basis, the variables become
©) Xvi + Yv, = zu; + yuy;
or as (X, Y) varies over all £,, the integral couple (, ), given by

z = Xz, + Yz,
Y= Xy, + Yy,

M
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also varies over all £,. Note that we can solve back for integral (X, Y) by
virtue of the determinant condition (5). Now, using (7), we see

®) Q(, y) = A(Xz; + Yz, + B(Xz; + Yz )(Xy; + Yy,)
+ C(Xy; + Yy)%,
® O, y) = A X2 + B XY + C, Y2

Here the substitution (X, Y) =(1,0) and (X, Y) = (0, 1) in (7) and (9)
yields

(10a) Ay = Qxy, y) = m,?,
(10b) Cy = Q(zy, y) = myt.

Thus, since the successive minima correspond to v; and v,, which form
a basis, we can write a quadratic form in new variables in such a way that
the minima m; and m, are manifest! as the coefficients 4, and C,. This is
essentially Lagrange’s (1773) type of reduction procedure.
EXERCISE 13. Show that the interior of triangle I is given by the points
Av; + uvy, where these inequalities hold: 0 < 2, 0 <y, 4 + u < 1. Hence,
using the distance property for the norm, show Q(v) < my%. (We can restrict
ourselves to rational values of 4 and x.)
EXERCISE 14. Show that if v,, v,, and v, are vectors of £, for which [v,, v,},
[¥,. ¥3], [¥4, V] are bases of £, then for some choice of signs +v; £ v, £ v = 0.
EXERCISE 15. Show that if Q(v,) = Q(v,) = Q(v;) = m, for three vectors
independent in pairs, Q(v) = 2 + 2y + y?, except for a constant factor.

EXERCISE 16. If Q(x,y) = A2* + Bxy + Cy%, (D <0), and 0 <4 <C,
show m;? < A4 and m,? < C. How can the values of m, and m, be determined

by graphing Q(z,y) = C?
EXERCISE 17. Reduce by Lagrange’s procedure the forms

522 — 16xy + 1332, 3x% + Sxy + 3y

8. Korkine and Zolatareffi’s Example

The Lagrange type of reduction theory was extended to positive definite
quadratic forms in three variables without any extraordinary occurrence,
by Gauss and Seeber (1831). For example, the form 22 + > + 2% + 2y +
yz + 2z has three equal minima m, =my,=my; =1 for (x,9,2) =
(1,0,0), (0,1,0), (0,1,0); (1,—1,0), (0,1, =1), (1,0, —1) and their
negatives. Any three of these, indeed, are dependent or form a basis of £5.

* As we shall note in Chapter XII, §4, B> — 44,C, = D, so that B, is also determined,
except for sign, by the successive minima.
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In (1872), however, Korkine and Zolatareff showed that the positive
definite form in four variables

¢y O, 9,2, ) =22+ y2 + 22+ 12 + 2t + yt + 2t

has minimam, = m, = my; = m, = 1at the obvious pointsv = (1,0,0,0),
v, =1(0,1,0,0) and v; = (0,0, 1,0), as well as at v, = (—1, —1, —1, 2),
which do not form a basis of £, when taken together. This was the first
indication that the /attices in n dimensional space would have interesting
properties for each n that would depend on n with number-theoretic
irregularity.

Minkowski continued the study of quadratic forms and ultimately
generalized his results to the study of forms for which the “‘unit sphere”
|0, 9, -+)| <1 is a “convex” solid. The work was undertaken for
purposes of studying quadratic forms and algebraic numbers but was
later taken over by the British school more or less as a fascinating end in
itself. Mordeli, Davenport, and Mahler considered the use of nonconvex
bodies (or norms that do not satisfy the distance inequality). The
important point historically is the parting of the ways between algebraic
number theory and quadratic forms (whose erstwhile synthesis is our main
objective here).

EXERCISE 18. Verify that the form (1) is a positive definite.

Hint. 3Q(x,y, 2, t) = F(x) + F(y) + F(2), where F(z) = 32® + 32t + 1% For

which quadruples does it achieve its minima ?
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chapter VI

Unique factorization
and units

1. The “‘Missing’’ Factors

From our introductory survey it is clear that the representation
Q(z,y) = m is closely related to the representation of factors of m and
that these factorizations are reflected in those of algebraic numbers. It is
therefore natural to ask when an integral domain O, for a quadratic field
R(V'Dy) will display unique factorization into unfactorable elements which
could then be called “primes.”

The answer is usually negative; the unfactorable eilements do not suffice.

Yet unique factorization can be accomplished by the introduction of
“ideal” elements. For instance, in Hilbert’s example (see Chapter I1I, §5),
we saw that the set of positive integers g, where g = 1 (mod 4), displays no
unique factorization until one discovers additional “‘ideal” primes g, where
g = —1(mod 4).

The “‘ideal” elements in algebraic number theory were introduced by
Kummer (1857), who found that he needed unique factorization in order
to help prove certain cases of Fermat’s last theorem. Kummer’s ideal
elements were actual numbers (like the primes congruent to —1 modulo 4),
which belonged to a more inclusive field! than the one in which the factori-
zation was attempted.

! Some details occur in the section on class-fields in the concluding survey.
93
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Dedekind soon discovered (1871) that the objective of unique factoriza-
tion could be achieved by constructing (in the same quadratic field) a
special type of module for the “ideal” element.

We shall first see to what extent unique factorization fails in quadratic
fields.

2. Indecomposable Integers, Units, and Primes

We begin by considering divisibility in an integral domain O (as defined
in Chapter III, §8): we say that an element &, of O divides an element &
of © in O if an element &, of O exists such that

1) £ =&,

We next define a unit in O as an element which divides 1 in ©. (Note 1 is
necessarily in ©.) Then a unit trivially divides in © any element of O. We
finally designate as indecomposable in © any nonunit element & for which a
factorization (1) is possible in © only when &, or &yisa unitin O. If &, isa
unit in © we say £ and &, are associates in O.

We can now prove the following lemmas (as exercises):

LEMMA . An element of O is a unit in O if and only if its reciprocal
lies in O.

LEMMA 2. The units of O are closed under multiplication and division.

We define a prime in © as a nonunit element 7 in © with the property
that if 7 divides the product of two elements « and 3 in O, then 7 divides
a or B in O. For a prime this property would hold inductively for any
number of factors in the product.

LEMMA 3. . All primes in O are indecomposable in ©.

THEOREM I. If an element of O is expressible as the product of a finite
number of primes in O, it is uniquely expressible as such by rearranging
factors and identifying associates of primes.

Proof. If « is an element with two such decompositions,

o= mymy oy = mtmt ek,

we can cancel 7, into some =, * by noticing that ‘ o. (The primés m, and
7;* are then associates in ©.) The proof proceeds by induction as in

elementary number theory, and, incidentally, s = . Q.E.D.

If O is the ring of rational integers, 1 and —1 are clearly the only units
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in © and the definition of prime is seen to be precisely that of an indecom-
posable element, taken with positive sign by convention.
From now on we shall take O as some integral domain O, belonging to

the field of R(V Dy) (as defined in Chapter 1II, §9), and we shall usualily be
able to omit reference to . Unfortunately, the indecomposables are not
necessarily primes, as is evidenced from the nonunique factorization into
indecomposables in §6 (below).

EXERCISE 1. Prove Lemmas 1, 2, and 3.

3. Existence of Units in a Quadratic Field

Before discussing indecomposable integers, we must obtain more
information about units. We shall be aided by further specialized know-
ledge about O,,.

LEMMA 4. The units of O, are precisely those integers of D, whose
normis +1 or —1I.

Proof. If is a unit, then an integer w exists for which 7w = 1. There-
fore N(n) N(w) = 1 and by the result for rational units N(n) = %1 (and,
incidentally, & = 5'N(»)). The converse is likewise easy. Q.E.D.

Thus associates have the same norm in absolute value. The converse is
not necessarily true, as we shall see.

Another way of stating Lemma 4 is that # (in O,) satisfies an equation
n? — An + 1 = 0 (4 is a rational integer) precisely when # is a unitin O,
Still another way is to say that  is a unit in O, precisely when 5 and 1/
are algebraic integers (and units) in ©,. (Note that if % belongs to O, so
does +1/p=A — n.)

THEOREM 2. Any given nonzero integer in D, can be expressed as a
product of a finite number of indecomposables of D, in at least one manner.

Proof. Any a of ©, which is decomposable can be factored in O, as
o = oo, With «; and «, nonunits. Hence |N(ax)|] = [N(ay)| {N(ax)] >
| N(ay)] and | N(a,)l, yielding factors in D, of decreasing norm, to which the
factorization process is extended. Clearly, decreasing norms make this
process finite. Q.E.D.

IMAGINARY FIELDS

The study of units immediately distinguishes real and imaginary
quadratic fields. The imaginary case is easier.
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THEOREM 3. For an imaginary quadratic field the only units for O, are
as follows:

7= +V—1, £ for R(\/——I) (four units),
| _3 _

n= itiz—\/ +1for RV =3)  (six units),

7 = 41 for other cases (two units).

For any O, (n > 1) the only units are = + 1| (two units).

Proof. The most general integer of O, can be written for a square-free
Dy <0 as w = (a + bV Dy)/2 where a and b agree in parity if Dy =
1 (mod 4) or are both even if D, = 1 (mod 4). Then we must solve

AN(w) = & + b¥(— Dg) = +4.

Since Dy << 0, a solution with b % 0 is possible only for Dy = —3, —1;
these cases are enumerated.

In the expression for O, for n > 1 the value |Dy| is multiplied by n?
(see Chapter III, §9); hence the conclusion. Q.E.D.

REAL FIELDS

In a real quadratic field, however, units other than 41 always exist. In
fact, this is true in any quadratic integral domain O, as we shall see.

LEMMA 5. If £, and &, are two real nonzero quantities and if the ratio
&, /&, is irrational, then for any positive integer T we can find integers A

and B (not both zero) for which
0 |A&, + B&| < (1] + 16D/,
Al < T, B <T.

Proof. This is one of Dirichlet’s earliest applications of his boxing-in
principle. We begin by assuming &, > 0, &, > 0, and we define the form

0) fla,b)y=a&, +b&,, 0O0<a<T, O0<b<T.
We note
3) fla,b) # f(a,b) if (a,b)#(d,?b),

since otherwise (@ — a')é, + (b — b')é, = 0, contradicting the irration-
ality of £,/&,. Now f(a, b) takes on (T + 1)? different values as a and b
vary from O to 7. These values lie in the interval between 0 and
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(1&4] + 1&,DT. Next, we divide that interval into T2 segments [y, Iy, - =, I'2
with
@ Li(j— DA<z <jh,  A=T(&| + |&D/T

We find that since (T + 1) > T? there must be two values of f(a, b) in the
same interval (say) /,, or | f(a, b) — f(a’,b")] < A. Thus,if 4 =a—ad,
B =b — b, we find integers 4, B that are not both 0 for which

(5) |f(4,B) <4, |4l <T, |B| <T.

If £ and &, are not positive, a minor modification of signs is made.
Q.E.D.

COROLLARY. If D is a positive integer, not a perfect square, then a
fixed integer m exists for which the equation

() A2 _BD=m

has infinitely many solutions in integers (A, B).
Proof. By the preceding lemma, we can find integers 4 and B (not both
zero), for which
) |4 — BVD| <(1 + VD)T
4] <T, Bl <T.

for any positive integer T. Furthermore,

(8) |4 + BVD| < |A| + |BV'D| < T(1 + VD)
and, multiplying inequalities (7) and (8),

) (42 — B2D| < (1 + VD).

Now, if only a finite number of pairs of integers (4, B) occur as T'— oo,

it could not be true that |4 — B\/DI can be made arbitrarily small without
equaling zero. Therefore, there must be infinitely many different pairs of
integers (4, B) occurring as T — oo for which 42 — B®D is bounded, and
there must be at least one m for which (6) has infinitely many solutions.

Q.ED.

LEMMA 6. Under the condition that D is not a perfect square, there
must exist at least one pair of integers (a, b) for which
(10) S at—b =1, (a#£ £l

Proof. It is easy to insist that 4 > 0 in the preceding corollary for the
infinitude of (4, B); otherwise there would also be only a finite number of
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solutions for which A < 0, and, of course, there is only a finite number for
A=0.

We take (m? 4 1) of the solutions, (4 > 0), and we separate them into
m? classes according to the residues of (4, B) modulo m. There must then
be at least two in one class, by Dirichlet’s boxing-in principle,

an A, = A, B, = B,(mod m).
Wesetupn, = 4; + Bl\/l—); e = Ay + Bzx/ﬁ and find
12) N(ny) = N(np) = m, 71 = 7, (mod m).

Of course, N(7,/n,) = 1, but we must still show that z,/n, = Eisan integer.
Since 7,1, = m, we write

(13) E=1+4 (g — ndme =1+ (9, — Ny, [m

and 7, — 7, is actually divisible by m. Explicitly,

A — A B, —
(14) 5=1+(1—m——2+\/51 B

)(A2 —BVDy=a+bVD

on expanding. We easily see that n; # 7, since (4,, B,) # (4,, B;) and
1, 7= —7s, for Ay and A, are both positive. Thus (10) holds. Q.E.D.

4. Fundamental Units

We now consider the set of all units of any real quadratic ©,. The set
contains at least one nontrivial unit (% +1) by Lemma 6, (above), since,
with D = n2Dy, O, clearly contains all integers a + bV D (see Chapter 111,
§9). Consider the set of all units of O,, (of norm +1 and —1). This set of
units symbolized by {p} is a multiplicative group. We next consider the
set of values U = {log |p|} which becomes an additive group. For example,
the inverse is —log {p| = log |p’|, since |N(p")| = |N(p)| = 1. Likewise,
since N(p,)N(py) = N(pypy), then log |ps| + log |p,y| = log|pip.l. We
shall see that the set of values U constitutes a lattice. Then we use its basis.

LEMMA 7. For any algebraic integer w, of D, (not necessarily a unit),
both values log |w|, log |w’| cannot be arbitrarily close to zero unless they
both equal zero.

Proof. Referring to Figure 4.1, we see |w| — 1 and || — 1 cannot both
be made arbitrarily small without being zero; for the points (1, 1), (1, —1),
(—1,1), (=1, —1) must all be separated by at least a finite constant
distance from the point (w, ), according to the lattice property of O,.

Q.E.D.
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THEOREM 4. The set U = {log |p|} for p a unit of O, constitutes a one-
dimensional lattice.

Proof. Since log |p'| = —log |pl, we conclude from Lemma 7 that for
some constant k > 0

6} |log ol =k if p+ +1.

Furthermore, the quantities log |p| are all linearly dependent (with
integral coefficients) on any nonvanishing element value (say) log|p,l.
For otherwise some log |p,| would exist for which & = log |p,|/log |p| is
irrational, and, by Lemma 5, we could make the absolute value of the
function f(a, b) = (alog |p,| + blog |p,|) arbitrarily small in absolute
value, indeed << k. Then the unit p = p,*p*(# 31) would violate in-
equality (1). Thus it must be possible for f(a, b) to vanish for integral aand
b not both zero.

We therefore have the discreteness conditions for a lattice. (See Chapter
Iv, §3.) Q.E.D.

The (minimal) basis of U is a one-dimensional vector written as log 7,.
We put this result in “antilog™ form.

COROLLARY. There exists a special unit 7, in any O, such that all
units p in O, are given by

p=:t7lnm' m=0':t'v:‘:2':h3»"'-

This unit %, is called the fundamental unit if (for standardization) 5, > 1
also. According to this definition; #,” might be positive or negative,
depending on N(n,). Note this #, is precisely the unit which minimizes
log p for p an arbitrary unit > 0.

As an illustration in R(V'5), we can prove 7, = (1 + V52, 52 =
B+VY2Lnt=2+V 5. Note that 7,° Is the fundamental unit of D,,
since, by the inclusion of O, in O;, the units of O, are all to be found among
the units of ©,. Note also that N(z;) = —1. N(n®) = +1. The set of
integers where N(w) = 1 is @ = +#,**, in O; whenever N(n) = —1.

The answer to the question whether N(7,) = +1 or N(y,) = —1 for
the fundamental unit in an arbitrary ©,, is not known completely. One
can prove with ease that in O, (bence in ©,) N(n,) = 41 if D, has any
prime divisor ¢ = —1 (mod 4); For, if n; = (T + V\/EO)/Z, then the
equation 72 — Dy U? = —4 leads to

T2 = —4(mod q)

asq | D,, causing a contradiction. Furthermore, N(n;) = —1,if D = D,
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is a prime = 1 (mod 4), but this is a much deeper result, which we prove in
Chapter XI, §2. If Dy has no prime divisor = —1 (mod 4) the value of
N(n) is generally unknown, and becomes a matter of vital concern in
Chapter XI, §2 (below).

The table of fundamental units in the appendix is evidence of the irregu-
larity of the size of the fundamental unit, which is governed by even weaker
rules than the sign of the norm.

EXERCISE 2. Give a separate proof of Lemma 6 based on the idea that w
must satisfy an equation with discrete coefficients (integral values of w + o’
and vw’).

EXERCISE 3. Show 1 = (1 + V5)/2 is the smallest unit 5, (>1) for all real
quadratic fields whatever. Hinr. Consider all equations 2® — Az — 1 = 0.
Solve for n > 1 and consider dn/dA. Likewise take 22 — Az + 1 =0 and
between these two equations choose the smallest #. Find the next six smallest
units 7, (>1) for quadratic fields (of whatever discriminant).

EXERCISE 4. Construct the first 8 powers of 7, = (1 + V/5)/2 and tell which
are fundamental units of some O,. Note that 5, and 7, can be equal even if
u # v.

5. Construction of a Fundamental Unit

As a practical matter, one could not use the Dirichlet boxing-in principle
to construct a unit or even to construct numbers of equal norm. One
normally would use the method of continued fractions, but this method has
the disadvantage of being incapable of generalization to fields of higher
degree. We shall find an “irregular” but pragmatic method in Chapter IX,
using factorizations. In the meantime, we shall show how to verify units
once they are found (say) in Table III (appendix).

LEMMA 8. Of all the units p in O,, the fundamental unit minimizes
lp+ ¢l -
Proof. Let p satisfy the equation, with 4 written for p + p/,
p*—Ap + N(p) =0, N(p)= %1

Then we can take 4 > 0 by a choice of sign on p. We find that, whether
N(p) is +1 or —1, the root p that satisfies p > 1 is

) p =4+ VA= NG

Thus p obviously increases monotonically with 4 once N(p) is chosen as
+1 or —1. We just have to show that the minimum value of p + p’ for
which N(p) = +1 exceeds the minimum value of p + p’ for which
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N(p) = —1. Clearly, if N(p) = —1, we need note only 7' = —1fy,
whereas ()2 = 1/5%. Thus

@ P+EP=r > >g>n—1n=9+7.
Hence the 7 of norm —1 has the smaller value of % + 7. Q.E.D.

In practice, then, if some unit p, is known to satisfy
3 pPP—Ap+1=0, ford =4,

we need only ask which of the equations for 0 < 4 < |4,| has the smallest
A and also produces a unit of O, The work can be lightened considerably,
since A is restricted by

) A2 T 4 = 0 (mod D).

THEOREM 5. The fundamental unit of O, can be found by considering
the smallest integer T for which

(5) TP—DU2=44 T>0U>0,

where D = n%Dg, and U is taken even when n is even and Dy £ | (mod 4).
Then the fundamental unit of O, is (T + U\/E)/l and the most general
unitis £[(T + UX/E)/l]’". Here D = n2D in the usual notation.

Proof. Note p = (T + UV D)/2satisfies the equation p? — Tp + 1 = 0,
of type (3) (above). (See Chapter 111, §9.) Q.E.D.

To construct a fundamental unit of O, from a fundamental unit of Oy,
we require a special result, which will be approached in a mode of greater
generality.

LEMMA 9. If 5, is a unit of ©,, then for some exponent ¢, 0 < t < n?,
7,' belongs to O,.

Proof. Note that the most general integer of O, is a + bw,, where a and
b are integers; hence we consider n? residue classes based on the residue
of a and b modulo n. If we list 5,5, wheres = 0, 1, - - -, n?, we have n® + 1
units of which two must belong to one class. Thus 7, = 7, (mnod r),
for 0 < s, <<s, <n® Now we let s, — s; = ¢, and we find for some
integer A in D,

©) 't = " + An;
hence, transposing #,°t and multiplying by the integer n; %1, we see
@ 7,t = 1 4+ nAn;*: = rational modulo .

Thus 7,* belongs to D,,, by the basic definition of O, in Chapter HI, §8.
Q.ED.
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EXERCISE 5a. Find the fundamental unit of ©; for R(V13), starting with
p =18 =5V 13 and considering equations of type (4). Is this p the fundamental
unit of O5?

EXERCISE 5b. Find the fundamental unit of ©,, D, O;, O, and O; for R(V2)
starting with ; =1 + V2.

EXERCISE 6. Prove that every unit 1 of D, can be written as 4 = r + npu,
where x belongs to ©; and r? = 11(mod n).

EXERCISE 7. Show that a unit of R(Y FO), (Dy square-free), can have the
form (a + bV D,)/2 for a and b odd only when Dy = 5 (mod 8). Show that the
congruence is not sufficient by consulting the units in Table 11l (appendix).

6. Failure of Unique Factorization into Indecomposable Integers

In order to appreciate the complexities of the theory of quadratic fields,
we must accept the fact that unique factorization is not generally valid.

A typical case is presented by the field R(V'=5). Here we observe as an
illustration

(1) 20=3-7=(1+2V=5)1 — 2V -5).
The factors shown are all indecomposable. Otherwise, if we write
E=¢&E =37 or (1£2V-=5),

taking norms, N(§) = N(&)) N(&,) = 9,49, or 21. With the most general
£, = a + bV —5, we find that we must solve

(2 a®+ 52 =3o0r7.

Thus £ is not decomposable into two factors (each with N(§,) > 1), since
(2) is an impossible equation (by trial and error).

Now, 1 + 2v/—=5 divides the product of two indecomposables, 3 and 7,
but does not divide either one, since N(1 + 2V —35) = 21, which does not
divide N(3}(=9) or N(7)(= 49). There is no unique factorization into
indecomposable algebraic integers in R(V ~5).

Our current state of knowledge of modules holds some hope that they
can provide the answer. We say in the introductory survey that in contrast
to the impossible (2)

3) 2a® + 2ab + 3b2 = }N[2a + (1 + V =5)b]

does represent 3 and 7 for an obvious choice (g, b) = (0, 1) and (1, 1).
A multiplicative theory of modules will accordingly be developed.

Lest the reader jump at conclusions, we should note that the factoriza-
tions involved in “indecomposability” are not always trivial. For instance,
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it will be seen later on that R(V/ 3) has unique factorization. Note by way
of verification that no difficulty arises here with regard to the statement

) 6=(e6R=3"2

Actually, we can show V/ 6,3, and 2 are all consistently decomposable.
For instance, 6 = —(3 + V6)(3 — V6)2 + V6)2 — V6), whereas

B+ V63— V6 =3 N3+ V6) =3,
0] Q+VeR2—V6e) =—2 N2+ V6= -2,
B=VeQ2+ V6 =—0(+ V62 —V6) =V
It is then an easy result to see that 6 now has the same four factors in (4)
either way!

The matter is still not settled because the statement <6 = (V/ 6)" in (4)
should not be acceptable unless we can show 2 and 3 to be associates of
perfect squares in R(\/ 6), (V' 2 and V3 are excluded from the field).

We note

©) G+ VI3 — V6 =5+2V6=p,

—2+VER2-VE)=5+2V6=p,

where p, is a unit. Thus the factors of 2 and 3 are associates. Hence,
finally, making use of the unit in (6€), we write (5) as

=3 —Veérp,
@) 2=02—V6?p,
VE=—(3— V62— V6p,

which is a wholly satisfactory explanation of how statement (4) really leads
to a unique factorization.

With these remarks in mind, we turn our attention to some cases in
which unique factorization succeeds and is easily demonstrated.

EXERCISE 8. Show that, if p and g are primes, then, in R(Y —pg), —pg =
v —pq v —pq = —(p)(g) represents a factorization in two irreconcilable ways
into indecomposable algebraic integers.

EXERCISE 9. Assume for odd primes p and ¢ that (g/p) = (p/g) = —1 (in
Legendre symbols). Then show that for neither sign is pz®> — qy* = +4 solvable.

From this show that pg = VE 2% p_q = (p)(¢) is a “nonunique” pair of factoriza-
tions into indecomposables in R( v [_ﬁ).

EXERCISE 10. Show that in R(V'14) the relation 14 = (V14)2 = 7 -2 does
not violate unique factorization by finding integers of norms equal in absolute
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value to 7 and 2 by trial and error and by showing that 7 and 2 are associates of
squares.

EXERCISE 11. Show 10 = (V 102 = 2 -5 leads to nonunique factorization.
Hint. Show the unsolvability of a® — 10y* = +2, +5.

*7. Euclidean Algorithm

The basis of unique factorization in rational number theory is the
Euclidean algorithm, which we now reformulate for an integral domain O,,.
An integral domain O, is Euclidean if given any two elements « and 8
(# 0) of O,; an element y of O, can be used as “quotient” so that the
“remainder” on dividing «/f is of smaller norm than 5. Symbolically,

ey IN(a — By)l < IN(B)I.

THEOREM 6. If D, is Euclidean, then any element of ©,, can be expressed
uniquely as a finite product of indecomposable elements, ignoring units and
the order of the factors.

Proof. We first factor any element of O, into indecomposables (by
Theorem 2, §3 above). We then show that the indecomposables are primes
(by Lemma 11 below), so that Theorem 1 applies. Here the proof goes in
stages that the reader can easily recognize by recalling elementary number
theory.

LEMMA 10. if x and B are two elements of ©,,, a Euclidean integral domain,
then they have a greatest common divisor, gcd (, ) = 7 in the sense that
any p which divides « and g divides y, and conversely. We can write

@ y=aé+ fn,

where & and % belong to O,
Proof. Consider the set of elements af + Sy = f(&, n). Let the element
of smallest norm (in absolute value) be

3 y = f(0 n0) = %o + B1o.

Then we assert that any f(&, ) where & and 7 belong to O, is a multiple
of y. Otherwise, let y, = f(&,, n,) where y, is not a muitiple of y. Clearly,
then, by the Euclidean algorithm, for some p, [N(y; — py)| < |N(y)| and
thus 0 #£ y, — py = f(&; — p&,, 11 — po) has smaller (absolute) norm
than y, contradicting the definition of y.

It therefore follows that y satisfies the property of the theorem for
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y|a=s(1,0), y|p=/0,1) whereas any p that divides a« and f
necessarily divides y = [(«/p)&y + (B/p)n0lp- Q.E.D.

LEMMA 11, If 7 is an indecomposable element of O, and = | «f, then
T | aorm I B

Proof. If @ & «, then, since = is indecomposable, ged (7, ) = 1. By
Lemma 10, we have

) 1 =§&ym+ &
for integers £, £, of ©,. Then g = &;7f + &y08 = w(§,6 + &y(2f/m)) and
7 ! B. QED.

*8. Occurrence of the Euclidean Algorithm

If we divide (1) of §7 (above) by N(B), we see that the Euclidean algorithm
for O, states the following: for any fraction /8 formed by elements of O,
an integer y of D, exists for which

M [N(e/f — I < 1.

We note that the denominator of «/f can always be rationalized so that
«/8 = «f8'/|B, where B = N(f3). Thus the most general fraction in O, =
[1, w] 18
@) % _ A + Ay ’
b B
whereas y = a + bw. Thus, when 4,, 4;, B(> 0) are given integers, we
are trying to find integers (a, b) such that

PO (' oy

COMPLEX CASE (D < 0)

In order to cover all cases of O, (for n = 1), we can take for D any
negativeinteger; then we can always take = v/ D, while we can also take
w={D+ 1)/2 when D =1 (mod 4). This includes all cases of O,
in Chapter III, §9.

Either way, we take the plane with the complex integers as represented in
Chapter 1V and for each lattice point & we lay out the region consisting of
points closer, in the ordinary Euclidean sense, to £ than to any other lattice

point. This region is called a zone. When o = VD, the zones are simply
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small rectangles, as shown in Figure 6.1. The farthest point from the
origin in the zone around the origin has distance

In the case in which w = (1 + V/ 3)/2 the zones are formed by taking
the perpendicular bisectors in the parallelograms, as shown in Figure 6.2.
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The farthest point from the origin in the zone about the origin is easily
seen to be Qi the point of the imaginary axis equidistant from 0 and w.
Thus

S 10i — ot = | o _ 1 _ i/IDI
10il = Qi — ol in L l

Q*=(Q — iDI2* + £
(5a) Q=(D|+ 14D, D=1(mod4), D<O.
(50) —Qi= (1 — D)/4D.

Now, since the norm of £ in R(V f)) is precisely the Euclidean distance
((Re &2 + (Im &%, it follows from inequality (1) that a necessary and
sufficient condition for the existence of a Euclidean algorithm is that we be
able to put the zone about the origin wholly inside a unit circle (so that not
even the extremities of the zone lie on the circle). We note, for example,
that the extreme point of the zone corresponds by (5b) to a fraction in the
field. Thus it is required that the expression (4) or (5a) be less than 1. Bya
simple exercise in inequalities we now discover:

THEOREM 7. The only imaginary Euclidean integral domains are O,
the ring of all integers in R(V/D,) for Dy = —1, =2, =3, =7, —I1I.

THE REAL CASE (D > 0)

We cover the cases of O, as we did for the complex case, except D is no
perfect square. But here, we have a much more difficult problem, for the

zones are very complicated. For example, if = VD, inequality (3)

becomes
(ool
B B

(6a)

which could be satisfied by an infinite number of integers (a, b) for a given
pair of fractions 4,/B and A,/B. We thereforc have trouble in saying (6a)
is impossible, although we can check that it is possible *“‘often enough” to
establish the Euclidean algorithm in many cases.

<1,

THEOREM 8. The sets of O, of all integers in R(\/i), R(\/i) are Euclidean.
Proof. Let A,/B, A,/Bbe given; then we need only choose a and b as the
closest integers to these fractions:

(1) |4yB—al <1  |4,B—b| <},  thus, with D = 2,3,
8) — D4 < (4,/B — @) — D(A4,/B — b)* < 1/4. QED.
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In a few cases we can show the nonexistence of the Euclidean algorithm
directly: for instance, for O, in R(V'5); then the integers of ©, are of the
form a + bV/'5. If we let «/B = (1 + V/5)/2, we see that for any y in D,
|N(«/B — )| = 1 by virtue of the fact that «/B happens to be an integer in
90,, and the norm is therefore a rational integer. Hence the Euclidean
algorithm is seen to be inoperative for that particular value of «/B.

It happens to be true (although we omit proof) that ©, for R(V 5) has
the Euclidean algorithm, To illustrate one case, take « = 1 + v 6,B=2.
We wish to choose ¥ = a + bV/6 so that in accordance with (1) and (6a)

(6b) G —a®—6G — b < 1.

Now if we looked for (a, b) “close to”” (3, ) we would hardly think of
choosing a = 2, b = 0, which actually satisfies (65). Yet, we could have
even chosen @ + bV'6 = 14 + 6V/6, which looks much farther away in the
lattice Figure 4.1 in the Euclidean sense but not in the sense of the norm
(6a).

We next consider cases in which = (1 + \/—5)/2 and D = 1 (mod 4),
hence D =>5; and we write «/B = 4,/B + wA,/B. We search for the
integer y = a + bw satisfying (1). Now

A 2 (A A D—1(A 2
o) (o) 2
@ B v B ‘ B “ B 4 B
Thus, if we take a and b as the closest integers to A,/B and 4,/B, we find
we are dealing with new variables

(10) P=A4,/B—a, Q= A,/B—b,

which satisfy

1D —i<P<} —3<Q0<}
LEMMA 2. Consider the function

(12) f(P, Q) = P2 + PQ — sQ?,

where s is a real constant > and P and Q are restricted by condition (I1).
Then

(13) max [f(P, Q)] = If(—1 +3)| = (4s + 1)/I6.

Proof. The maximum of | f(P, Q)| is achieved on the boundary of the
square defined by condition (11) because of the homogeniety. Thus, since
SP, tQ) = rf(P, Q), the larger |f| becomes, the larger | f| becomes. For
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the boundary we use the symmetry involved in the condition f P, 0
f(—P, —Q); hence we can consider f(P, }) and (3, Q), for —} <P <
and —1 < Q@ < 1. We can differentiate and we find

nn—-

af(P’ %)/aP =0 at (P,Q)= (—Ajf’ +3),
o @)9Q =0 at (P, Q) = (3, 1/(4s).

Then comparing with “end points”, | f(—4%, $)| = (4s + 1)/16, f(3, 1/(4s))
= (45 + 1/(16s), | f(—3, I = 5/4, and | f(}, DI = |(2 — 5)/4], we see the
maximum is as indicated in (13). Q.E.D.

THEOREM. The set of all integers O, in R(V/5) or R(V/13) are Euclidean.
Proof. We just verify that with s = (D — 1)/4 these values of D make
(4s + 1)/16 << 1 and are = 1 (mod 4); thus Lemma 12 applies. Q.E.D.

The Euclidean algorithm is, however, not excluded when D > 16, for
the “closest” (a, b) to (4,/B, A,/B) need not be the ones given by (10) and
(11) for Lemma 12.

It has been proved that the Euclidean algorithm is valid for a variety of
cases including the integral domain of all integers (O,;) of the fields of

R(\/D—o) for?
D,=2,3,56,7,11,13,17,19, 21, 29, 33, 37, 41, 57, 73.

Recently Davenport (1946) proved that these are the only such fields.

There are unique factorization fields that are not Euclidean in the real
and in the complex case. The first is D, = 14 and Dy = —19. Further
information can be found in Table 3 in the appendix.

EXERCISE 12, Verify that O; in R(V'=5) is not Euclidean directly by taking
a ratio «/B of two numbers of type a + bV —=5and showing no suitable y exists
for (1).

EXERCISE 13. Do the same for O, in R(V —3) (where the integers are a +
bV =3).

EXERCISE 14. For which complex non-Euclidean integral domains O, will

the crucial «/B [for which no y satisfies equation (1)] necessarily be the extremities
of a zone?

EXERCISE 15. Verify thatr2 — 652 = R? — 6S*ifR + SV6 = (r + sV6)(5 +

2Vv6)". From this find an additional value of (a, b) for which (6b) holds that is
further from (0, 0) than (14, 6) when D = 6.

! Attention is called to the fact that D, = 97 had been incorrectly listed in the litera-
ture for several years. (See bibliography.)
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EXERCISE 16. Show that the equations A% — 14B% = +1, +2, +3 cannot
have solutions in which both 4 and B are odd by considering both sides modulo
8 and modulo 3. From this show that with a/B = (1 + V'14)/2 no y exists to
satisfy (1) and thus D, for R(V14) is not Euclidean.

*9. Pell’s Equation

The study of units goes back to antiquity and precedes all other results
in algebraic number theory. Euclid, in one way or another, knew formulas
like

1=(V2-DV2+1)

by properties of circles. Given a circle of unit radius, at an exterior point

of distance V2 from the center tangents of length 1 can be drawn. (One
need only visualize a circumscribing square with diagonal.) The next step
was taken by Archimedes (who worked with vV 3), but who, in essence,
built up recursion formulas. For instance, let

(1) u, +0,V2 =1+ V2,
then
(2) un2 - 2vn2 = (__1)n’

as we see by taking norms. Actually, the binomial expansion was not
present in those times but this type of formula was discovered:

Wy + 0,V + VD) = (U, + 20,) + V2, + ) =1y + 0,,V2,

(3) {1 B (T )Y

Vpyy = Uy + Uy,
From the last two equations we learn that by substitution
Up gy — 200, = —(u,? — 20,9

directly, without even the intervention of radicals.
Historically, the equation

4) 22 — my? = +1

attracted a great deal of interest. Eventually Euler named it after Pell
(a seventeenth century mathematician). There is a straightforward compu-
tational procedure for determining all solutions by continued fractions,
which we do not consider here. The important feature for us to recognize,
assuming m > 0 but not a perfect square, is that all such solutions come

from units in O, the integral domain associated with R(\/ ;).
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EXERCISE 17. Write out a general rule for determining exactly to which
integral domains O, the unit z + yVm belongs if = and y satisfy (4).
EXERCISE 18. Find the general solution of the six equations

22 — 2042 =4, —4, +4,1, —1, £1
in terms of powers of somg fundamental unit. Hinr. Start with (1 + V2.
EXERCISE 19. Show that if = (@ + b\/l_))/Z is a unit of norm =1, * has
the form @’ + b’V D (with “no denominator”). Hint. Shown® = na® ¥ 1) F a.

**10. Fields of Higher Degree

Although we devote most of our attention to quadratic fields, in the
process we would do well to note briefly to what extent the material
becomes unified under the study of fields of arbitrary degree. In fact, the
theory of units illustrates this unification. Indeed, the persistent dichotomy
between indefinite and definite quadratic forms seems less severe when
referred to fields of arbitrary degree. We shall merely make some relevant
statements (without proof).

A unit is, in general, an algebraic integer which divides 1.

THEOREM 10 (Dirichlet). Let a field R(§) be generated over the rationals
by means of an algebraic number § which has r real and 2s complex con-
jugates (so that r + 2s = n, the degree of the equation for §). Then in the
integral domain O corresponding to R(f), for some definite root, the most
general unit is given by assigning integral exponents t; in

(" w=popfr-cemytm, (m=r4+s—1).
Here p is an imaginary root of unity of finite degree. Thus p? = |, whereas
T * °*» 1,, 2re a set of-so-called fundamental units in R(A) (which cannot

be replaced by fewer units). In effect t, is determined modulo g, but the
other t; take on all integral values and all the units are uniquely given by
formula (1).

We observe the quadratic case:

If D <0, m =0 (there is no fundamental unit), but when D = —1,
p=iand p*=1; when D = -3, p=%+\/—_%and p% = 1; other-
wise, p = —land p®> = L.

If D > 0, m =1 (or there is always a fundamental unit), and p = —1,
(p*=1).

Despite superficially promising appearances, it takes much more than
this formula to unify indefinite and definite quadratic forms. Indeed, it is
necessary to re-examine the foundations in a manner well advanced!
beyond the present work.

1 See the Concluding Survey.
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To conclude this section, we note that the problem of finding units is in
general extremely important and also extremely difficult. The key to
Fermat’s last theorem, indeed, is buried in the problem of finding “cyclo-
tomic™ units in R(p) where p = exp 2wifp, a primitive pth root of unity for
p prime > 5. It is seen that the field R(p) is of degree p — 1, since the
equation

@ SO =@ =D —D=p "+ P24k pt1=0

happens to be irreducible. It is easily shown that the imaginary roots of
unity are p, and we further observe that r =0, s = (p — 1)/2 as all
(p — 1) conjugates of p are imaginary (namely exp 2mkifp = p*, k =
1,2,--+,p — 1). There are many real units that one can construct, such
as &, = p' + 1/pt = 2cos2nt/p. Yet a complete set of fundamental
units is generally unknown. As an example of irregular behavior, the set
&y, £p, + -+ &, does serve as a fundamental system for p = 5,7, 11, but
not for larger p such as 17. (Compare Exercise 19, Chapter III, §10, and
Exercise 22, below).

EXERCISE 20. Verify that each of the following are units for the appropriate
field: 1 + 25 + 2%, 4 + 3 - 3% 4 2 - 3%, Note that the conjugates are formed
as in Chapter I1I, §10, Exercise 22.

EXERCISE 21. Show that in (2), the quantities p* are all roots unless p | k.
Show that p* + 1/p* = (p* + )(p* — i)/p’ is a unit by using

p-1
¢ - = f@.
=1

EXERCISE 22. Show that whenp = 17 the roots §, = 2 cos 2=#/17,(1 <t < 7)
are not fundamental by showing &;£;5.6;, = —1.



chapter VII

Unique factorization
into ideals

1. Set Theoretic Notation

The failure of unique factorization led Dedekind (1871) to the introduc-
tion of “ideal” factors which consist of special types of modules rather
than individual “idealized” numbers. Before going into detail, it is
necessary to review the basic terminology of sets now commonly accepted,
which was introduced primarily for this purpose.!

For convenience, we use module notation I, N, - - - to denote the sets
(restricted to sets of algebraic integers with the notation «, §, - - - for the
elements).

We say one set of elements M contains another set N, i.e.,

Mo2N or NI

if every element of 9 belongs to M. The converse relation may or may not
hold. If M includes N but N does not include I, we write I > N or
N < M, and we call this strict inclusion. If P = N and Nt 2 M, we say
M = N or the sets are the same.

If an element « belongs to M, we write

xeIM or Moo

Actually the € and 5 behave very much like the < and = and only the fear

! The set-theoretic concept, indeed, proved so satisfactory that Dedekind later (1872)
introduced a set-theoretic definition of irrationals, known as the “Dedekind cut.”
113
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of esoteric logical paradoxes causes us to denote “membership” by a
different symbol than “inclusion.”

The set consisting of a finite or infinite set of elements would be denoted
by {« B}, {®, B, 7, --}. Thus {a} < M means precisely the same as
o € M. For instance, M < N will mean that o € M implies « € N.

Actually, the set terminology has been subsequently enlarged to become
a calculus of propositions with symbols for implication, conjunction (and),
disjunction (or), etc. We shall refrain from overindulgence in symbolic
language. We shall, however, use the negations &, P, ¢, 3, as well as #.

The union of two sets M and N is the set consisting of all elements in IN,
N or both. The union is denoted by M U N.

The intersection of two sets I and N is the set of elements common to
both. The intersection is denoted by I N N.

We define the product «IR as the aggregate {«&} where &£ € M. Thus
(fM) = («f)MN, etc.

We define the conjugate of a set M as the set of conjugates denoted by
PV'. Thus («IR) = o«’M, etc.

There is a vast literature on Boolean algebra dedicated to the manipula-
tions of the symbols U, N, 2, 2, €, <, =, €, 3, and negations. We
shall carry this out only for a special type of module where the operations
are quite rewarding in their consequences.

EXERCISE 1. Show that the intersection of two modules is also a module as
well as the product of a module by an algebraic integer using the set-theoretic
notation whenever possible.

2. Definition of Ideals

We start with O,, a quadratic integral domain. We define an ideal a
in O,, (denoted by lower-case gothic letters) as a module in O,, with the
special property that if £ € O, then fx € a. In symbols, if

)] «,fea, £€90,

then,

03] « £ f € a (property valid for modules),
3 aé € a (property distinguishing ideals).

There are two ways to look at ideals. One way is to regard the ideal as a
module with a definite module basis and to treat each element in terms of
coordinates. The other is to define ideals set theoretically by (1 to 3) with
greater freedom from details of notation.

In favor of the second method it must be noted that even at the start the
definition (1 to 3) would prove burdensome if it had to be related to the
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module basis a = [a, b + cw,], where w,, is defined in Chapter 1V, §10.
Specifically, with

a=azx+ (b + co.y,

E=r+sw, =X+ 0,Y,

we would have to write: For all integers r, s, , y there exist integers X, Y
such that

@ r+ so)ar+ b+ co )yl =aX + (b + cw,)Y.

Yet the value of the module concept is not wholly computational. For
example, an ideal, regarded as a module, contains rational integers such
as j, the index of the module. (See Chapter IV, Exercise 7.) Actually,
the module basis approach is required for calculations with quadratic
forms but not for factorization calculations, as we shall see later on.

The reader might verify that the definition can be concisely expressed
analogously to (4) as follows:

) If «,fca and §&,%9€D,, then «f&+ fnea.

We consider the set formed by the conjugates of the elements of an ideal
ain D,. They are seen (in Exercise 3, below) to form an ideal in D, called
the conjugate ideal and denoted by o', like conjugate elements.

The ideal has the motivating property that a congruence is a more useful
concept than for a module, For example, if I is a module then a
congruence can be subjected only to module operations:

If
o = B (mod M), «, €0,
and
y = d (mod M), v, 0€0,,
then
o« £y =8+ d(modM).

For an ideal a, however, we also have the multiplication:
If
o = f (mod a), o, €0,
then
wo = wf (mod a), forany weD,.

Thus (with 8 = 0) we see that “members of an ideal” serves as a generali-
zation of “multiples of an integer” from rational to algebraic numbers.
EXERCISE 2. Verify in detail the equivalence of (1 to 3) and (5). Show that

the set £0,, for £ € ©, forms an ideal. Show that the intersection of two ideals
forms an ideal.
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EXERCISE 3. Show that the set of conjugates of elements of an ideal form an
ideal.

EXERCISE 4. If an ideal in O, contains two relatively prime rational integers,
it consists of ©,,.

3. Principal Ideals

Starting with «, a fixed element of O, we define the principal ideal in O,
1) a = («)
as the set of af where £ € 2,

THEOREM I. The ideal equality
(@) = (8)

is valid if and only if «/§ is a unitor o = 8 = 0.
Proof. The proof is simple since () 5 f; hence

2 B = af for some £€9,;
likewise (8) 5 «; hence
3) o = fin for some n € O, whence, unless « = § = 0,

the substitution of (2) into (3) gives & = 1. Q.E.D.

Otherwise expressed, the principal ideals generated by elements of an
integral domain identify all associates of a given element with one another.

An integral domain in which all ideals are principal is called a principal
ideal integral domain.

THEOREM 2. An integral domain with the Euclidean algorithm is a
principal ideal integral domain.

Proof. We simply note that for any ideal a, we can define « as the
element of a with minimal positive norm. By the argument in Chapter VI,
§10, a = (). Q.E.D.

Thus for the fields listed in Chapter VI §8 O, has ideal factorization
corresponding exactly to the ordinary factorizations. We shall see later
that ideal factorizations are unique; hence we have another proof that
ordinary factorizations into indecomposables' are unique when the
Euclidean algorithm holds.

! In some elementary texts ideals are defined in the integral domain of rational integers
for this purpose. For simplicity, we consider only ideals in D,; thus (m) means mO,,.
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As special cases ©,, = (1) = (), where # is any unit of O, This is often
called the unit ideal. Also the ideal (0) contains only 0, common to all
ideals. Then (0) < a < (1) for any ideal. The zero ideal is excluded from
all consideration to simplify the discussion of factorization.

As a matter of practice, the symbols o and («) might be confused and it
may be necessary to distinguish the ideal (7 — V/3)%(7 — V/3)) from the
product (7 + vV 3)3(7 —V §) by the use of additional parentheses (when
the product is inconvenient to *‘write out”).

As a further convenience, we shall speak of “ideal” rather than “ideal in
0, when the context is clear.

4. Sum of Ideals, Basis

We define the sum of ideals as the set
(1) a+b={x+ B} where acq, feb.
‘We must note first that the sum of two ideals is an ideal. To see this we use
the definition (5) of §2 directly: let oy + 8, and o, + f, be formed with
a; €a, f; €b; then (for the definition) form the quantity
p = &y + By) + nlay + By) where &, neD,.
But now p = oy + S5, where

fog = oy + 2y € q,

1133 = {f, + nPy€eb.

Thus pea + b.

It is trivial to verify
2) a+b=Db+4aq, (Commutative law)
3) a4+ O+ = (+Db)+ ¢ (Associative law)
) a+b2=2a.

We next introduce the notations

a+b=1(ab),
or, in particular, if a = (x), b = (f), we write
) {a+b=(a)+b==(ac,ﬂ),
a+b=(x) + (§) = (0, p).

The variations of the notation for three or more addends are easily
imagined and clearly consistent.
Thus the ideal

a= (o, 05, 0) =00, + 40, + - + a0,
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consists of the aggregate
{51(11 + 520(2 + M Esas}’ é:z € Dn

We say that the algebraic integers «;, &y, * * -, &, form an ideal basis
for a. This should not be confused with the module basis in ChapterIV,
since &, are algebraic (and not necessarily rational) integers, nor does the
set of a, need to be “minimal” (in the sense of unique representation of
ideal elements through the &,).

We should compare the notation in rational number theory, (a,b) = g
for g the ged of @ and b. It is consistent with the present ideal basis nota-
tion in that the basis (a, b, «, - - +, 1), representing an ideal a in ©,, can
be replaced by (g, «, - -, 4). To see this result, consider the relations:
aD, + b0,3¢, and gO,>a and b, hence aD, + 0, =g0,. In
particular if g = 1, then a = (1).

THEOREM 3. Every ideal in a quadratic integral domain has a finite
basis.

Proof. Select any element «, € a, a given ideal. Then, if a = («,), the
theorem is proved. If a 7 («,), select an «, € a, ay ¢ (xy).

If @ = (a,, o), the theorem is proved, otherwise let oy € a, ag ¢ (x4, ),
etc.

We achieve what is called an ascending chain of ideals:

©) () € (oy, o) < (ty, g, tg)  *** < @

No two consecutive elements of the chain are equal, since, generally,
o, & (g, %g, " "+, %,_1)- We need only show the so-called ascending chain
condition, namely, every ascending chain of ideals under inclusion is finite;
hence at some point a = («y, &y, * * -, ;). In our context the condition is
satisfied very cheaply by recalling that ideals are a special kind of module.

THEOREM 4. If Mt is a given module in O, there is only a finite number
of modules X between 9t and O,

M XD,

Proof. The index [O,/X] < index [D,/D], since in O, two elements
®, B where o 2 f§ (mod X) satisfy « 5% f§ (mod 9). The index fixes the
value ac in the canonical basis, thereby restricting a, b, and c. Specifically,

X=1la b+ co] 0.<b<a, 0<e,

whence only a finite number of X is possible. Q.E.D.
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COROLLARY. There is only a finite number of modules with a fixed
bound on the index.

To relate the ideal basis with the more general module basis, we note
the following:

THEOREM 5. If the module [«, 8] forms an ideal, then [«, 5] = (o, ),
so that the module basis serves as an ideal basis.

Proof: We first note trivially that («, §) 2 [«, 8], whether or not [«, 8]
is anideal; butif [«, f]is anideal, from the fact that [«, §] 3 « and [«, f]2 §
it necessarily follows that [, 8] 2 («) + (8) = («, B). Q.E.D.

EXERCISE 5. Show that the module [I + V2, 1 — V2] is no ideal by (a)
working directly from the definition of an ideal and by (b) showing that this
module represents only those rational integers that are even, whereas the ideal

1+ V2,1 = V2)is().
EXERCISE 6. Show that the clements of the ideals (e;, x5, -, @) and
(o, ', * + -, ay’) are conjugates.

5. Rules for Transforming the Ideal Basis

It is easily seen that the number of elements in the ideal basis cannot be
determined from the single fact that a quadratic module has two elements
in the module basis. The greater flexibility of the ideal basis is emphasized
by these simpler rules of transformation:

(a) The elements of an ideal basis may be rearranged.

(b) Repeated elements can be omitted.

(c) Any ideal element can be inserted in the basis as an additional
element.

(d) Any basis element can be omitted if it is a member of the ideal
determined by the other basis elements.

(e) In particular, a zero basis element can be omitted.

(f) A basis element can be replaced by its product with a unit.

We can verify that each law follows from definition in a manner very
much like that of module theory (Chapter IV, §9). Rules (a), (), and (d)
easily are a minimal set of rules.

Indeed we can always reduce a quadratic ideal to two-element form by
using basis operations for an ideal, since they include (among others)
basis operations for a module. Yet it will not always be clear (as in the case
of modules) when two ideal bases determine equal ideals unless each ideal is
written as a module and reduced to canonical form by the method of
Chapter 1V, §9. For example, if O, =[l, w,], then for any ideal:
((X,ﬁ,"') = O(Dn + ﬂbn + - =[oc,ozw,,,ﬂ,,8w,,,-~-].
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Yet, as the examples below will show, the ideal basis is generally more
flexible than the module basis and is preferred for factorization problems.

EXERCISE 7. Let ©, =D, =1, v 3]. Verify step by step from the above
laws:

Statement. (33,7 —3V3) =(4 +3V3).

Proof. (33, T-3V3)=(33, 7-3V3, (71-3V3)(7+ 3v3)) = (33,
7-3V3,2)=(33,22,7—3V3, 1) =(7 —3V3, 1) =4 4+ 3V3, 11) =
(4 +3V3), (4 + 3V3)4 — 3V3) = (4 + 3V3).

EXERCISE 8. Verify (13,7 + 5V3) = (4 + V3). Hint. Solve (7 + 5V3)= +
yV3) =z + V3, and verify 4 + \/317 +5V3,

EXERCISE 9. Verify (1 + V3) = (1 — V3).

EXERCISE 10. Verify (4 + V3) # (4 — V3). Hint. Show (4 + V3,4 — V3)
= ().

6. Product of Ideals, the Critical Theorem, Cancellation

We next define the product ab of two ideals a and b as the ideal ¢
“generated by all products” «f where o € a, § €b, or, more precisely, the
aggregate of finite linear combinations p:

» =3 fsne,

(1) €aq, ﬂ(J) € b 61',' € Dn

It is clear that the set {p} forms an ideal from the very definition of ideal.
This definition of product is in no way dependent on any basis. We can
write {p} = ab.

For convenience, we note that if

a=(ay %)

b=(l81’“'sﬁt)

ab = (1, ®1fBa %P1 " 7 asBy)-
If we call the right-hand ideal ¢, we find, easily, ab = ¢. Onthe other hand,
i 8 . . ¢ X
any ol¥) =k§1akl§}), g9 =l§1/31‘u§“, where A9, u{?e O,. Thus any p of (1)

satisfies

are bases then

p= 2 (BPE, = 2 By (Z &k (7))

orab € ¢,and ab = ¢. Q.E.D.
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As a special case, («)(8) = («f), and the product of principal ideals is
principal. The reader should show carefully (Exercise 11, below) that

2 oa = (a)a.

The parentheses on « could be omitted if desired, but we often leave the
parentheses for emphasis. In particular, (1) a = a.

The existence of a quotient is more difficult to establish, and we shall
first make some easier remarks.

LEMMA |. If every element « of q is divisible by a fixed nonzero element
y in D, then an ideal b exists such that b = the set {o/y} and a = (y)b.

LEMMA 2. If ya = yb and y £ 0, then a = b.

It is further verified by proofs that we leave to the reader:

3) ab = ab, (Commutative law)
1G] a{bc) = (ab)e, (Associative law)
(5) a(d + ¢) = ab + ac. (Distributive law)

We now say ideal a divides ideal ¢ in O, (or a ] ¢) if and only if an ideal
b exists in O, for which ¢ = ab. Symbolically, we can write b = ¢/a.

From (1), if p € ab, then p € a. Thus ab < a, or every divisor of an ideal
contains the ideal. This is like stating, in rational number theory, that all
multiples of 6 are even (are contained among the multiples of 2) because
216.

IAnalogously with Chapter VI, §2, we extend the definitions of indecom-
posable element in O, and prime element in O,,.

An indecomposable ideal in O, is an ideal q in D,, other than the (unit)
ideal ©,, which has no ideal in ©,, as divisor other than q and O,,.

A prime ideal in 0, is an ideal p in O, other than the (unit) ideal O,
with the property that for any two ideals in O,,, a and b, if p | ab, thenp | a,
orp|b.

An]alogues of Lemma 3 and Theorems 1 and 2 of Chapter VI, §§2 and 3
hold (see Exercise 13 below). The situation is further simplified by the fact
that under broad circumstances the indecomposable ideals become precisely
the prime ideals. The following two theorems are critical:

THEOREM 6. If a is an ideal (not zero) in O,, the set of all integers of a
quadratic field, then an ideal a* and « (54 0) in O, exist such that

aa* = ().
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THEOREM 7. If a is an ideal (not zero) in the integral domain O, and if
a contains at least one element y for which N(y) and n are relatively prime,
then an ideal a* and an « 5 0 in D, exist such that

aa* = ().

We shall assume these results for the present because of their critical
nature, and from them we shall prove unique factorization of ideals. For
ease of treatment (in §§7 to 10 below) we restrict ourselves to O,, (n = 1), so
that only Theorem 6 is relevant.

An easy consequence of Theorem 6 is cancellation.

THEOREM 8. If ab = ac, then b = ¢ (if a # 0).
Proof. Multiply by a*. Then aa*b = aa*c; ()b = («)c. Lemma 2
gives the cancellation of a. Q.E.D.

EXERCISE 11. Prove (2) above.
EXERCISE 12. Prove Lemmas 1 and 2 and the distributive law (5) above.

EXERCISE 13. State and prove the analogues of Lemma 3 and Theorem 1 of
Chapter VI, §2.

EXERCISE 14. Show that a module basis for the product of ideals a and b can
be formed as follows: If a =[x, -, «] and b ={8), -, 5], then ab =
[y, - - -y 0By, -+, a.B,). Hint. Show ab = ob + - -+ + b (and point out
where ideal properties are needed).

EXERCISE 15. In D, for R(Y —3) show thatifa = (2,1 + vV =3)thena # (2),
whereas a2 = 2a (which contradicts cancellation). Obtain another such contra-
diction in O, for n > 2 by using a = (n, nv'Dy) # (n).

7.1 “To Contain Is to Divide”

THEOREM 9. If a| ¢ (i.e., if a2 b exists such that ¢ = ab), thena 2 ¢.
Conversely, if a 2 ¢, then a | ¢ (i.e., a b exists such that ¢ = ab).

Proof. The first part has been established. For the second part note
that if a > ¢ then aa* > ca* (using the terminology of Theorem 6) and
(«) 2 ca*; it follows that every element of ca* is divisible by «. Thus
ca* = ()b, by Lemma 1. Then

ca* = ()b,
ca*a = (a)ab,
(=) = (w)abd,
and by Lemma 2
¢ = ab,

 For simplicity in §7-10 the ideals are restricted to ideals of an 2, type integral
domain.
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The last step consisted of dividing all elements of cx and aab by o in
obvious fashion. Q.E.D.

Hence the greatest common divisor of a and b becomes the smallest
containing ideal, or a + b by Exercise 16 (below). Theorem 4 can be
rewritten as follows:

There is only a finite number of ideals dividing (or containing) a given ideal.

We say two ideals a, b are relatively prime if there exists no ideal ¢ # (1)
which divides (or contains) a and b.

THEOREM 10. If two ideals a and b are relatively prime, thena + b =

{a, B) = ().
Proof. Suppose a + b =c¢# (1). Thenc 2 a, ¢ 2 b; hence ¢ | a and
¢ | b, giving a contradiction. Q.E.D.

COROLLARY. If two ideals a, b are relatively prime, there exist
elements o € a and B € b for which

atpf=1

Proof. a + b contains the element 1. Q.E.D.

This corollary can be regarded as a subtle version of the rational gcd
algorithm: if there exists no f (except 1) which divides both the rational
integers a and b, then we can solve ax + by = 1.

8. Unique Factorization

Unique factorization has two familiar steps: first we factor into
indecomposables and then we show that the indecomposables are prime.
Note that an ideal a in O, which is not the zero ideal can have only a finite
number of ideal divisors by Theorem 4, §4. Thus by continued decomposi-
tion of the ideal a into factors and by the decomposition of these factors in
turn, we find the following:

THEOREM Il. Any nonzero ideal in O, can be expressed as the product
of a finite number of indecomposable ideals.

THEOREM 12. All indecomposable ideals in O, are prime ideals.
Proof. Let q denote an indecomposable ideal, then show that if g | ab
and g * athengq ' b. Ifq + a, then (a, q) = (1), or an « € a, 7 € q exist such
that
a4+ 7=1
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Then, if § is any element of b,

af + mf = B;
but if q|ab, g 2 ab, 45 «f, g3 7, g5 7P, then g3 «f + 7f = §, and
peqforall feb. Thus q 2 b. Hence, necessarily, q | b. Q.E.D.

THEOREM 13. Unique factorization. Any nonzero ideal a in O, has a
unique decomposition into prime ideals.

We proceed as in elementary number theory (see Exercise 13 above).

If all ideals are principal, the set of nonzero algebraic integers has unique
factorization into prime algebraic integers if we identify associates and
ignore the order of the factors. It is not immediate that the occurrence of
nonprincipal ideals does indeed ruin the unique factorization into indecom-
posable algebraic integers, but we shall see this later on. The nature of
prime ideals is also discussed in §10 below.

9. Sum and Product of Factored Ideals

We now know that any arbitrary nonzero ideal a can be factored
uniquely,

a = plelpzez “e ptet’ e; > ()’
where the prime ideals are written py, po, * -+, p,. If we consider another
nonzero ideal b, for convenience we can consider p,, - - - p, to include all

prime ideal factors of a and b:
b=plpr o pfy S 20,

although some e; and f; may be zero.
THEOREM 14, ab = p{t/iper e - ppethy,
THEOREM 15. a4+ b = p,"1py"> - - p,™,
m, = min (e, f;).
THEOREM 16. a N b = p,*p,™e- - - p, M,
M; = max (e, f,)-

THEOREM 17. (a + b)(a N b) = ab.

Proof. Theorem 14 is a result of unique factorization. For Theorem 15
let ¢ = p,™py™z - -+ p,™, where m, is the smaller of e,,f; (or the common
value if they are equal). Then a = ca*, b = ¢b*, and a* and b* are
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divisible only by primes p,; but, if p, ] a*, then p, + b*, and vice versa.
Thus a* + b* = (1) and
a4+ b= ca* + b* = c(a* +0b¥) =c.

For Theorem 16 note thatif a 5 o, b 3 « then a | (), b | («) and conversely.
This is equivalent to q | «, where

q=p,MipMe oo p M

or “asa,bsa” is equivalent to “q3«,” which means a N"b=gq.
Theorem 17 will be recognized as the analogue! of “ged (a, b) - lem (g, b) =
ab,” and is proved from “e; + f; =m, + M,.” Q.ED.

A remarkable fact is that these theorems, true for ideals, are not all true
for integers, even in a principal ideal domain. Trivially, if @ = 2! - (odd
number) and b = 2! - (odd number), a + b is not necessarily 2! - (odd
number). For instance, if a = 6, b = —14, a + b = —23. Yet in ideal
theory all is simpler:

200+ 2= =) + (=14, (6, —14) = (2) = 2(1).

Theorem 15 also holds for any number of addends. If we define
ord,a = e, (the “order of p in a”) as the integer e = 0 for which p° | a
(or p® | a, p°*! + a), we have the following by induction on the number of
addends.

THEOREM 18. Ifqy, - - -, a,aredivisibleonly by p,, * - -, p, and no other
prime ideals, then

4 .
m. = min ord, q;
PP —_— m; t p;o
ap + -+ a i|=|1p, »  where l<j=s

EXERCISE 16. Show that a U b is not always an ideal but the smallest ideal
containing it is a 4+ b by setting up the prime factors of each.

EXERCISE 17. Show that for any a and any b (# (1)) there exists an « such that
«€abutagab. Hint. ab #a.

EXERCISE 18. Show that if a|¢ and b]¢ and (a, b) = (1), then ab|c. Give
two proofs: (a) using unique factorization and () using Theorem 17 directly.

10. Two-Element Basis, Prime Ideals

We now wish to consider bases and prime ideals further.

THEOREM 19. if a > b and neither ideal is zero, then an element x of
a exists such that a = (b, o).

! Here “lem” means ‘“‘least common multiple” (and we assume a > 0, b > 0 for
simplicity).
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Proof. Let
a = PP Py e; >0,

b =pipt o pfs, fi =0,

using all p; which divide a or b. Now since a 2 b, it follows that a | b
and f;, > e,.
We write
ay = pyipgFte - pptt

a = Py tIpgs
i
Let o, be so chosen that «, € a; but o, ¢ a,p;. Then

(o)) = a0y, P11 A

and likewise there exist «, € a; such that
{#2) = 0102, P2 1 Qs
(%) = a0, P, 10a

Now, by Theorem 18,

j= () + (@) + -+ (&) = py1py" - - 9",
where p, 1+ q for any i. Thus, if we call
a=0y+oy+ -+ %, €],

then j | (@) or (o) = p,“p,% - - pw, where g, > e, and p, 1 w for any i.
Actually, each g; = e,. For example, if g; > e, then by writing
-y =0+ A —
we find p§Ft oy, - o, pi Y o, P [py%] o Thus p§i ™! | o, although
py 1 q,; this is a contradiction. Hence
() = ppyt2 - - - p,fw, (p; ¥ w for any i).
Finally b+ (o) = a. Q.E.D.

THEOREM 20. For any arbitrary nonzero o, € q, a given ideal, there
exists some specially selected o, for which

a = (o, o).

Proof. a 2 (&), hence Theorem 19 applies. (Note that if a = («,) then
oo might equal «;.) Q.E.D.
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THEOREM 21. For any ideal a we can find an integer « € a such that
(«) = a¢,

where ¢ is refatively prime to any preassigned ideal g.
Proof. Let b = aq in Theorem 19 and find « so that « € a (whence
a = ac) and
a = (aq, ®).

Using the distributive law, we see

a = (ag, ac) = a(g, 0.
Hence (g, ¢) = 1. Q.E.D.

THEOREM 22. Every prime ideal p belongs to a rational prime p deter-

mined uniquely by p | (p).
Proof. Every ideal p contains a rational integer a 7 0 (see §2 above),

or p | a0,. Thus,ifa = £p,* - - - p,% by the rational unique factorization,
then, multiplying both sides by (1), the unit ideal in ©;, we see

(@) = (P (pa) - - - (po)”

and p divides some prime (say p;) by unique factorization. In fact, it
divides only one p, as we easily see; for, otherwise, if p | p, and p | g ( p,)
for some prime ¢, then

plpd. »1 (@),

P2 (pig) = ().
This contradicts the definition of prime. Q.E.D.

THEOREM 23. Every prime ideal p can be written as
p = (p, ), where N(7) = 0 (mod p).

Proof. Use Theorem 19 knowing p | {p), hence p 3 p. Therefore, p =
(p, m) for some m. Now p 5« and consequently p > =7’ = N(=). Hence
if p + N(m), (1) = (p, N(=)) < p, leading to a contradiction. Q.E.D.

COROLLARY. We can even select 7 so that the module basis is
p=Ip.ml=(.m),  wherep|Nin)

Proof. The rational integers a in p are multiples of p (lest p 2 (a, p) =
(1)). Therefore, when we construct the module basis of p [as in Chapter
IV, §9, (1)], the rational element is p and the other is (say) =. But by
Theorem 5, §4 (above), p = [p, 7] = (p, m) 3 N(=). Hence p | N(m).

Q.E.D.
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The rational prime (p) has only a finite number of ideal divisors p by
unique factorization. (See Exercise 13 above.) Actually, in some cases
p| = Then p = (p), and the prime ideal is the same as the rational prime
as far as factorizations are concerned. In other cases 7 | p; then p = ().

It could still happen that the various possible values = in p = (p, )
would not satisfy the condition = | p. For instance, in R(V=5)in Chapter
VI, §6,if p = 3, thereisno 7 = a + bV —5 for which = | 3 (as we saw).
Thus a prime divisor of 3, namely p, is merely nonprincipal, e¢.g., p =
(3,1 + 2V =5). It will be seen that 3 = pp’ where p’ = (3, 1 — 2/ —5)
by very general results in Chapter VIIL

The integral domain O is a principal ideal domain if and only if all prime
ideals are principal. This is easily seen if we use unique factorization as
well as the fact that the product of two principal ideals is principal. The
following is less obvious.

THEOREM 24. The integral domain ©; has unique factorization into
indecomposables if and only if all ideals are principal.

Proof. If all ideals are principal, then the ideal factors can be identified
with algebraic integers by ignoring units.

If some ideal is nonprincipal, then a prime ideal p is nonprincipal.
Write p = (p, m), where p| N(m). But then from nn’ = pq (say) it follows
that if there is a unique decomposition there must be an indecomposable
;| p such that =, |7 or | #’. In the first case (m)) | (p, 7). Hence,
since p = (p, 7) is prime, (m;) = (p, ) = p. In the second case, by taking
conjugates, m;' | p (since p is its own conjugate) and =’ |, where () =
p, as before. Thus all prime ideals are principal from unique factorization.

Q.E.D.

11. The Critical Theorem and Hurwitz’s Lemma

We are now prepared to prove the critical theorems (6 and 7) on which
everything else depends. We start with ©, = O, the integral domain of all

algebraic integers in the field RV B), (D not a perfect square).

HURWITZ’S LEMMAL

If o and B are two algebraic integers in O, and if the rational integer g
divides o', BB’ and the sum off' + fo', then g also divides the individual
numbers «f’ and fo.

! This lemma is a weak form of a result applicable to fields of arbitrary degree. The
stronger result really bears the name Hurwitz’s Lemma.
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Proof. If £ = aff’, & = o'f, then § satisfies the quadratic equation
£ — A5+ B =0,

where the rational integers are defined as

M A=af + o (=8+8),
@) B = afffa’ (= &&).
Now g| 4, g*| B. Hence &/g satisfies

E\2 A (& By
® HEFHES S

with integral coefficients, whence &/g, &'[g are algebraic integers. Q.E.D.

We are now at the stage at which Dedekind’s definition of integer
becomes crucial. We need only observe (3). The reason that £/g belongs
to O, is simply that it satisfies Dedekind’s definition! For example, let

O,=[,V=3, a=2 B=1+V_3uf + o’ =4,
ae' = ff =4
yet 4 does not divide af’ or fo’ within O,.

Forinstance,of'/4 = (1 + \/:3)/2,which isaninteger under Dedekind’s
definition (as a root of > — 4+ 1 = 0) but not an element of O,. Thus
unique factorization succeeds in O, = [1, (1 + vV —_3)/2], although it fails
in O, = [1, V/—3] one counter example being provided by ff’ = «2.

We can prove Theorem 6 by showing for any ideal a the ideal aa” = (g)
where o’ is the conjugate ideal and g is a rational integer. To prove this,
recall by Exercise 6 that we can write the conjugates

) a = («y, gy "7 % %),
a' = (o, a0, ).
Then aa’ = (o0, a0y, a0y, a0ty + + + ) oger”). But we define
¢ = (g0, oqay + oguyy %y, vty g, ooy o),

Now c¢ is an ideal whose basis consists wholly of rational integers [see (1)].
Hence ¢ = (g) for some rational integer g # 0, but aa” 2 ¢ = (g). Onthe
other hand, by Hurwitz’s lemma, g divides each basis element of aa’. Thus
(g) contains all elements of aa’, and

(®=2a 2

or (g) = na’, proving Theorem 6. The reader should check carefully to see
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that the theorems of §7 to §10 have not been used in the proof (which
we defeited to the end only for emphasis).
To prove Theorem 7, we prove the following lemma.

LEMMA 3. If x €D, and g and n are relatively prime and if «/g is an
algebraic integer, («/g € ©,), then it follows that «/g € O,.
Proof. The module O, is the set of elements o of O, such that

«€®; and o =r(modn), (r rational).

But if g and n are relatively prime, 1/g = s (mod n) and «/g = rs (mod n)
a rational integer, whence «/g € O, Q.E.D.

We can prove Theorem 7 by choosing a basis (4) of a in which (say)
N(a;) = oy, is prime to n. In the proof of Theorem 6, ¢ = (g), where
g and n are relatively prime. Then Hurwitz’s lemma is applicable, for &/g,
&g belong to O, as well as to O;.

Thus we could develop a unique factorization theory for O, by considering
only a for which a 3 «, where N(«) is prime to n. Since every divisor of a
contains a and «, the theory will carry over. A more convenient procedure,
however, is to restrict the ideal theory to O, the set of all integers of
R(V'D), and to find the ideals of O, by a “projection” procedure after-
wards. This procedure, in principle going back to Gauss’s theory of
quadratic forms, is outlined in Chapter XIIi, §2.

For the present, we consider the ideal theory only in a quadratic integral
domain D, of all integers, reserving only a small portion of Chapter XIII
for the factorization theory in L,

For convenience, we speak of “ideals in R(V'D)” to mean “ideals in O,
for R(V B)” when the context is clear.

EXERCISE 19. A maximal ideal m in O,, is defined as an ideal (# ©,,) for which
no ideal a in O, satisfies m c a ¢ O,. Show that all maximal ideals are in-
decomposable in O, and state a sufficient condition for the converse. Hint. In

O, for R(V=3),(1 + V=3)c(l + V=3,1 — V=3)CD,.



chapter VIII

Norms and ideal classes'

1. Multiplicative Property of Norms

The definition of index was given for modules in Chapter IV, §8, and
naturally extends to ideals (as submodules of O,) in which the index is
called the norm. Thus we write for the norm of an ideal a, N[a} = index
[O,/a]. For a = (0) we define N[(0)] = 0, but the zero ideal never really
enters into the theory. Otherwise, the norm is always positive. Moreover,
Nla] = 1 exactly when a = (1), or O,.

THEOREM |. For any two ideals a, b
0))] N[a] N[b] = N[ab).

Proof. To see this result, we count residue classes. Welet p;, py, - -, p,
be { = Nl[a] different residue classes mod a and we let 7y, mp, - -+, 7, be
m = N[b] different residue classes mod b. Then consider the /m = Nla]
NI[b] quantities

(2a) w; = p; + oam, l<i<] l<j<m,

where « is selected so that (x) = ac, (¢, b) = (1), by Theorem 21 in
Chapter VII, §10.

! We recall the restriction to ideals in the integral domain ©; for RV c—i) in Chapters
VIII to XIII except for Chapter XIII, §2.
131
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Equation 24 is chosen by analogy with rational arithmetic. For example,
if r is a variable residue class modulo g, i.e.,0 < r < g, and if g is a variable
residue class modulo b, i.e., 0 < g <C b, then, regardless of whether (a, b) =
1, the ab quantities
(2b) w=r+4 aq
represent each residue classes modulo ab exactly once [for the two values
w = r + aq’ and w in (2b) are congruent modulo ab exactly when r = r’
and g = ¢']. We find the present proof harder only because the presence
of nonprincipal ideals makes the selection of « become the crucial step.

First of all, the various numbers w,; are incongruent modulo ab. Let
w;; = wy; (mod ab) or
3 (pi + am) — (py + am;) € ab.

Since a | ab,
(pi + am)) — (p; + amy) €,
but, since « €a, then p, — p;€a; hence p;, = p;, otherwise different
residue classes would be involved. Next we reduce (3) to
(4). amy — amy € ab;

thus ab | (@)(m; — ), ab|ac(m; — m;), and b | «(m; — m;); but, since
(c,b) = 1,5 | (m; — 7,),and then m; — m; € b, whence m; = m,; showing
that all /m numbers w,; are incongruent mod ab.

We show that every & in O is congruent to some w,; mod ab. First of all,
& = p, (mod a) for some i (by definition of the set p;). We write § — p, =
o*, a* €q, but («, ab) = (ac, ab) = a(c, b) = a. Thus o* (¢ a) is com-
posed of an element of («) plus an element of ab. Hence, for some integer 6

o* = af + «'9 where «'0 € ab.
But 6 = 7, (mod b) for some j, i.e., § = m; + 7'® where 70 € b. Finally,
E=p,+ a* =p; + afm; + 7)) + al® = p, + am; + A, where 1=
a0 + o0 e qb. Q.E.D.

We can now relate the norm to more familiar concepts by showing no
conflict in terminology.

THEOREM 2. If « is an algebraic or rational integer generating the
principal ideal (x),
N[(@)] = IN()] .
Proof. First of all, if a is rational, then we shall see
® N[(@)] = 4,
To see this, note (a) = a+[1, w] = [a, aw]. The index is therefore a* =
N[(@)). Next note that («) and («’) have the same norm as ideals, since any
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two integers of © congruent modulo () have conjugates congruent
modulo («) and vice versa, leading to a one-to-one correspondence of
residue classes via conjugates. By Theorem ! and Theorem 2 for rational
ideals,

N[()]? = N[(o)] N[(«)] = N[()()] = N[(N())] = N()".
Since N[a] = 0, necessarily, Theorem 2 follows.

We can further identify N[a] by referring to the critical theorem in
Chapter VII, §11; aa’ = (g). Here, by taking norms we find Nfaa'] =
Nl[a} N[a'] = N[a]* = g2 hence N[a] = |g|. Thus
) aa’ = (Na]).

Note that since a =2 aa’ = (g) the ideal of rational integers in a is a
divisor of the ideal (N[a]) (which it contains).

THEOREM 3. If the ideal q is not divisible by any rational integral ideal
in O except (1), then the rational integers in a are all the multiples of N[a].

Proof. Since a divides (N[a]) by (6), then a contains N[a]. Let the
rational integers in a be given by the ideal (g) so that N[a] = gk. We show
k =1 and N[al = g as follows:

aa’ = (gk),
and, since a 2 (g), a|(g) or ab = (g) for an ideal b. Thus

aa’ = abk,
a’ = bk,
a = bk,
by taking conjugates; k| aand k = 1. Q.E.D.

In particular, if we factor a rational prime (p) = IIp,%, taking norms
we find p? = N[p,}J* N[p,]---. Thus N[p,] is a power of p. This leads
to several cases, namely

Nlp,] = p*, e;=1; Nlpl = Nlp,] =p, e =e=1;
N[pl] = p el = 2

THEOREM 4. The quadratic-prime ideals p are related to integers in
the rational field in the following possible ways:

() = (p), or (p) ‘“does not factor”, N[(p)] = p%
(P) = pypyy or (p) “‘splits” into two different factors,
N[p] = Nlpo] = p;
()= ;2 or () “ramifies”,  N[p,] = p.
Thus the norms provide the measure of the ‘‘size” of the ideal as a factor.



134 NORMS AND IDEAL CLASSES {Ch. VIII]

EXERCISE 1. Let a bein O, and n > 1; show, if (N[a], n) = 1, that a contains
an element « for which (N[«], n) = 1. Is a converse valid?

EXERCISE 2 (Chinese Remainder Theorem). Let p; (1 < i < N[a]) and o;
(1 <j < NI[b)) represent the residue classes moduli a and b, respectively, and let
(a, b) = (1). Show that the residue classes modulo ab are determined by the
pairs of residue classes (p;, 0;) in one-to-one manner. Hint. Use Exercise 18 of
Chapter VII, §9.

EXERCISE 3. Consider the ideal (a, b — w,) = a, where o, is defined as usual
(Chapter III, §7). Then, if g = gcd (a, N(b — wy)), show that the rational
integers in a are exactly the rational integral multiples of g. Hint. Set ax +
(b — wg)B =t and multiply by b — w,’. Show N[a] = g by noting that = +
ywo = « + yb (mod a). Verify by actually calculating aa’.

EXERCISE 4. In Exercise 3, if a | N(b — w,), show the module A = [a, b — w,]
equals the ideal a by showing % < a, whereas index [O/] = index [Ofa]. Verify
A = a by actually calculating the general term of each.

2. Class Structure

Once we see the failure of unique factorization of integers (without using
ideals) we are led to measure the extent to which this “failure” prevails.
For this purpose we say two ideals a, b (not zero) fall into the same class,
written a ~ b if

M a(B) = b(x)

for integers o, 8 not zero. It is easily seen that equivalent ideals “form a
class” in the logical sense. This means, if a ~b, then b~ a and, if
a~Db, b~ ¢, then a~ ¢ and, finally, a~a. To see the second result,
which is the least trivial, note that (1) and

@ b(y) = «Bo)
imply together
G) a(By) = dfo)-

Now all principal ideals («x) ~ (1); hence, if there is but one class (the
principal class), unique factorization prevails and conversely. The principal
ideals are the identity class, since («)a ~ a. There is an inverse to the
class of a, namely the class of a* where, by Theorem 6 in Chapter VII,
aa* = («) ~ (1). Note that if a ~ b and bb* = () ~ (1) then b* ~ a*.
(For if (p)a = (0)b then (p)aa*b* = (o)ba*b* and (pax)b* = (sf)a*). In
the quadratic case, of course, we can let a* = qa'.

We denote an ideal class of nonzero ideals by a capital roman letter, e.g.,

@®: MH~@E@~@)~---
(A): ay~ag~az~-"‘"*
B): by~by~bg~---
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We define the product of two ideal classes C = AB as the class belonging to
any ideal ¢ = a,b, formed by multiplying representatives of each class.
To make the definition valid, it must be verified that with symbols defined
as above

a;b; ~ azb,,

but this is an easy consequence of definition. We need hardly add
that commutativity and associativity, etc., follow from the ideals; e.g.,
we denote the class of a* by A7l if A is the class of a and aa* is
principal.

@ AB = BA, (Commutative law)
A(BC) = B(AC), (Associative law).

The sum A + B, however, is meaningless; e.g., if a; ~ a,, b; ~ b,, then
(a1, by) is not necessarily equivalent to (a,, by). For instance, let a = («, §)
be nonprincipal. Then («)a ~ a and (8)a ~ a, but (Ja + (B)a is not
equivalent to a + a, for a + a obviously = a, whereas («)a 4+ (fla =
(=) + (B)a = a- a. Hence we ask if aa ~ a. If aa* = («), aaa* ~ aa*,
a() ~ (), and a ~ (1), contrary to assumption.

Now we shall see why the class structure provides a “measure” of the
remoteness of unique factorization once we show that the ideal classes
form a finite (commutative) group.

THEOREM 5 (Minkowski). Every ideal a contains an element o such that
0 < |N(@)| < N[a}V' 14|,

where d is the discriminant of the field.
This theorem, which is geometric in nature, is proved in the next two
sections. We shall draw a few conclusions now.

COROLLARY |, Every ideal class A contains an ideal a such that
N[a] <V |d|.

Proof. Let b belong to A~ and let b contain an element 8 with the
property that

0 < |N(B)| < NIBWV|d].
Since § €b, then b | (§) and b satisfies

&) ba = (p) for some a.
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But a belongs to class A, since (5) indicates that it is inverse to A%, the class
of b. Hence taking norms of (5),

N[b] N[a] < N[BIVd],

whence follows the conclusion. (The < becomes a <<, when v m is not
rational.) Q.E.D.

COROLLARY 2. The number of classes is finite.

Progf. Only a finite number of modules can have a norm (or index) less
than V/|d|. (See Theorem 4, Chapter VII, §4.) This is all the more true for
ideals (since they are a special type of module). Q.E.D.

THEOREM 6. The ideal classes form a finite commutative group.
Proof. The finiteness was just shown. The group properties are (4)
together with the inverse. Q.E.D.

COROLLARY. If h is the number of classes, then for any ideal a, a* is
principal.

This follows from Lagrange’s lemma (whereby the order of an element
divides the order of the group).

THEOREM 7. Every ideal class A contains an ideal q relatively prime to
any preassigned ideal q.

Proof. Let be A1, Then b = bg. Thus we can write b = (bq, (f)).
Hence (8) = ba, where, by the definition of inverse class, a € A. But, since
b = (bg, ba) = b(g, 0),

(g, a) = (1). Q.E.D.
Thus it is never the case that all principal ideals have a common divisor
with some fixed integer m > 1, for example.
The preceding theorems made no use of special properties of quadratic
fields. For an elementary result, strictly true of the quadratic case, we
note the following in retrospect:

THEOREM 8. In the quadratic case the conjugate of an ideal determines
the reciprocal of its class.

3. Minkowski’s Theorem

The proof of Minkowski’s theorem requires a good deal of visualization.
First of all, we consider a lattice parametrized by rational integral variables
x and y. :
M & = ox + By,

= yz + dy,
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or, in vector form,
@ (& m) = z(a, y) + y(B, 9).

Here «, B, y, 6 are real numbers (rational or irrational, quadratic or
otherwise). The lattice then consists of integral combinations of the basis
vectors («, ) and (f, 6). In order that the basis vectors not be parallel, we
say they form a basis parallelogram of nonzero area A. Inanalytic geometry

T

LT (a,7)

FIGURE 8.1

the area determined by the vectors («,y) and (8, 8) is given as the following
absolute value of a determinant:

3) A =lad — fy| > 0.

The parallelograms of area A cover the plane by translations (see Figure
8.1). :

The vector closest to the origin need not be («, £) nor (8, ) but could be
more difficult to obtain. For instance, if («, ) = (1, 1) and (8, §) = (2 ,1),
it is clear that +(1,0) = F(«, ) £ (8, 8) and £(0,1) = £2(«, y) F
(B, 8) are the closest possible points (since all coordinates are integers).

We are ready to use this basic result of Minkowski.

THEOREM 9. In the foregoing lattice notation of (1) and (2), there is at
least one (&, ) %~ (0, 0) (for an integral (x, y) = (0, 0)) which satisfies

€] <VA,
Il <VA

Proof. We construct, centered about each point of the lattice, a square
of side cV/ A where ¢ is a real constant ¢ > 1 (and, for convenience, ¢ < 2).

*
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Thus we have squares of area ¢2A(> A) surrounding each point of the
lattice. The basis parallelograms of area A completely cover the plane.
It is now intuitively clear that some of the squares must overlap, since each
has a larger area than the parallelogram.

To accomplish a rigorous proof, we must argue the following:

(a) In a large circle of radius R there are (approximately!) N ~ wR%A
points (or parallelograms) if we associate each basis parallelogram with the
lower right-hand corner.

1, m)
eV
ea]
|
(o, 70) :
|
8 |3 |
f
| I
_)| '<_

FIGURE 8.2, When overlapping occurs, distance is <}cV/ A + VA

(b) The area of this circle would have to exceed Nc2A ~ wR2c? if the
squares failed to overlap. This is impossible if ¢ > 1.
Once we achieve overlapping, we can say for some two distinct lattice
points
(‘50’ 770) = xo(“’ 7) + ?/0(/3’ 6)9

(&1 1) = 21(2, ) + ¥1(8, 9),
that (as in Figure 8.2),

&)

(9, ¥o) 7 (%1, Y1),

& — &l < 3eVA + eVA,
o — ml < 3eV'A + $eVA,

1In calculus 4 ~ B means A/B —1 as R — o, not to be confused with *‘similar
ideals.” The rigorous argument is left to the student to complete, We merely wish to
make clear the power of geometrical “existence” proofs scarcely like the constructional
proofs of Euclid! A more rigorous argument is given on a related matter in Chapter X,
§2.
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Then, writing (z, — 2,) = X, (¥, — ;) = Y and
&)= X@y) + YB.0), (X, 1)# (0,0,
we find that (5) becomes
{lél <eVA, (&) #0,0),
Inl < eVA.

We have not quite achieved formula (4), We let c=c¢,, =1+ 1/m,
where the integer m — co. For each m a solution exists for which

6

14 €™ < c, VA, — (E™,7m) £ (0,0),
) [n™| < cm\/z.

But, since 1 < ¢,, < 2, it is clear that only a finite number (say Q) of
(&'™, 5™y is considered (namely, the number that lies in a square of side

4V/'A centered at the origin).

By an adaptation of Dirichlet’s boxing-in principle, if at most Q points
are used in an infinitude of (7), asm = 1,2, 3,4, - - -, at least one of these
points (6*, #*) must be used in an infinite number for a special sequence of
m. For this point

6% < VA,
l7*| < exVA,

as m — oo through a special set of values. Regardless of how m — co,
¢,, — 1. Hence (8) yields the desired result (4) on the limiting operation.
[In retrospect, we can see (§*, *) was valid in (8) for all m.] Q.E.D.

EXERCISE 5. In the lattice determined by («, ¥) = (1,0) and (8, 8) = (m/n,
1/(n — 1)) show that Theorem 9 leads to the solution of mx + ny =1 if
(m,n = 1.

EXERCISE 6. In the lattice determined by («, ) = (1,0) and (8, 0) = (£,/¢;,
1/T?) show that Theorem 9 leads to a variant of Lemma 5 of Chapter VI, §3.
EXERCISE 7. Show that the inequalities (4) of Theorem 9 can be replaced by
the single inequality |&] + |#| < V/2A by noting the area of the square determined
thereby.

()

4. Norm Estimate

We shall actually prove the following theorem:

THEOREM 10. Every module M in O, with different A(IR) contains an
element « for which 0 << [N(«)| < |A(IR)] .
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Recalling the terminology of Chapter IV, §10, A%IMN) = jd where
Jj=1[0,/9M]. If M is the ideal a, then j = N[a], and Theorem 5 (above)
follows. (The different is not necessarily positive).

To prove Theorem 10, we first separate cases according to whether d > 0
ord < 0.

Let d > 0. The module M = [, «,] in basis form. A general element
for rational integral x and y is

o= oy + oY,
0 o eI,

o =o' + oy,
where [A(MM)| = [oy,” — ;" aty|, which is precisely the parallelogram area
A. Thus the desired result comes from Theorem 9. Q.E.D.

Let d < 0. The ideal MM = [y, ,] is written as before.

o= o, & + Y,
2 { xeM,
o =o'+ oy,
Here
3) {0‘1 =P+ 1:7’1, 0‘1: = — 1:71,
ay = Py + iye, ay' = fy — Iy,

where 8;, 71, Bs, vg are real. For example, if a; = a + bVd, then B, = a,

y: = bV|d|. As before, by multiplying the determinant and taking
absolute values, we can verify that

A = 21B1ys — v1Bel
2 Va2

Now, separating the real and imaginary parts in (2) and by substituting (3),
we obtain components which form a lattice like that in Figure 4.2:

{oc=p+ia,

o =p— o,

[A(R)| = abs = abs abs 1. _ll.

o oy
ap Oy

where
{p = 1% + By,
0=y + VoY,
and
A* =By, — y1Bal = [A()|/2

is the parallelogram area. Hence, by Theorem 9, §3 (above), we determine
a couple (z, ) or (p, o) for which

lp] < VA%, lo] < VA*,

Thus
an’ = p? + o2 < 2A% = |A(M)). Q.E.D.
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It would be appropriate to remark that the depths of the norm estimation
problem can be appreciated only in terms of further results which are not
proved (or used) here.

THEOREM |[I. Every ideal a contains an element o of nonzero norm
< N[a]V'd/5 if d is positive or < N[a]V/—d/3 if d is negative.

The extreme cases occur when d = 5 and 4 = —3, respectively, with
a = (1), « = 1. Thus it is only a coincidence that in the weaker versions
proved here the real and imaginary results seem to be the same. Geo-
metrically, they are vastly different!

Minkowski’s theorem can be slightly strengthened so that (4), §3,
becomes

@ &l < VA, gl < VA,

Thus one specified inequality can be made strict. (See Exercise 9, below.)
The “extreme” case is («, ¥) = (1, 0) and (8, é) = (0, 1). Here A = 1and,
whenz =0,y =1, by (1) in §3, £ =0, = 1. Thus beyond the use of
one strict inequality no improvement can be made on Theorem 9. Other
techniques are needed for a result like Theorem 11.

EXERCISE 8. Show that, starting with Exercise 7 and using the inequality
4 |&n| < (1€] + [n)?, we can improve Theorem 5 (slightly) to attain the inequality

0 < N(2) < N[a]Vd)2 for real fields.
E)E_ERCISE 9. Improve Minkowski’s theorem to (4) by first solving || <
VA mjm + 1), [n| <VA(m + 1jm.



chapter IX

Class structure 1n
quadratic fields

1. The Residue Character Theorem

As mentioned in Chapters VII and VIII, the prime ideals p, first of all,
can arise only from rational primes (Chapter VII, Theorem 22) and,
second, completely determine the class structure in that every equivalence
class, say that of a = Ilp,%, is determined by the equivalence classes of
the p,.

As a matter of fact, in 1882, Weber showed that a prime ideal exists in
each equivalence class, but the result is deferred until Chapter X, §12. All
we say is that we can build the class structure by using p; as generators.
We therefore must know how to construct the p,.

THEOREM I. The rational prime p factors in the quadratic field R(\/B)
according to the following rules based on d, the discriminant of the field,
and (d/p), the Kronecker symbol:

(p) = (p) or p does not factor if and only if (d/p) = —1;
(1) {(p) = pp’ or p splits into two different factors if and only if (d/p) = +1;
(p) = p2 (and p = p’) or p ramifies if and only if (d/p) = 0.
Here the rule is independent of whether d > 0 or d << 0 or whether
d=D=1(mod 4) or d/4 = D £ | (mod 4) (where Disasquare-free integer).
Proof. The proof is wholly constructional, and we shall derive specific
formulas for p and p’.
142
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We first show that if factors exist, hence (p) = pp’ or p?, then (d/p) = 1
or 0. According to Theorem 23, Chapter VII, if p | p, then for some ,
p = (p,7) and p | N(z). If p| =, then p = p(l, n/p) = p and p does not
factor. Therefore, we assume

) p=(pm, p|N@=, ptm

First we take podd. Then we write7 = a + bVDorm = (a + b\/l_))/2,
depending on whether 4D = d or D = d. In either case

2 __ p2

whereas p 1 b (for if p | b then p | a and p | ). Then
a® — b*D = 0 (mod p)
and, if B = b7 (mod p), i.e., bB = 1 (mod p),
(aB)? = D (mod p);

thus (Dfp) = 1 or 0, as a result of the assumption in (2).

Next we take p = 2; then (d[p) = —1, just when d = D = 5 (mod 8),
according to Kronecker’s symbol. If 7 = (a + b —5)/2,

2 2
2| N(m) = ”—‘4”—’) = 0(mod2), (a=b(mod2),

whereas 2 +a and 2 1 b, lest = be divisible -by 2. Thus we can say
that a2 — 62D = 0 (mod 8). This contradicts the possibility that D =5
(mod 8), since, for odd aand b, a*> = b% = 1 (mod 8). Again (d/p) = 1or0.

Now all we need show is the existence of prime divisors p, p’ to answer
the requirements of the theorem when (d/p) = 1 or 0.

First let p be odd and (d/p) = 0. We can actually write out

3) p=(pm ==vD.

Note p’ = p, since (p, N/B) = (p, —\/B). Then p? = (p, m)? = (p?, pm,
w%) = p(p, w, D[p). But since D is square-free, (p, D/p) = 1; hence
2= (p).

Next let p be odd and (dfp) = 1. There exists an a such that (since
d= Dord=22D)

a®*= D(modp) and {(a,p)=1.
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Set 7 = a + V/D and define the ideals (not yet known to be prime):
@) p=(pa+VD),p =(pa—"D)
Now p # p’. For otherwise we could reason
p=p=p+p =(pa+VDa—VD),
=@, a+VD,a—VD, 24 =),

since p is odd and (p, @) = 1. This is a contradiction by virtue of our next
step that (p) = pp’ 7= (1). Observe

pr’ = (p% pa + pV'D, pa — pV'D, a* — D),
= plp,a + VD,a —VD,(a® - D)/p),
=P(P’ 2(1, . .) = (P)'

Thus Theorem 4 of Chapter VIII, §1, applies and p is prime.
We finally take care of p even. If (d/2) = |, d = 1 (mod 8), and we
write 2 = pp’, where, again, we explicitly write out

®) p=@ 1+ V), p =20~ V)).
Once more p 5= p’, for otherwise
p=p=p+p =001+ V21—V
=2,1+VDR+A-Vd)2,--1=021) =)
This is false, since
pp' =41 +Vd1l—Vd1—d=(42-)
=22,1,-+) = Q).

The final case is (d/2) = 0, which means D = —1 or 2 (mod 4). Here,
() 7=1+VD or n=+VD.
with further details left as an exercise (below). Q.E.D.

For simplicity of application, we write the factorizations concisely
according to the value of p:

()] if d= D=5 (mod?8),
@ = Q@0 +VDD2(1~VD)2 if d=D=1(mod3),
T e 1+ VD ifdl4 = D= —1(mod 4),

@, VD) if d/4 = D = 2 (mod 4);
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and for p > 2,

2 if p+D and 2= D (mod p) is
unsolvable,
= (p,x+\/5)(p,x—\/5) if p+ D and 2? = D (mod p),
(», vV Dy? if p| D.

Another form of Theorem 1 is the following:

THEOREM 2. If p is any prime ideal factor of (p), then for w = VD, if
D£ | (mod4) or w=(l + \/D)/Z if D=1 (mod 4) (D square-free), it
follows that the equation (or equations)

) o = x (mod p),  p = any prime divisor of (p),
has | + (d/p) roots x (mod p).

COROLLARY. Under the conditions of the foregoing theorem, the
equation
N(x — w) = 0 (mod p)

has | + (d/p) distinct roots x (mod p).

EXERCISE 1. Verify that when (d/2) = 0in (6), (2) = p®wherep = (2,7) =p’.
EXERCISE 2. Verify Theorem 2 and corollary when p is odd. Do p =2
separately.

EXERCISE 3 (Generalized Euler ®-Function). Let ®[a] denote the number of
residue classes modulo a which are relatively prime to a. Verify (a) ®[a]®[b] =
®[ab] if (a, b) = (1) from Exercise 2 of Chapter VIII, §1; (b) if the prime p | q,
then ®[ap] = N[p]®{a] from (2a) of Chapter VIL, §1; and (c) @(p) = N[p] — 1.
Next show ®[a] = N[a)lI[1 — 1/N[p]] with the product extended over the primes
p|a. Finally, show for a rational prime p, ®[(p)] =[p — (d/p)llp — 1] and
O[(a)] = $(a)all[l — (d/p)/p], where the product extends over rational p | @ and
¢(a) is the (ordinary) Euler ¢-Function.

2, Primary Numbers

To every principal ideal () there corresponds an aggregate of generating
associates § where 8 = azn and # is a unit. These ideals are indistinguish-
able, e.g., («) = ().

If d < 0 or the field is imaginary, then there are two units +1 and —1,
except when d = —3, when there are six units [+1 and (+1 £ V' =3)/2}, or
when d = —4, when there are four units (41 and +i). In all these cases
there is only a finite number of associates, and there is little purpose in
distinguishing them one from another at the present stage in the theory
(although Exercises 4 and 5 (below) are instructive in this fashion).
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If d > 0, then a real fundamental unit 7; exists such that N(z,) = £1
and any unit  is given by n = £9,%, 1 =0, £1, +2,---. There is now
an infinite number of associates, and we are faced with a more acute
problem of identifying some standard value.

We call the integer « of a real quadratic field primary when

) L <lofa’l <n;  a>0,
for 5, (>1) the fundamental unit of the field.

THEOREM 3. Every real quadratic integer (except 0) has precisely one
associate which is primary.
Proof. The most general associate of oy is +agn,’ = a. If we write

log || = log |xg| + t log %,,
then

log |o'| = log || + ¢ log |n,'].

But log 77; + log |#,’| = 0, and, therefore, letting log |ao/ay’| = £, we have,
by subtraction,
log |a/a’| = & + 2tlog 1, = f(2).

Now f(¢) has only one value for which
0 <f(H) <2logn,

namely for 7 the largest integer in £/(2 log #,). For this ¢ we choose the +
sign so that fogn,* > 0. Q.E.D.

The term “primary” unfortunately tends to create confusion in view of
the other meaning (power of a prime). The term is used because the
uniquely chosen associate is of “primary”” importance for ideal theory.

EXERCISE 4. Show that if « is in R(Y —1) and 2 + N(a) then there is precisely
one of the four associates § of « for which 8 = 1 [mod 2(1 + vV =1)].
EXERCISE 5. Show that if « is in R(v —3) and 3 + N(«) then there is precisely
one of the six associates  of « for which g = 1 (mod 3).

EXERCISE 6. Show that the conditions for an algebraic integer « to be primary
can be put into rational form by writing « = (z + yVD)/2, 7, = (a + bV D)J2.
Then the condition for 1 < |afa’| < |n/n;’] is that 2 and y vanish or are positive
and

@y > afb, ifN(x) >0, N(p) >0; zfy > bD/a,if N(w) >0, N(n) <0;
zfy < bDla,if N(x) <0, N(y) >0, zfy <alb, ifN@ <0, N(p) <O0O.
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3. Determination of Principal Ideals with Given Norms

We next show that the equation
(0 Ne)=n

can be solved for « in a finite number of steps,

THEOREM 4. The primary integers of norm n in a real quadratic field
satisfy an equation of the type

2) 2—Ae+n=0,
where
®) Al < In] (g, + 1).

Proof. By multiplying (1) in §2 with |aa’| = |n|, we find
[n] < o < [n] 9,3,
\/WI Sot<\/|_n-l-7]1.
Thus
|+ /| = o + nfal < |al + lalflal < Vinl ny + InlVinl
=Vn| (4 + 1). Q.E.D.
THEOREM 5. The integers of norm n (>0} in a complex quadratic field
satisfy an equation of the type
4) o — Ax +n =0,
() Al < 2n%,
Proof. Here we note that « = r + si, o' = r — si,

A=oa+ o =2r <2 + 9% = 2(aa)% = 2%, Q.E.D.

LEMMA |. If d < 0 then no number « of norm g exists in R(V/D) if

(6) g <|dl/4,
except if g is a perfect square and « = :h\/é a rational integer.

Proof. Observe that the relations (with y # 0)

ID| y* < 2t — Dyt =g, D#1(mod4), 4D=4d <0,
2 2

>9 <= . p=i(modd), D=d<0o,

4 4
clearly contradict inequality (6). Q.E.D.
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For these numbers y we seek to determine if

3) Yivevlve v ve

for then (y) | ¢, or (y)q = cfor same ideal g. But (2) then tells us N[q] = 1,
q = (I). Thus (y) = cif and only if conditions (2) and (3) hold.

The procedure in determining class structure is clearly to factor each
rational prime p <V/[d| and to sec how many different equivalence
classes can be built on the resulting prime ideals p (in fact, the nonprincipal
ones) by taking powers and products. The class number (or the number of
elements in the equivalence class group) will be denoted by h(d) for a field
of discriminant d.

We shall denote factors of (p) by the use of numerical symbols,

p = p if p does not factor (p=p)
“ p=pip2ifpsplits  (py=py, p2 = p1),

p = p2if p ramifies  (p, = p;).
Thus we might write 3 = 3,3 = 3,3,, or 3 = 3,2, as the case may be. This
eliminates the parentheses and results in fewer symbols. The notation is
due to Hasse. With it, («) and « are used interchangeably.

Table 11 in the appendix, which shows the fantastic irregularity of h(d),

provides much additional useful information.

5. Some Imaginary Fields

First take R(V/ —1). Here d = —4 and only the prime p = 2 < Vid|.
But2 = 2,2, where2, = (1 + V/—1). Infact 1 + V—=1) = (1 — V' =1)
since 1 + v/ —1 and 1 — V/—1 differ by a factor of v/ —1. Hence all
classes are principal, # = 1, and Theorem 1 shows

(p) = =’ if (—4fp) = 1,
(p) # =’ if (—4fp) = —1.

More precisely, by writing = = « + v/ —1y we see, for p odd, that
1) p=2+9

if and only if (—4/p) = (—1/p) = 1, which means that p = 1 (mod 4)
(by an elementary result in Chapter I). This is the famous Theorem of
Fermat in the Introductory Survey.

More significantly, if n = 2® + y?, then if (x,y) =1, all odd prime
divisors of n are primes = 1 (mod 4) by the ideal factorization of z +
V' =1y into primes 7 (which necessarily divide only p = 1 (mod 4)).
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As a matter of practice, the number of equations (2) or (4) can be very
large. We would do well to make a first restriction to those 4 for which

A% — 4n is divisible by D, since « must belong to the field R(\/ D). Asa
further remark in the real case, note that since |7,| is smaller than any other
(nonfundamental) unit (bigger than 1) we could not do any harm by using
any unit > 5, > 1 instead of 7, in (3) as long as we were merely
interested in showing that (2) and (3) have zo solution.
EXERCISE 7. Determine primary solutions, if any, of

N(@ =5in R(V8S), 5, =(9 + V85)2,

N(») =2 in R(V7), n =8 +3V7,

N(@) = —2in R(VT), o, =8 +3V7.

EXERCISE 8. Show that if d =g,¢, < 0 and (g,/p) =(g2/p) = —1 then the
divisors of p are nonprincipal. (Treat even p separately.)

EXERCISE 9. Show that if d = g;£, > 0 and (g,/p) =(g2/p) = —1 and if all
prime factors of d are = 1 (mod 4) then the divisors of p are nonprincipal.
4, Determination of Equivalence Classes

The most important problem in setting up ciass structures* consists of
recognizing when two ideals a and b belong to the same class. Equivalently,
since a’ lies in the reciprocal class, when we ask if a ~ b, we are asking if

c=ab~1
Now the problem consists of taking an arbitrary ideal

N ¢= (Vl’ Yo "7 ys)

in its basis form and asking if ¢ is principal (say) = (y). The norm N[¢] is
either known from N[a']N[b] or can be easily ascertained from the module

c=M=yp (D) + (D + - =pill, 0] + pell, 0] +-- -,

where [1, ] is the basis of the field. (The determination of a canonical
basis, hence the norm or index of a module, was covered in Chapter 1V,
§7.) We then ask, by Theorems 4 and 5 (above), which primary numbers
(»), if any, have

) IN(v)| = Nc], (the known value).

* The theory of quadratic forms provides a faster algorithm for determining quadratic
class structure (see Chapter XIII, §1), but the present methods are more easily general-
ized to fields of higher degree.
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6. Class Number Unity

It was conjectured by Gauss that the only fields of class number 1 for
D < 0are

D=-1,-2,-3, -7, —11, —19, —43, —67, —163.

Itis seen that conditions for an imaginary field of class number 1 are in-
creasingly complicated as |D| increases. For example, if p < |d[4], then
p cannot have a nontrivial ideal factor that is principal (by Lemma 1, §3).
Since |d/4] > \/l_aTlfor [d] > 16, we see that for A(d) = 1 and [d] > 16itis
necessary and (easily) sufficient that

(dlpy = —1for p < Vd.

First of all, d is prime and therefore d = —1 (mod 4); otherwise, d has a
prime divisor, p; < V/d for which (d/p,) = 0. Thus

dR2) = —1, sod=5 (mod 8), if |d| > 16,

d/3) = —1, sod= —1 (mod3),if |d| > 16,

/5y = —1, sod= 42 (mod5),if |d] > 25

@mn= -1, sod=3,56(mod7),if |d| > 49

Thus we see that 4 becomes subjected to an increasing number of
restrictions if #(d) = 1. Eventually, a conclusive proof that there is only
a finite number of d < 0 for which A(d) = 1 was given in 1934 by Heilbronn
and Linfoot. It seems “very certain” that the last one is d = —163 (as
Gauss conjectured), on the basis of numerical evidence of Lehmer showing
[d] > $108%, if d < —163 and h(d) = 1.

In the case of real fields, incidentally, Gauss conjectured that h(d) = 1
infinitely often (and has not been contradicted or justified).

7. Units and Class Calculation of Real Quadratic Fields

The same procedures are valid in the case of real quadratic fields. The
difficulty is always that there is no easy way to tell if an algebraic integer
exists with given norm, even if the unit is known, except by labored trial
and error.

We shall discuss another procedure readily applicable to the real and
complex case for obtaining both class structure and the fundamental unit
(when required).
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We note in similar fashion when D = —2, -3, —7, —11, A({d) = 1.

When D= -5, d=—20, p < \/2_0; thus we must test p = 2, 3.
Here all we need consider is N(1 + \/—_5) =6=2-3; hence (1 +
\/——5) = 2,3,, whereas 2 = 2,2 Hence all ideals are equivalent to 1 or 2,,
e.g, 33 ~2;'~2;~ 3,71, Once we know that 2, is nonprincipal (by
Lemma 1, §3), we know A(—20) = 2.

A more challenging case is D = —14, d = —56, where h = 4. We
outline the essential steps for the reader to verify:

p<\/|?1—|forp=2,3,5,7,
(dlp) = +1forp=3,5,
(dlpy =0forp=2,7,
(a) 2=22 2,=2,V—14),
7=72 7,=(,V—14),
(b) 2,7, = (14,2 —14, 7V =14, 14)
=V—=14(¢--,2,7,--) =V —14.
© 3=3,"3y; 3, =0G,1+V-14), 3,=03,1—-V=14),
15=N@), a=1++v—14,
5=555 5:=06,14+V=14), 5,=(5,1—V=14).
(d) 3,5, =(153 43V 14,5+ 5V =14, (1 + V=14
= (15,3 + 3V —=14,5 + 5V —14,
6+ 6V —14, (1 + V—14)2)
=(1514+V-14,0+V-14)=(1+V—14) = o
32=(9,3+3V—14, —13 + 2V —14)
=(9,3+3V—14, —13 + 2/ 14,16 + vV —14)
=(9, -2 + V—14).
(€ 3,22, =(18, —14 — 2V — 14,9V =14, —4 + 2V —14)
= (18,16 +V—14) = (18, =2 + V= 14)
= (=2 +V—14).

Hence, if 3, ~ J, then J* =1 and 2, ~ J? by (a), (¢). Furthermore,
3, ~ by (0); likewise 7; ~2,, 5, ~ 3,, 5, ~ 3,, and 3,2 is nonprincipal
by Lemma 1, §3, since N(3,%) = 9 and 3,2 # (3).

EXERCISE 10. Work out the class structure for D = —~21, D = =31,
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We should really test all m up to 16 to be sure of p < 17, but let us stop
right here for a moment at m = 10. In the range 0 < m < 10 we have all
residues modulo 2, 3, 5, 7, or 11. Hence the factors prove

dlp) =0forp=2 and (dp)=1forp=3,5,7
(which are present as factors),

{d/p) = —1 for p = 11 (which is absent as a facior).
We have yet to test p = 13 and p = 17, but (p =) 13, by a stroke of good
luck, occurs in that 13 [ N(1 — w). We might suspect, however, (4 - 79/17)
= —1, and rather than calculate f(11),---, f(16) we note (79/17) =
(—6/17) = (6/17) = (2/1T)(3/17) = 1 - (17/3) = (—1/3) = —1 by recipro-
city.

We next look for generators of the ideal classes. Again we are Jucky:

2 = 2,2 where 2, = 2, = (9 — w) is principal, or 2, ~ 1. Next we can
write, in ideal factors,

I~ (1 — w) = 2,3,13; ~ 3,13,.

Hence 13, is in the cycle generated by 3, (in fact, the inverse). From now
on 3; and 3, are labeled by the residue classes. For instance, if g =1
(mod 3), then ¢ — o = 3[(¢ — 1)/3] + (1 — ) and

3 I (g — w) whereas 3,1 (g — w),

since 3; # 3, and 3,3, = (3) + (¢ — ). Likewise 3 | N2 — w); thus,
if ¢ = 2 (mod 3),
3,| (¢ — w) whereas 3;t(g — ®).
We therefore write
I~ — o) = 3,5,

(which henceforth labels 5, and 5, according to residues of m mod 5). It
is clear that 5, is in the cycle generated by 3,. Likewise from (4 — w) =
3,27, it is clear that 7, also lies in the cycle generated by 3,. Thus, using
conjugates as inverses, it is clear that powers of 3, generate all ideal classes.

Finally,
I~ (5 — w) =232~ 3,3

Thus 3, is of order 3 or principal.
We now digress: to find a unit, note that since 2, = 2,

O—w)=2,=2,=(9 — o).
Thus (9 — w)/(9 — ') is a unit = 7.
_O0—w? 81 —180+79 _

= 80 — 9./79.
NO — w) 2 v

n
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Let the field R(V —D_) have basis [1, w]. Then call f(m) = N(m — w).
Thus, with D square-free,

o mm —1) —(D — 1)/4, D =1(mod4), o=+ /D)2,
fm) = m? — D, D= 1(mod4), o= \/5.

We take a range of m,

) 0<m<Vid.

Next we calculate the values f(m) in the range and factor each answer.
Those p for which (d/p) = 1 or 0 will appear as factors of f (m) for each «;
such that (see Theorem 2, §1)

2, = w(mod p,), p,|p, if p< Vid|.

No other p (i.e., for which (d/p) = —1) appears as a factor of any
N(w — m) = f(m), for then p | (w — m)(w" — m), and since (p) is prime,
p divides one factor (say) @ — m, which contradicts the basis O; = [1, o]
by Theorem 3, Chapter IV, §6.

We therefore have taken into account all p of norm < V' |d|. The class
structure and units can be deduced from the fact that each (w — m) isa
principal ideal not divisible by any rational prime. Hence m — w is never
divisible by both p and p’. Perhaps a somewhat difficult example can
indicate how to “play by ear.” Let

D=7, d=794 o=V79, p=<V36=17---,

f(m) =m®—T79.

Function Values Factors Norms
[0 = =79 = =79 = NO — w)
f = -78 = =2-3-13 = N —w)
f(2) = =75 = =3-5? = N2 —w)
f3 = =70 = -2-5-7 = NG3-ow)
f® = =54 = -=2-3 = NG —w)
f() = —43 = -43 = N6 — w)
fn = =30 = =235 = N7T-w)
f(®) = =15 = -=-3-5 = NB —w)
f©® = 2 = 2 = NOY —w)

= 21 = 3-7 =

£(10) N(10 — o)
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EXERCISE 13. From the following data alone deduce the class number of
R(V'=79) by justifying the factorizations on the right:
f@ =x2+x+%0__=N(z+w)
w=(+1 + V=192

f(0) =20 (@) = 2,%,
f(l) =22 (1 + w) = 2,11
) =26 Q2 + w) = 2,13,
f3) =32 G+ o) =25

4 =40 4 + o) = 2,35,
£(5) =50 (5 + w) = 2,52
f(6) =62 6 + o) =2,31,

EXERCISE 14. Find the class structure of R(Y —31) and R(V31) by the
method of this section.

EXERCISE 15. Find la nontrivial unit of R(V'31) from the table for Exercise 14.
Hint. Factor 6 — V31 and 9 — V31 and recall 2,2 = 2.

EXERCISE 16. Show that if g and p are primes and r > 0 is an odd integer then
the field generated by a square free (negative) number

r2 —4g? =d <0.
has a class number divisible by p if [d| > 4g. (Note in Exercise 13, r =7, ¢ =2,
p=>5d=-19)
EXERCISE 17. Invent some fields of class number divisible by 2, 3, §, 7, 11 by

experimenting with the preceding problem. Try g = 2 and see which suitable r
exists. Also try g = 3, etc.

*8. The Famous Polynomials «? + x + ¢

Euler discovered that the polynomials for certain positive values of ¢

) fl(@)=as+x+gqg

take on only prime values when 0 < x < ¢ — 2. The values of ¢ and the
polynomials are listed as follows:

22+ x4+ 3; g=3, 1 —4q=—11;

224+ x4+ 5; qg=73, 1 —4g=-19;
2 224 x4+ 11, q =11, 1 —4q9 = —43;

22+ 2+ 17; g =17, 1 —4g = —67;

22+ xr+41; g=41, 1 —4g = —163.
The values of 1 — 4¢4 = d, coincidentally, are precisely those for which the
field R(V/d) has class number 1, Infact,for1 —4g = —7, —3o0rq = 2,1,

which are not listed, the polynomials f(x) still do assume only prime values
for 0 < = < ¢ — 2, aithough in a trivial sense.
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Another unit can be found by setting

= U NSDC + \/75)(8_— J79) _
9 — V190 + \/79)(8 —_ \/79)(8 +/79)

This unit is not necessary for the problem, but it is inserted to remind the

reader to not always expect a lucky result. We can actually prove from

the procedures of Chapter VI that 80 + 9v/79 is the fundamental unit.
Now to prove 3,is nonprincipal or N(a + bw) 7 =3 for integral g, b
we refer to Theorem 5. We must simply show the root of equation

02 — A+ 3=0

never belongs to R(V79) when |A| < V(1 + 5,) = V3(80 + 9V79) =
278 -+ +. But A2 4 4n = A% £ 12 = 79g* for some integer g, in order
that « belong to RV 7l§). By the power residue tables, we note the solva-
bility of

A2 = —12 = 3% (mod 79).

(Since 79 = —1 (mod 4), +12 is consequently a nonresidue.) Thus
A= +3% = £15(mod 79).
Wenowtry 4 =79% + 15, fork =0,1,2,---.

A= 15 A2+ 12= 237 = 379
= 64 = 4108 = 22-13-79
= 94 = 8848 = 2¢-7-79
= 143 = 20461 = 7-37-79
=173 = 29941 =379 -79
=222 = 49296 = 24- 3-13-79
= 252 = 63516 = 2%2- 3:67-79

In no case where 4 < 279 is A2 4+ 12 = 79g% for an integer g. Thus 3, is
nonprincipal and A(316) = 3.

EXERCISE 11. Complete the table with f(11) through f(16) and list the ideal
factors of each g — w, 0 < g < 16.

EXERCISE 12. Find another unit (not +1) from the information in the
extended table. Compare with 7.
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THEOREM 6. The polynomial f{(x) will assume prime values for 0 <
x <q—2ifand only ifford = | — 4q, R(\/a) has class number 1.
Proof. Let us assume f,(a) is composite for some g in the range 0 < a <
qg—2:
J@<@—-2P+@G-D+g9=¢—-29+2<4q"
Now we can conclude that at least one prime factor of f,(a), namely p, is
<(g — 1). Thus

p<qg—=1=(-d/4-1=((d —3)/4 <4,

whereas, if we define

then
@) = N(a + w) = 0 (mod p).

Now, easily, (p,a + @) = p | (p), yet p is not principal, since no prime
exists of norm p (by Lemma 1, §3). Thus the class number is unequal to 1.

Let us assume, conversely, that f,(z) is always prime for 0 <z <gq — 2.
We shall prove that for all p in the range 2 < p < V/|d| we would have the
relation (dfp) = —1. (Hence the class number is 1 for want of primes to
split or ramify!) First we note thatg — 2 > V/|d|, since (g—2)2=>49—1
when ¢ > 11. (This means that the theorem must be verified separately
forq=3,5,7.) If any prime p < V/|d| exists for which (dlp)y = +1or0,
then some integer a exists for which (by Theorem 2)

Jo(@ = N(a + w) = 0 (mod p).
Since each such g is determined 6nly modulo p, we write
%) 0<a<p<Vid<g-2

Thus, if f,(a) is always prime, f,(a) = p, which is a contradiction, since p =
J{a@) = f(0) = g, contrary to (3). Q.E.D.



*chapter X

Class number formulas and
primes in arithmetic progression

1. Introduction of Analysis into Number Theory

In this chapter we derive a formula for A(d), the class number of a
quadratic field of discriminant &, which makes use of infinite processes
such as series and limits. The purpose of the formula is to enable us to
calculate h(d) directly from 4 but without gaining any group-theoretic
knowledge of the class structure.

The real value of this formula historically is that it enabled Dirichlet to
prove the following famous result (1837):

THEOREM 1. If a and m are relatively prime positive integers, then
there exists an infinitude of primes in the arithmetic progression

a,a4+ma+2ma-+3ma+4m, .-,

The result was monumental for many reasons. First, as we shall see, it
required infinite series, convergence, limits, logarithms, etc., and any
number of concepts seemingly alien to the theory of integers. From this
point forward it became an increasingly acceptable procedure to use
limiting processes in number theory. Second, the fact that class structure
should be relevant to arithmetic progressions is still largely unexplored,
and results, as good as they are, lie in an esoteric synthesis of number
theory, analysis, and algebra called “class-field theory.”

159
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which intersect the boundary of the curve, we find that the difference
between the number of squares in S (or the number of lattice points interior
to the curve) and the area of the curve is less in value than the number of
shaded squares in Figure 10.1. It can then be shown (see Exercise 1, below)
that the number of shaded squares is less than 8 4 8M.

If T> 1, then 8 + 8kVT < (8 + 8K)V'T, leading to the following
result (in terms of constants k and k" determined by the shape of the
ellipse):

THEOREM 2 (Gauss). The number of lattice points inside ellipse (1) is
given by

) N = 27TT/\/Z + error,

where the error is bounded by k'V/Tas T— co. (We say that the error has
“order of magnitude” V/T.)

EXERCISE 1. Prove that the number of shaded squares in Figure 10.1 is less
than 8 + 8M by selecting four points 4, B, C, D on the curve for which the slope
is £1. Show, for example, that if on the arc DA the slope lies between —1 and
+1 then the shaded squares covering that portion DA of the arc are fewer than
2 plus twice the z-projection of the curve.

3. Ideal Density in Complex Fields

In order to obtain an ideal-theoretic interpretation of Gauss’s lattice-
point result, we consider a complex quadratic field of discriminant d < 0.
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The present chapter is therefore the one of greatest mathematical scope
in the book, but it can scarcely do justice to the subject matter because of
its brevity.

2, Lattice Points in Ellipse

We begin with the problem, due to Gauss, of finding the number of
lattice points with integral coordinates in a family of ellipses. We consider
the set of ellipses

1)) Ax® + Bzy + Cy2 =T
in the (z, y) plane, where 4, B, C are fixed integers with
2) —B2+44C=A >0

and T is a positive integer which is to approach infinity. It would seem
intuitively clear that the number of integral lattice points inside the ellipse
is approximately the area.

Before considering this more closely, we show that the exact value of the

area is 2aT/V A. A rotation of axis is known which enables us to write
3) A2+ Cy? =T, (or B =0),

where 2', ¥’ is a new coordinate system at angle arctan B{(4 — C) with the
old one. The area inside the ellipse (3), by an elementary calculation, is

aT|V A'C’, but by the rotational invariance property of a conic B2—44C =
B'? — 44'C’; thus the area is 2nT/V/44’C’ — 02 = 2aT/V'A. The major
axis of the ellipse is by similarity exactly v/ T - k, where k is a constant,
namely, the major axis of the ellipse,

4 Ax* + Bxy + Cy? =1,

which we need not find explicitly.

We now consider lattice points inside any smooth convex curve of
width M.

There is little difficulty in showing the geometric relationship between
area and the number of lattice points. All we need do is to surround each
integral® lattice peint (x, y) by a square of side 1, centered at this point, e.g.,
bounded by the lines of ordinates ¥ 4- ¥ and abscissas # 4+ 4. The (z,y)
interior to the curve determine a set of squares G. These are shown in
Figure 10.1. (Note vertical shading in those squares of G which intersect
the boundary of the curve. If we shade horizontally all squares outside &

! To avoid a burdensome notation, we shall use the same symbols (x, y) for lattice
points as for the “general” point of the plane.
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w as the number of units of the field of V/d, then by the result in Chapter VI
w=6ford= —3,
w=4ford= —4,
w = 2 for other d.
Hence each ideal (o) satisfying (4a) corresponds to w points « in the ellipse.
Therefore, from the number of lattice points in ellipse (4a)
F(A, T) = G(a, TN[a])
_ 1 2aTN[a]
" w JdN[a]?
F(A, T) = Tk + error
@ P
wy ld]

Here « is the (complex) Dirichlet structure constant. The error has the

order of magnitude of v/ T.
If we go further and define

-+ error.

_ | number of ideals of any class with
® F(T)‘{o<1v[a]gr,
we see that
©) KT) = g F(A, T),

where the summation is over A different classes A. But for each class (7) is
valid; thus

(10) F(T) = h«T + error,

where the error still has the order of magnitude of V/T. A quicker way of
stating the essential result is that the ideals have norm density given by

(11) lim F(T)/T = h«.

T—->

4. Ideal Density in Real Fields

To extend the result of §3 to real quadratic fields, we start with the
function G(a, T') defined precisely as in (2), §3. The difference is that the
locus [corresponding to (4b), §3] is derived from

@ IN()| < TN[a].
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We define for each ideal class A and parameter T

J number of ideals a belonging to
)] F(A,T) = < the class A~! for which
O< N <T.

It is evident from the Corollary to Theorem 4 in Chapter VII, §4 that
F(A, T) is always finite. We now define a closely related

number of ideals («) formed by
2 G(a, T) = < taking « in a for which
0<N[(x)] <T.

It then follows that if a belongs to class A then
(€) F(A,T) = G(a, TN[a])

To see this, note that the («) just described can be factored (x) = ab, where
b belongs to A~L, and, conversely, every b in A~! defines a principal ideal
(«) = ab. Thus every b in A= with N[b] < T corresponds uniquely to an
ideal () in a with N[(«)] < TN[al.

The function G(a, TNJa]) is found from the inequality

(4a) 0 < N[(«)] < TN[a].
Specifically, if a = [«;, a,] then, in coordinate form, for « in a
o= o1& + oy
(5q) o = oy'T + oy
L Nl(@)] = aa’ = (2,007)2% + (305" + a0 )7y + opa5y2

We are therefore concerned with lattice points inside the ellipse,

(4b) Ax®* + Bzy + Cy? = TNIal,

where

(5b) A=a)/, B=oa, + a0, C=au,
and

A = 4oy, Wagny) — (%" + %921)?,
0< A= —(aoy — apy)2 = —(\/JN[G])z,
(©) |Al = |d] N[a]?
by the index formula (6) of Chapter IV, §10.

We must, however, ask if each « inside the ellipse (4b) corresponds to a
different ideal. Generally « and — o« represent the same ideal. If we define
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where « is the (real) Dirichlet structure constant. Finally, with F(T") defined
[as in (8), §3] by 3. F(A, T),

A
)] F(T) = h«T + error,

where the errors are all of “order of magnitude” V7. The norm density
again is hx.

EXERCISE 2. Verify that the required sectors of the hyperbola (containing
primary solutions) for [«? — 2y?| < 7 are limited by # > 2y >0 andy > >0
by applying Exercise 6 of Chapter 1X, §2. (Here o; =1, oy = V2, n =
1+ v 5.) Plot the primary solutions in the (z, ¥) plane.

EXERCISE 3. Extend the argument in §2 to show that the error term in
approximating lattice points by area of a hyperbolic sector is still of the order V7.

EXERCISE 4. Tabulate F(T) ford = ~4 and d = 8 for T < 25 by considering
the factorizations of all algebraic integers of the respective fields of norm < 25.
(Here the ideals are, of course, all principal.) Observe the ratio F(T)/T.
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Using substitutions analogous with (5b), §3, we write
x =03 + agy, o =o'+ a,'y

and
2 [(oy0,)2% + (ay0ty” + g0y )2y + p0,y% < TN]a].
As we shall see, the inequality (2) is satisfied by an infinite number of
pairs of integers, as T becomes large enough.

We therefore select from the lattice points satisfying (2) only those which

correspond to primary numbers (Chapter 1X, §2). For these numbers « the
conjugates « and o’ are related by

3) 1 < lofa'| < 7,3 o« >0,
where #, is the fundamental unit. Thus, if we supplement inequality (2) by

2

M <7’1’ 0(127+0(2y>0.

u's + @'y
We then obtain two sectors of a hyperbola. In finding the number of

lattice points, once more we use the area as an approximation. This time
it is convenient to change coordinates:

{5 = a1x+ %Y,

’ ’ [
=oc1x+ % Y,

@) 1<

&)
then it can be shown that the upper one of the sectors, defined by the
inequalities analogous to (1) and (4), is

|£8'] < U = T'N[q]
1 < &/& < nd E>E>0.

Its area is precisely the following combination of an integral and equal
triangles:

®

v,
er "UdEJE + AOAC — AOBD = U log 7,

as seen in Figure 10.2. The ratio of areas from the £&’ to the zy plane is the

determinant ey’ — ap0y’| = Vd Nla]. Hence, using two sectors of the
hyperbola,

2TN[a] log n,
7 G(a, TN = —————=L 4 error;
M ( [aD JaN[a]
and we define F(A, T), as in (1), §3, by
8) F(A, T)= Tk + error
= 2logn,

N
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If n — o0, we find

8 — —1—' <1,
s—1
or multiplying
16 = D& — 1 < (s = 1),

and as s — 1 the conclusion (3) holds. Hence {(s) — coass — I. Actually,
the only interesting values of s in the whole chapter are those s that are
near 1.

6. Euler Factorization

We now note a form of the unique factorization theorem. Consider the
infinite product of series, multiplied over all primes, namely,

1 1
€y (1+ +2—2s+233+ )(1+ +§2:+338+ )

The formal multiplication must yield all products of

1

(118

p;

for primes p; and exponents a;. The unique factorization theorem tells us
that every positive integer n occurs once to make up

@ S,
Tn

But

1 11\ 1133 1

14— (—+—— =

P ps) (p”) T 1—(1/p%
Thus
®) SLow=TI0-pr7"

1n F

where the product is extended over all primes.

Actually, Euler attached a great significance to the representation (3).
He noted, on the left, that as s — 1, {(s) —> oo, whereas on the right a
product over primes occurred. Hence there must be an infinite number of
primes; otherwise {(s) — II(1 — p~1) (over a finite set) or {(s)-+> co.
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5. Infinite Series, the Zeta-Function

In order not to become completely distracted by issues of real analysis,
we shall use infinite series in a formal way, leaving to the more energetic
reader the problem of verifying that the conditions for convergence are
taken into account.

'/’/’/////////////
NN

n+1
FIGURE 10.3. f = area under curvefromx = 1toz =n + 1; z = area under
1 1

step-function; shaded area = difference; n = 3.

The main type of infinite series that we shall use is the so-called zeta
series: 1

M {s)=1+— +3s+ + -

Here s is a real continuous variable, s > 1. By the experience of elementary
calculus, we know that the series converges for s > 1 by comparison with
the area

@

“de 27t
@ 1-—35
More important is the result that

©) Us)s — 1) — 1,

as s — 1. To see this, note by comparison of areas in Figure 10.3 that

31 f”“dx
e=12° J1 x*°

o
} = ‘““finite integral.”

<1,

n
AR
T s—1 (n+ 1)y
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Thus, taking logarithms of relation (3), we find
A1

)
! log {(s) =3 log (1 - ;’1—)
@) i 1
| =3 — + error.
L » p
The error is less than X (1/p*) < X (1/p?) < {(2), for s > 1. Hence
since {(s)(s — 1) =1,

log {(s) = log [{(s)(s — 1)] + log

s —

and
1 1
8 > —=log + bounded error,
» P’ (s—1
as s — 1, providing additional evidence that thére is an infinite number of
primes, according to Euler’s technique.

EXERCISE 5. Using Hilbert’s example of “nonunique factorization,” consider
1 1\1
— # 1 —= R
2w 711 ( PS)

where the sum is over positive » = 1 (mod 4) and the product over “indecom-
posible” p = 1 (mod 4), with no factor < p of the same type. (See Chapter III,
§5.) Single out the first term g/n® for which both sides will fail to check.

7. The Zeta-Function and L-Series for a Field

We next consider the series called the zeta-function for a field

1
1 s;d) =
) {s; d) =2, N[aT
summed over the norms of all ideals (excluding zero) in the field of
discriminant d. Rather than concern ourselves with convergence immedi-
ately, we note “formally,” i.e., assuming convergence,

@ ts:d) =T (1 - N[Ip]s)_l

over all prime ideals by virtue of unique factorization, according to the
method of Euler.
The methods of Chapter IX tell us how to decompose further the product

(3) Us; ) =TLIL1I-

Here ], is the product over all primes p (= g) for which (dfq) = —1; for
these N[(¢)] = ¢°> Furthermore, [T, is the product over all primes p for




168 CLASS NUMBER FORMULAS [Ch. X]
A related statement is the following:

THEOREM 3. If f(a) is a completely! multiplicative function of positive
integers a, b,

f(a)f(b) = f(ab),

(-2,

provided the sum on the left is absolutely convergent.

then

4 >

a

A word of explanation is in order concerning the use of infinite series.
It is ordinarily assumed that care concerning the use of series is reserved for
the “‘ultrafastidious™ personalities in mathematics. This was generally
believed until Riemann (1859) attempted to find a distribution formula
for the nth prime, using the {(s) function. He made many “plausible”
statements (and some incorrect ones), believing that the analysis was only a
matter of detail, but it took almost 50 years before enough details could
be supplied by his successors to prove the most basic result, that p,, the
nth prime, satisfies the limit

pafinlogn)—1 as n— co.

As is well known, all of Riemann’s statements have not been settled, and,
as a result, analysis, as applied to number theory, is treated with caution
bordering on suspicion. The use of infinite series, here, gives no cause for
suspicion, and the reader can supply any missing details.

As an example of what is involved in the analysis, let us introduce
logarithms. We write in accordance with calculus

T &
5 log(l+t)=t—=4+——--"
) g1+ S+ 3
Wt 1 1
6 lo (1—-—) - = )
(6) g B p8+2p23 3P +
=is+error

where the error is less than
1 1 1 1 1\t 1
+ + +- 4+ = (1 - —) <=,
2p23 2p3s 2p4s + 2p23 ps
since p* > 2and [1 — (1/pH 1 < [1 — (1)) = 2.

t An (ordinary) multiplicative function is one for which the indicated relationship is
imposed only when (g, b)) = 1, such as f(a) = $(a), the Euler function of elementary
number theory.




[Sec. 8] CONNECTION WITH IDEAL CLASSES 171

terms with equal values of N(a) we find

1 F(1) | FQ2) — F(1) | F(3) — F(2)
1 ;d) = =—+ + +
W) Lsd) =33 = = =
since F(T) — F(T — 1) is the precise number of ideals a for which T =
Nla). If we rearrange the series, we find

3

(s d) = FO\ 1, = )+ FO 55— 55)
+FO) (5 - i—)+ T
@ (i) = 3 F )(;—, - 1)3)'
It is easily seen that
O  wogmorilr)]
- tfimg e )
= i + emror

It can therefore be seen that for all s > 1 the error is < C,/T** for C,
constant. Thus, substituting into (2) and summing, we see

@ Us; d) = st(T) L

But F(T)/T — h« for the various values of « and h(d) in §§3 and 4 (above).
The error in the limit is less than c2/\/ T for ¢y, a constant. Thus

—+ finite error.!

(5) {s; d) = shxf % + finite error

or '

(6) (s — D{(s; d) = s(s — 1{(s)hx + (finite error)(s — 1),
as s — 1. If we refer to (6a) in §7 and (3) in §5;

™ L(s; d) — hx,

as s — 1. We can go further and set s = 1, from (8) in §7. Then

® pe= Ltid) =3 90

! We shall use the expression “finite error’’ to mean a variable that remains finite as
s—1.
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which p | p and (d/p) = +1. There are two factors for p; and p, and
Nip,] = Nlp,] = p. Finally, J]; is the product over all primes t | r [ d, for
which (d/r) = 0, N[x] = r. Hence

@ Us; d) =11, (1 - _) II. (1 - “) Ha( )_I,

nre
L

) Us; d) = Hl(l—l)( )

2 -y
-3

We can easily recognize {(s) in the product, since categories p, g, r exhaust
all primes. Thus

(62) Us; d) = U(s)L(s; d),

where we define
(6b) L(s; d) =Tqu (1 + ) Hz (1 - —) Hs(l)

Now, combining all cases (p, g, and the “missing” r) into one symbol p,
we find

@ Lss ) =TIt - ("Pﬂ)l

D

taken over all primes p. By Theorem 2, since f(x) = (d/x) is completely
multiplicative for 2 > 0 (by properties of the Kronecker symbol),

(8) L(s; d) =$%”).

This function L(s; d) is known as Dirichlet’s L-series. In all cases the
convergence is no problem when s > 1.

EXERCISE 6. Write out the first 25 terms of {(s;d) for d = —4and d = 8,
noting that some values of N(a) occur more than once, some not at all. (Use
Exercise 4, §4 above.)

8. Connection with Ideal Classes

To tie the zeta-function for a field with a class number we return to the
function F(T) defined in (8), §3. We note that if in the series we collect all
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9. Some Simple Class Numbers

As our first example, take d = —4. Here
L~ =1—3+3—+i+-",
since (—4/x) = 41 accordingasxz = 41 (mod 4), (x odd). Itiseasytosee
that L(1; —4) = /4. In fact,

1 1
§=£1fﬁ=ﬁﬂ“x”+”—”+-~+wx=uu—®,

integrating term by term. But x = 27/4V/|—4| = =/4. Thus h = 1.
As a second example, take d = 5. Here

L) =01-3—3+D+G—-F-F+D+" ",
the plus sign going with residue and the minus sign with nonresidues
modulo 5.

L(1;5) =fldx[(l —r -2 4 )+ (P — 28—+ 2%+ ]
0

1
=fdx(l—x—x2+x3)[1+x5+x10+x15+...]
0

_fldx(l—x—xz-}-x:*)_fl (1 — % dx
0 1—2° o(l + o+ 224 23+ 2%
It is well-known that any rational function may be integrated by the method
of (complex) partial fractions. We can avail ourselves, however, of the
following trick. Letx + ljz =y, (1 — 1/2%) dx = dy;
1 — 2 © ©
L(1;5)=—j (1= 1/2?) dx =J dy =f qdz
ol/z®+ 1z +14+z4+22 Jo P+y—1 5% 22— 5/4
= 1__log5/2 + ‘/5/2 = l__log Nk
2514 TS52— 512 5 2
by well-known formulas. But for d=35, ;= W 5+ 1)/2; hence
k=L(;5 and h = 1.
The evaluation of other integrals is a more complicated matter. It is not
hard to see that in general we shall obtain

1
gy = | Ld2) dx
L(lsd)"'“ 0 1 __xldl,
e
where f(x) = 3> z'I(d[t). By the theory of partial fractions, we can

decompose t=1
x) A + Bz
I 2

l—2ld “a? gzt b
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We have thus asserted that the limit of L(s; d) as s — 1 is merely
L(1; d), found by substituting s = 1. This proposition of continuity of the
series in the parameter s is not trivial, although it involves well-known
procedures of analysis.! We shall merely rewrite L(s; d),

©® Ly =390,

in a form that will make convergence manifest for s > 1.
We first define

(10 Em)=@/l)+(d2)+ -+ dn; E@0)=0,
so that, analogous with the rearrangement performed earlier,
(1 @ln) = E(m) — Em — 1),  (n = 1).
But if n = kd + r, e.g., n/d, has quotient k and remainder r,
kd kd+r
(12) E(m)=Y@dxy+ 3 (dx).
=1 x=kd+1

Now (dfkd 4 r) = (d|r) by the conductor properties of the discriminant d
(see Chapter II, §6). Furthermore,

(d/x) = 0,
1

!?tMa.

since the orthogonality relation (16) of Chapter II, §2, now applies with
x2(x) = (d/z) and y(z), the two different characters modulo d. Thus the
first sum in (12) is 0 and

(13) Bl <3 (@il <3 1=r<d.
r=kd+1 @ =

Using the rearrangement of (2),

(14) L(s;d)=§l@—_€$l—)=§}5(n)(l_ - 1 );

n=1 n n=1

and inequality (13) yields on a term-by-term comparison [see (3)]
(15) Lis;d) <3 (9’—+—j + error),
n=1\R

where the error is << Cy/n*+2. This shows convergence for s > 1.

! The reader, familiar with the sufficiency of uniform convergence for continuity, will
recognize the series (14), below, to be uniformly convergent for s > 1, whence the same
will hold for the rearranged series (9).
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We must interpret the logarithm as the complex logarithm, in general,
using the MacLaurin series

@ log(l+2)=2—2224+233+ -+ (=D""n) +---
valid for real or complex z if |2| < 1.

The connection with primes in arithmetic progressions is brought out if
we take some definite relatively prime residue class a modulo m. If we
multiply (3) by x7%(a) and sum over y in X which denotes the finite set of
¢(m) characters,

-1
) 2 x Na)ylog L(s, y) =2 X——(alsl—@ -+ error
X AP p

Xin
e
=Y =3 5" %a) x(p) + error.
» P x

Hence, by (17) in §2, Chapter II, the inner sum
227 @D

equals ¢(m) if p = a (mod m) and 0 otherwise. Thus

(6) g %~ Ya) log L(s, ) = $(m)

1 -+ error,
p=a(mod m) ps
where the “error” remains finite as s — 1. We shall show that the left-hand
term approaches co as s — 1. This will prove Dirichlet’s theorem (for the
sum on the right would have to contain an infinite number of primes).

To see a simple case, let us take m = 4, where our purpose is to show
that there is an infinitude of primes of type p = 1 (mod 4) and of type
g = 3 (mod 4). Analogously, with Euler’s proof in §3, we would wish to
show that the following two quantities approach co as s — 1:

IL=ITa-1g)" (s>,
IL=ITt-1p)" (>0

q

Y

Here we note (for m = 4) that y can be two functions:
1) =@y =1,
1) = (—4fy) = (=D¥V2 (y >0),
for ¥ odd, whereas each y(y) = 0 when ¥ is even. Symbolically,

1P =P =1 @ =—xnlg=1
We also introduce, in accordance with PAC))

Iy =1Ia + 1g)™", (s> 1),
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by first reducing the left-hand fraction to lowest terms and then factoring
the new reduced denominator into quadratic factors. For example, when
d = 8, using the indicated partial fractions

fl#) _ (=21 - _1— 2
1—{0"” 1 — a8 1+x4’

- Al

1—a® A+ Bs A" — Bz
14 2t xzm\/§x+1 x2+\/§z+1’

we find, comparing coefficients, that A = 4’ =}, B=B' = ——%\/5.

It will be no surprise that the class number can be explicitly evaluated
for all quadratic fields by evaluating the integral for L(1;d). The manipu-
lations involved are of no further interest,! at present.

We shall make a more startling use of the formula for L(1; d) even
without being able to evaluate it explicitly.

EXERCISE 7. Carry out the calculation of h whend = -3.
EXERCISE 8. Do the same when d = 8.

EXERCISE 9. If zfy(x) = g(x), show g(1/x) = g(z) or —g(#) according to the sign
of d, by Exercise 9, Chapter II, §6.

10. Dirichlet L-Series and Primes in Arithmetic Progression

The historical consummation of the class-number formula has not been
the numerical usage of the formula but the application to primes in arith-
metic progression. We must first digress to define the Dirichlet L-series for
a character y(x) modulo m as

1) Lis. ) =322
1 n
The product formula (4) of §6 yields
-1

@ L, =11 (1 - 22)7,

» p
and the logarithm formula (5) of §6 yields similarly for s > 1
3 log L(s, 1) =2 x(p)/p" + error;

D

where the “error” again remains bounded as s — 1, similarly to (7) of §6.
In all that precedes, of course, we note |x(p)| = 1 if p t m or 0 if p | m,
hence all estimates on the error in §8 (above) are certainly still valid here.

! See formula (17) in the Concluding Survey. There may interest in the fact that a
logarithm occurs in L(1; d) only if 4 > 0 which is partially explained by Exercise 9
(below).
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as s — 1. But log {(s) = —log (s — 1) + finite error; thus

n log L(s, x;) = —log (s — 1) + finite error

ass— 1.

TYPE II SERIES

Here y is real and y % y,. We use the theorem that every real character
modulo m satisfies, by Dirichlet’s Lemma,

2 1(@) = (M]a),

where M is a suitably chosen positive integer, not a perfect square (see
Chapter II, §7). Thus we can write M = g2d where d is the discriminant of
some quadratic field. It is easily shown that M, m, d have (ignoring sign)
the same square-free kernel, but the exact relationship is irrelevant. Thus
for a Type II series

Lis, ) =n(1 _ %g_))“zn(l _ M)l

p
= 1] (1 — (égi._‘l/p))—l=n(1) H(z)-
all p p

ptg plg

)

It is clear that if p 1 g, then (g%d/p) = (d/p); otherwise, if p | g, (g%d/p) = 0.
Hence JT® = 1, and if we compare

@ L ) =TT (1~ @),
all p p’
then, supplying the factors for TV in L(s, x), we see
) Lssd = 165, 0 °T1 (1 - 42"
plg P

Now, since only a finite number of primes divides g, the factor TJ

approaches the finite limit (s 0) ply
(d/P))_l
1 — e
(-

as s — 1. We have only to observe that the class number A(d) > 1; hence
L(s; d) and L(s, x) approach nonzero limits as s — 1 by formula (8) of §8
(above) for y of Type II.
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so that if we define T]; = []; IT,’ we obtain the bounds
® 1 <TL=TTQ — 1/g*)~* < {(2s).

q

Now the L-series gives us essentially two expressions of “‘unknown

behavior,” TT; 1. and TT2/TTw

(8a) L(s, x) = (L ITT9 = )1 — ¥)

(8d) L(s, x9) = [ IIy = (TT/T1D - Tl

By multiplying and dividing these equations, we obtain

9a) 2t = {1 — LG, 2/1 T4l

(9b) 2= {91 — PITTS/LLs, 1)

But as s — 1, {(s) — 0, L(s, x4) — m/4 (by §9), whereas 1 < T[5 < {(2).
Hence JJ; — o and J], — . Q.E.D.

The reader will note that adding logarithms is simpler, as a matter of
notation, than handling products, but log [L(s, z,) L(s, z4)] and log

[L(s, x1)/L(s, x4)] correspond to > 71 (1)log L(s. x) and > x~(3) log
L(s, 7) required in (5). The replacement of T’ by 1/TT, is easily justified
by the use of logarithms and the neglect of higher order terms in (3).

11. Behavior of the L-Series, Conclusion of Proof

We first distinguish three types of L-series; taken modulo m:

TYPE I SERIES

Here x = g, the unit character only. Then

@ =1if(x,m =1 and yx,(z) =0if (z,m) > 1.
Thus

o= 0 (1- 1]

(p,m)=1 4
-wJifi-;)

The second product J] - - - has a finite number of factors and approaches

plm
-
plm P
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Thus, as s —> 1

—log (s — 1) + finite terms if y = 4
(12) log L(s, 1) = { J 1

merely finite terms if y 5 x,.

Returning to (6) in §10, we see from the result (12) in §11 that as s — 1
only y, matters in the sum, or

1 1 1 .

13 —_ lo ( )= — 4 finite error.
(13) &(m) £ s— 1/ op=a godm p’
Thus there is an infinite number of primes in the arithmetic progression as
required.

As an outgrowth of the comparison, we note by (8) in §6

1
= (god T
(14) s s —— (ass— 1)
1 $(m)
allp p*

Thus “in some sense” each of the various ¢(m) relatively prime residue
classes modulo m contains an “equal density” of primes if we measure
density by the ratio on the left. This mode of measurement has been
subsequently termed “Dirichlet density.” To conclude the same linear
density in the sense of a count is not at all easy; e.g., if J] (z; a, m) is the
number of primes < z in the given arithmetic progression (and if [ () is
the total number of primes < z), it is by no means immediate that

(15) H(x;a,m)_) 1 ’
IT® é(m)

although this difficult result is true.

(as x — o),

EXERCISE 10. In a grouping analogous to §8, (9) to (15), show the convergence
of the series in (6) for s > 1.

**12. Weber’s Theorem on Primes in Ideal Classes

Onlooking back, we note that quadratic field theory entered the theorem
on primes in arithmetic progression at only one spot, in showing L(1, ) # 0
if y is a character of Type II. To see this curious fact in greater perspective,
let us consider a very closely related theorem of Weber (1882).

THEOREM 4. Every ideal class of a quadratic field contains an infinite
number of primes.

Proof. Let d be the field discriminant as usual. First of all, the primes p,
for which (d/p) = —1, do not split and therefore are in the principal class.



178 CLASS NUMBER FORMULAS [Ch. X]

TYPE III SERIES

Here y is complex. We show, likewise, that L(s, ) — L(1, x) # 0 as
s — 1. To see this, let us first note that a continuous derivative

(6) L(s, ) = —2 x(m) log n[n’
1
exists for s > 1. The expression given here is a ““term-by-term” derivative.!

Hence, if, to the contrary of the assumption of the non-vanishing of the
L-series,

) L(, %) =0, (x4 of Type III).
then we could conclude by the mean value theorem of calculus
® L(s, x4) = L(s, x5) — L(1, x4) = L' (s, 1) — 1)

for 1 < 55 << 5. (We henceforth keep s real.) This would all be true even
if y, were real, but the complex character y, has the property that for
its complex conjugate 7 it necessarily follows that

®) L(1, 7,) =0
by taking a term-by-term conjugate of (7). Then
(10) L(s, 7) = L'(s0> Z)(s — D).

Now if we sum (3) of §10 over all characters (or take (6) of §10 witha = 1),
we find

1 Slog L(s,y) = ¢(m) > ls + finite error.

p=1{mod m) P

The sum on the right is > 0, as s — 1. It may (and actually does) approach
o0, but it certainly will not approach —cc. If we examine the sum on the
left in (11), we will find, by (8) and (10), at least rwo different y, (y, and 7,)
for which a term of order log (s — 1) is contributed by a vanishing L(1, %)
but only one y = y, for which —log (s — 1) is contributed to this left-
hand sum. The net result is that the left-hand side of (11) still approaches
— o0, (even more so, if some other L(s, %) — 0 or even if,in (8), L'(sq, %+) —
0 as s — 1). This makes the left-hand side of (11) approach — oo, contra-
dicting the assumption (7).

1 The derivative is valid when series (6) is shown to be uniformly convergent for
s > 1. In Exercise 10 we perform a rearrangement analogous to §8 to show convergence.
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where d,, represents a fixed integer (actually some divisor of 4d) and a is any
ideal in A selected to have a norm relatively prime to 2d. (The definition of
(A) is independent of a in A for these values of d,,.)

Then, for {(s, d; p), a Type II function, we remove the factors p for
which (N[p], 2d) # 1 and obtain

IAORY ) = _ (d/N[pDY :
(6) P].]]g:d<1 N[p]s) g(S,d, W) F;l;gd(l N(p)s ) H1H2s

as we next separate the product into two of the three types of §7 above.
For those p satisfying (d/p) = —1, Nl(p)] = p?,

(Ta) L=11(1-5)"

p1od p
and for those p satisfying pp’ = (p), (d/p) = 1, N[p] = N[p’] = p,
d -2
(7b) TL=11 (1 - @2)"
»Ted p

We then see that the seemingly different types of factors can be unified as

-1 -1
® TLIL=TI (1 _ (d_w_/sp)) I (1 _ (d/p)(f.p/p)) ‘
pT2d P pTad P
according to the values (d/p) = —1 and +1. But this expression is
essentially the product of two L-series, the L-series for yV(n) = (d,/n) and
the L-series for yx'2(n) = (dd,/n), each with the restriction (n,2d) = 1.
Each are Type II, whence from {6) the ratio

©) Us, d; WL, ' )L(s, )]

consists of only a finite product over p | 2d, with nonzero limit as s — 1.
Thus, finally, for Type 11,

(10) {(s, d; v) — (nonzero limit).
(The reader can supply the details as Exercise 11 below.) Q.ED.

Although Weber’s theorem confirmed the significance of Type II series,
after Dirichlet’s original proof various shorter proofs of Theorem 1 were
developed to circumvent quadratic field theory. In fact, in retrospect, the
use of quadratic fields seemed to be like “burning down a house to roast a
pig.”” More recently, however, mathematicians have come to regard the
general connection between prime decomposition in fields and primes in
arithmetic progression as very deep and certainly still not completely
explored. It might suffice to note only that for d a discriminant the primes
in a single arithmetic progression modulo d[e.g.,p = a (mod d){(a, d) = 1],
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There is an infinite number of such p, for instance, taken from each arith-
metic progression dx 4 a where a is chosen so that (d/a) = —1. We shall
show an infinitude of primes p to exist in each class such that p | p and
(dp) = 1. (This even strengthens the result for the principal class.)

In the earlier proofs we considered (in effect) a set of ¢(d) characters y(n)
defined for the ¢(d) residue classes n for which (n, d) = 1. For this proof
we introduce the characters y(A) defined on the class group with / elements
symbolized by A. There are 4 such characters, and the unit character y,(A)
is 1 for each A. If a € A, we extend the definition p(a) = p(A). The
multiplicative property of characters, of course, is w(a)y(b) = y(ab).

Then, analogously with (1) and (2), §10, we define the modified zeta
Junction:

M {Gs, d5 y) =29()/N[a]’ =1;[ (1~ p()/N[p])7",

where the sum is over all nonzero ideals a and the product is over all prime
ideals p. Then, analogous with (3) and (6), §10,

) log {(s, d; v) =; w(p)/N[p]*® + finite error,

where “finite error” refers again to the limit s — 1. Then, for A, a fixed
ideal-class, we take sums over all # characters ¢, using orthogonality:

&) 2y A log (s, d; p) = h EAI/N[p]s + finite error.
v pe

As before, we define the modified zeta-functions {(s, d; y) of three types:
Type I, for which y = 9,(A) is the unit character, Type II, for which
p = p(A)is real for all A, and Type III, for which y has complex values for
some A. The proof of the theorem then consists in showing that as s — 1

@ (s — 1) U, d; yy) — (nonzero limit ), for Type I,
(s, d; p) — (nonzero limit), for Type II or III.

We shall focus our attention on Type I, using an analogue of Dirichlet’s
Lemma of Chapter JI, §7, whose proof is deferred until Exercise 20 in §3,
Chapter XIII.

DIRICHLET-WEBER LEMMA

The only real characters on the class structure group have the form given
by the so-called generic (Jacobi) character

) WA) = ( Nd[fl ])




chapter X1

Quadratic reciprocity

1. Rational Use of Class Numbers

Quadratic reciprocity will be familiar to the reader as probably one of
the culminating theorems of elementary texts in number theory. The
theorem was conjectured experimentally by Euler (1760) and “almost”
proved several times. The first actual proof was given by Gauss about
1796. Gauss indeed gave seven proofs, and by 1915 there were 56 proofs!
Subsequently, at least a dozen more proofs were discovered. Obviously,
there is something intrinsically appealing in such proofs to bring out new
viewpoints so often.!

We shall give an ideal-theoretic proof, which is a variant of one due to
Kummer (1861) using quadratic forms.

It is desirable to ask to what extent reciprocity has been invoked in
ideal theory. First of all, we used reciprocity to show that y(r) = (a/n) is
determined by n modulo f(a), the conductor. We also used reciprocity to
evaluate some otherwise tiresome symbols (a/b). We did not use recipro-
city, however, to prove Theorem 1 in Chapter IX on the factorization of p
in the field of V' D, (whereD, as usual, is square-free). From this theorem
we shall prove reciprocity now.

Let us first note a result concerning forms and ideals, which indicates
the role of class number in rational number theory, typified in this
chapter.

! We follow the count made by Bachmann (see Special References by Chapter
below). Included in his list is a proof by Cauchy related to heat conduction theory!

183
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all factor or stay unfactored alike, as (d/a) = 1 or (dja) = —1. It is this
circumstance that ultimately guaranteed the occurrence of an infinitude of
primes in arithmetic progression!

EXERCISE 11. Complete the proof of Theorem 4 by showing (a) the ‘“finite

error’ statement is valid in (3), (b) the factors ]_—[1 and H2 are unified by (8), and
(¢) the ratio (9) has a nonzero limit as s — 1. Supply other details needed.
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and conversely. The usual laws of cancellation are consistent, e.g.,
)

(3) = T
B Bo

if 6 # 0, as cross multiplication easily justifies.

THEOREM 2. If N(e) = | for some unit ¢, then for some algebraic
integer v, with conjugate 3,
“4) e=L.
Proof. We have only to let
y=1+eif e % —1,

5) —
( y=VD ife=—1 Q.E.D.

COROLLARY. If « and f are algebraic integers such that N(«) = N(f),
then for some algebraic integer y

6 *_r
(6 3=y

The theorem (and corollary) are referred to as Hilberts’s Theorem 90 (of
the famous Zahlbericht). They have an exalted place in the advanced
theory, since condition (4) is trivially sufficient and very profoundly
necessary for N(e) = 1. The proof of the corollary is left as Exercise 4.

THEOREM 3. If the discriminant d of a field is positive and has only one
prime divisor, then the fundamental unit 7, satisfies

@) N(py) = —1.

Proof. First of all, d = 8, for R(V2), and prime values d =p =1
(mod 4), for R(Vp), are the only cases in the hypothesis. If N(z,) = +1,
we could write (for integral y),

®) M=,

by Theorem 2. We could also remove any rational common factor from
either ¢ or y’, which we consider henceforth to have been done. Then, in
ideal terminology,

® =0
This means that if q is a prime ideal dividing y then

(10) a| (&)
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THEOREM . If the field of v/D has class number h, then, whenever
(d/p) = | for d the discriminant and p, an odd prime,

n_ [(x® — Dy?), d/4 = D= | (mod 4)
(M E£P" =\ (x2 — Dyy)4, d=D= | (mod 4)

has a solution in x and y relatively prime to p.

Proof. If (djp) =1, p = pp’ and N[p] = p. But (by the corollary to
Theorem 6, Chapter VIII, §2) p* = (m), a principal ideal not divisible by
p’, hence not divisible by p. Thus =y =z + \ Dy or (z + \/E/)/Z and
we obtain (1) by taking norms:

Nip]* = Nl(mo)] = |N(mo)l.

Furthermore, (z, p) = (y, p) = 1; otherwise, from (1), (z,y, p)) = p and
p| (). Q.E.D.

Note that if D < 0 then only the + sign (in the 4 symbol) applies as
Nl(mg)] = N(mo) > 0.

EXERCISE 1. Whend = =20,D = ~5,h = 2. For(—20/p) = landp < 30,
verify, by numerical work,

p =+ 50° w,p) =@wp =1

in some cases; but, regardless of this,

pr=at 52 (x,p) =(@,p) =1
in all cases.

EXERCISE 2. Under what circumstances will a fixed k exist, 1 < k& < A, such
that whenever (d/p) = 1 we can use p* instead of p* in (1)? For example, if the
class group is Z{p?) x Z(p®) and a > b > 0, then h = pa*®, What would be a
suitable k(<h)?

EXERCISE 3. Show that if 4 is odd and ¢| D then (+p/q) = 1, according to
the sign in (1).

2. Results on Units

We have in the past used only algebraic integers in the field, R(V'D), and
never fractions. In this chapter only, we use fractions «/f symbolically
where « and § are algebraic integers such that § % 0. Then

M

gy 4
g 0
with ¢ = 0, means precisely the result of *““cross multiplication”

2 xd = By,
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Incidentally, it is easy to recall the following [by reference to Chapter VI,
§4]:

THEOREM 5. The Pell equation,

a7 xX2—myt=—I, or —4
has no solution in integers if m has a prime factor ¢ = — ! (mod 4)
If m has only prime factors which are =1 modulo 4 (or equal to 2), there

is no decisive result. For example, from the fundamental units,

x? — 10y2 = —| is solvable 3, 1), (10 =2-5),
x* — 34y% = —| is unsolvable, (34 =2-17),
x* — 65y2 = —| is solvable (8, 1), (65 = 5-13),
x% — 221y% = —| is unsolvable, (221 = 17 - 13).

Once more we can admire the unpredictability of algebraic number theory!

EXERCISE 4. Prove the corollary to Theorem 2 (above). Hint. First try
=1 + ofp.

EXERCISE 5. Verify the unsolvability of 2 — 34y* = —1 and % — 22132 =

—1 by making use of the units in Table III (appendix) and (15 + V221)/2.

3. Results on Class Structure

THEOREM 6. If the discriminant of a field is positive or negative and
contains only one prime factor, then the class number of the field is odd.

Proof. We first note that if a group G is of even order it has an element
A(= 1) such that A* = 1. Otherwise, let us remove the identity I and pair
off different elements of the group A, A1; B, B~!; - - - until the group is
exhausted. But this process yields an odd number of elements in G (hence
a contradiction) unless for some A, A = A~

If the class number of the field of VD is even, there exists a class K for
which

O K#1,
K2=1

Now multiplying by K- = K’, the conjugate

) K=K #L

An ideal { (in K) exists such that

3 i~7i.
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Taking conjugates,
(11 q’ | ).

Thus both q and q’ divide (y). If g # q’, then, by ideal factorization, qq’ =
(¢) divides (y), leading to a contradiction, and q = ¢'. But the only self-
conjugate prime ideals are divisors of ¢ for which (d/g) = 0. Now,d =p

or d = 8, hence p = q or 2 = q = p and, since p = (V/p)?, clearly

(12) a=p)
for any q that divide y. Thus either
(13) y=c¢
(which means no prime divides y) or
(14 y=eVp,
where € is a unit. In these two cases, if N(e) = %1,
(13a) m =7y = el = e’ = £,
(135) M=y = Vp(—eVp) = —fee’ = Fe
In neither case is 7, a fundamental unit. Hence by contradiction,
N(y) = —1. Q.ED.

To see a corresponding result stated independently of algebraic number
theory, consider the following:

THEOREM 4. If p = | (mod 4) is a positive prime, then the equation
(14 x2 —py? = —1

has a solution in integers x, y.
Proof. As a direct consequence of Theorem 3, equation

u — p*

4

(15) -1

has a solution in integers u, v, where u = v(mod 2). In fact, y;=

(u + v\/;)/2. We next recall that by Exercise 19, Chapter VI, §9, #,* = 1
(mod 2) and, consequently,

(16) nd =2+ yVp,

where z and y are necessarily integers but N(n,®) = —1. Q.E.D.
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Reducing by rational factors, we see the ideal factors of « or o' divide the
discriminant pg (= 1 mod 4). Therefore («) can be only

(12a) () = (1), hence o = #.
(12b) () =p,

(120) @ =, __
(12d) (x) = pa, hence « = n\/pq.

where # is a unit (and, incidentally, pq = (\/ ﬁ), regardless of whether
p and q are principal). Now, under hypothesis (12a),
2

o«
771=-—l=lf=n—l=172’
@ nom
and, under hypothesis (12d), similarly,
=% Wrd s
=== =
o« 7(=/pg

whence #; is not fundamental. This leaves hypothesis (126) or (12¢),

where p or g appears as principal. Since pq ~ 1 both p and q are principal.
Q.E.D.

In terms of forms, if
_ (x +y/ pq)
p=\—""—"/
2
by taking norms we see
a® — yzpq)
3 .
Clearly, x = pX; hence, in new notation, we obtain the following
result:

-l

COROLLARY. If p = g = —1| (mod 4) for distinct positive primes p, q,
equation
(13) +4 = pX%t - qY?

is solvable in X and Y for some choice of sign. (We shall later see that both
the 4 and — signs cannot be admissible for a given p and q.)

EXERCISE 6. An ambiguous ideal is defined as an ideal a for which a = «,
whereas no rational integer (except +1) divides a. An ambiguous ideal-class is
defined as a class K for which K = K’. Re-examining Theorem 6, show that a
real field R(V D) can have an ambiguous ideal-class containing no ambiguous
ideal only if the fundamental unit of the field has positive norm. (Observe that,
equivalently a* ~ (1), K® = 1)
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We cannot conclude j = j’, as examples will indicate later on. At best,
we see

4) af = Bi'.
Thus N[(«)] = N[(F)], since N[j] = N[j'] and

5 N() = £N(F).
If N(«) = N(B), it follows from the Corollary to Theorem 2, for some
integer y,

©)

RN

* =
B
Multiplying (4) by 7’ on both sides and using ay’ = fy’, we see that S
cancels and

Q)] yi= Vlils
or, if yi = {,
®) I=7¥.

If, however, N(«) = —N(f), we rewrite (4) as

©) of = i,

where N(n) = —1 by Theorem 2, and the same result (8) follows.
We now consider the ideal factors of f and ¥'. As before, we eliminate
rational factors and find that only ramified primes remain. Thus

(10) t=(1) or (Vp),
and f €1, contradicting condition (1). Q.E.D.
THEOREM 7. For two different positive primes p =q = —1 (mod 4)

the field R(\/E) has the property that the factors p, q of (p) = p?, (q) = q>
are principal. _
Proof. By Theorem 5 the fundamental unit of RV pg)orn, has N(ny) =
+1. Thus
(11 m==
o
by Theorem 2 and

(12) (0) = («).
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THEOREM 8. If p is an odd prime,

4 x2 = —| (mod p)

is solvable in x precisely when

) p = +1(mod 4).

[This constitutes (1).]
Proof. If we review Theorem 1 in Chapter IX, we find, without help of
any reciprocity theorem, that (4) is solvable precisely when we have

() (p) = pp’ in RV =1).
Thus the solvability of (4) is interchangeable with that of (6).
We now assume p = 1 (mod 4). Then, since RW p) has a unit ; =
@ +yV p)[2 of norm —1 (by Theorem 3, §2), it follows that
2 2
M 2

and easily 22 = —4 (mod p), whence /2 (if z is even) or (x + p)/2 (if x is
odd) satisfies condition (4).

Conversely, if 22 = —1 (mod p) or, equivalently, p = pp’, then, since
the class number is unity, in RV =1)
®) p=Np)=22+9,
whence it is clear, taking cases modulo 4, that p = 1. Q.E.D.

THEOREM 9. If p is an odd prime,
9 x2 =2 (mod p)
is solvable in x if and only if
(10) p= 41 (mod 8).

[This constitutes (2).]

Proof. This theorem is somewhat more involved. First of all, by
reviewing Theorem 1 of Chapter IX, §I, we see that this time (10) is
precisely the condition that

2 = tt' in RWVp*),

where p* = p if p = 1 (mod 4) and p* = —p if p = —1(mod 4). Note
(10) is equivalent to p* = 1 (mod 8).
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EXERCISE 7. Observe that for R(V34) the ideals 3, = (3,1 + V34), 3, =
(3,1 — V/33) satisfy the relation 3,2 = (5 — V'34), whereas for no integer « can
one have 3;a = 3,a’; since then (x(5 — v 32)) = (3«’) leading to a contradiction
when we recall N(7;) = +1 for R(V34).

EXERCISE 8. Generalizing the preceding exercise, show that if D = a® + b?
and N(,) = +1in R(V D) then an ambiguous ideal-class exists which contains
no ambiguous ideals. Hint. If a =(a,b + v'D) for odd a, show that aa’ = (a),
whereas a2 = (b + VD).

EXERCISE 9. Show that only at most one ideal-class can be ambiguous

without possessing an ambiguous ideal. Hint. If a ~a’ and b ~ b’, then either
aor b or ab is an ambiguous ideal ignoring rational factors (see Theorem 6).

EXERCISE 10. Show if a field of discriminant d > 0 possesses an ideal-class
without ambiguous ideal then no prime divisor of dis = —1 (mod 4), whence
d = a® + b% (by Chapter IX, §5). Hint. From the relation N(x) = —N(p) in the
proof of Theorem 6, deduce the solvability in & of N(§) = —m2,

EXERCISE 1. Show that the only ambiguous ideals are the unit ideal and those
whose prime ideal factors divide the discriminant. Hint. Compare Theorem 7.
EXERCISE 12. Find the y, for which 7, = y/y” in accordance with Theorem 2,
for the fundamental units of R(V21) and R(V34). Note the relationship with
Theorem 7 and with Exercise 7 (above).

EXERCISE 13. Show that the only ambiguous principal ideals can be (1),
(VD), (), and (yV D) (possibly divided by a rational number), where D is the
square-free generator of the field and y refers to Exercise 12 when D > 0 and
N(@p) = +1. Hint. First show that when D < —3, («) = (=) only when
@ = +a’, whence « or «fV D is rational (the cases D = —1 and —3 being
trivial). Next take the case D > 0and N(ny) = +1. If « = 5%, set p = afy?,
whereas if « = —n,a’ set p = /('Y D), and note p = p’. Finally, if D > 0 and
N(n;) = —1, then on the assumption that « = Fa’n® show that ¢ is even and
specify under which conditions «/#/2 or «/(n*/2V D) is rational.

4. Quadratic Reciprocity Preliminaries

The quadratic reciprocity theorem consists of three statements:

M) (—=1/p) = (=1)@-Dr2
(2) (2/p) —_ (-—-1)(172—1)/8
(3) (9/[’) = (p/q)(—— 1)(ﬂ—1)/2~(q—1)/2

where p, q are different odd positive primes. The third statement is,
understandably, called the “main” result, whereas the first two are called
“completion’’ theorems.

It would be wise to dispose of the completion theorems first, particularly
since (1) is needed as a tool in the proof of the main theorem.
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THEOREM 10. If (r*/r)) = |, then (ry/r) = I.

Proof. From the hypothesis we can factor r, in RV F), setting r; =
1t Now, R(V 7*) has odd class number # (and the fundamental unit 7,
of norm —1if r* > 0). Hence, by the method of Theorem 1, (above),

3) 1 = (0) for o = (z + yV'r*)2;
and taking norms, we find
@ r* = +N(w),

the sign of the norm being taken into account by using (rw) instead of (w).
Then

) 4rt = 2 — yir* = 22 (mod r),
and, since 4 is odd, then (r,/r) = 1. Q.E.D.

COROLLARY L. If (p/r}) = I, then (ry/p) = |.
Proof. Letr = p = r* in Theorem 10. Q.E.D.

COROLLARY 2. If (r/p) = I, then (p/r) = .
Proof. Letting p = r,, we see (r[p) = (r*/p) = 1, as (—1/p) = 1. Thus
by Theorem 10, (p/r) = 1. Q.E.D.

Thus statement (1) follows, as the Legendre symbols here have only two
values +1 and —1 (not zero).

THEOREM II. If (q/q,) = I, then (g;/q) = —, and conversely.
Proof. From Theorem 7 at least one of the two equations
(6) 14 =qX?—q, 7

is solvable. If the sign is +, then 4 = ¢X?(mod g,) and (g/¢,) = +1,
whereas 4 = —¢q,Y?(mod q) and (—¢,/q) = —(q:/g9) = +1. Likewise if
the sign is —, then (g,/9) = +1, whereas (¢/q,) = —1. Q.E.D.

Thus, among other things, only one sign permits a solution of (6).

6. Kronecker’s Symbol Reappraised

The intimate connection between reciprocity and ideal factorization
theorems had led Kronecker to define quadratic character in accord with
the ideal-theoretic versions of the completion theorems. In Chapter 11
we saw Kronecker’s symbol grow as a “step-by-step” expediency. Now, we
start anew by letting d be a discriminant (i.e., d square-free and d = 1
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Now assume (10) or, equivalently, p* = 1 (mod 8). Then, since R(\/[F)
has an odd class number 4, t* = w is principal, or, as in Theorem 1 (above),
since N[t} = 2,

(11 2 = +N@w), in R(Vp*),
the sign can be taken as +, for the fundamental unit %, having norm —1
can multiply o, yielding +2* = N(n,w) otherwise. At any rate,

2 %2
(12) »=2"PY = podd,
4
whence, eventually, we see (9) is solvable modulo p* or modulo p.
Conversely, assume that (9) is solvable moduio p. Then

(13) (p) = pp’ in R(V'2),

where p = (p, 2 + vV E) =@u+ vV 5), since R(V i) has only the principal
class, or

(14) +p = N+ vV2) = u* — 22,
Once more we check cases modulo 8 and find that p = 1. Q.E.D.

On considering the last two proofs carefully, we note that the field
R(\/ —1) or R(\/ 2) was used to prove the result “in one direction” and

R(\/;) or R(V ;’;) “in the other.” Although Euler’s criterion and Gauss’s
criterion in elementary number theory may seem easier, these proofs are
much more meaningful.

5. The Main Theorem

For this section we specify our notation with the following positive

integers:

r, r; = any odd primes,

p = any odd prime = 1 (mod 4),

¢,4; = any odd primes = —1 (mod 4).
Once more we let r* = +r = | (mod 4). Thus p* =p; ¢g* = —g. We
must show
¢y ¢lp) = (pln),
@ (4/9) = —(q:/9)-

This includes all cases in (3) in §4.



chapter X1

Quadratic forms and ideals

1. The Problem of Distinguishing between Conjugates

We note that at many vital junctures in ideal theory we had to return to
the corresponding forms to obtain quantitative results. For instance, we
did so in the theory of units (Chapter V1), Minkowski’s theorem (Chapter
VHI), the class number formula (Chapter X), and reciprocity (Chapter XI).

Actually, we were presenting to the reader a truly historical view of the
subject, for many of these impressive results were deduced from the theory
of forms (and they preceded ideal theory by at least 50 years). Yet ideal
theory is conceptually simpler.

Our first problem is to return to the naive approach of Chapter III,
§81 and 2, and derive an exact correspondence between ideals of O, and
certain forms. This is not so easy as these portions of Chapter IIl may lead
us to believe. We must engage in a seemingly lengthy preparation, because,
acting in haste we might think that an ideal and its conjugate correspond
to the same form. For example, using module bases for theideals j = {«, ]
and " = [«, f] we obtain the same form each time

N(ax + fy) = N(od'z + B'y) = (az + By)a'z + ')
= Ax? + Bxy + Cy2

If we could not distinguish i from i’ then, since jj’ ~ (1), it would follow
that J2 =1 for J the class of j, contradicting class structure, generally.

The precautions needed are quite deep and lead to a re-examination of
the notion of equivalence.

195
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modulo 4 or d/4 % 1 modulo 4, whereas d/4 is square free.) For any prime
p, odd or even, we define (by Theorem 1 of Chapter IX)

1if (p) = pip,, in RV d),
(dlp) = { —1if (p) does not factor,
1 0if (p) = p,2.

We can then define (d/n) by the multiplicative law (d/a)(d/b) = (d/ab),
using the unique factorization of n. We call (d/—n) = (d/n). This symbol
is consistent with that of Chapter II.

Indeed in some fields of higher degree than 2, the (seemingly forbidding)
analogue of Theorem 1 of Chapter IX is easier than the analogue of
the reciprocity theorems.

For later purposes in Chapter XIII, §3 Exercises 6 to 13 on ambiguous
ideals and classes will indicate an even deeper role of concepts introduced
here for quadratic reciprocity.
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and the operation of taking conjugates has the (rational) counterpart of
changing order of elements.

3. Strictly Equivalent Ideals

Once we consider an ordered basis, we must revise our whole notion of
equivalence. For instance, if p is an integer in O,, not zero,

pi = plo, pl = [pe, pp)if N(p) >0
= [pf, pa] if N(p) <0,
since we find by direct substitution into determinants, as in §2, (2),

(p)(pB) — (pf)pw)” = N(p)(af — foc’).

We therefore find it wise to use the following definitions: Two ideals j
and f are said to be strictly equivalent if they are equivalent in such a
manner that

@ pi = of,

where N(pg) > 0. We write this j ~ L.

Now, there could be, at the same time, other cquivalence relations for
which N(p*c*) < 0, which we ignore in favor of (2). (Incidentally the
transitivity, symmetry, and reflexivity all carry over very easily from
equivalence, as defined in Chapter VIII, §2).

®

THEOREM 2. Two ideals are strictly equivalent if they are equivalent,
in the ordinary sense, in a field for which

(g) D<Oor

(b) D > 0 while the fundamental unit has negative norm.

In the remaining case in which

(<) D > 0 while the fundamental unit has positive norm, if j ~ f (ordinary
equivalence), either j~ f or \/Ej ~ f, not both (in the sense of strict
equivalence).

Proof. The statements in case (a) are obvious, since the norms are
always positive.

In case D > 0 Jet n; be the fundamental unit. If ¥(n;) = —1, it is easy
to guarantee j & fin statement (2) by using pn,i = of instead of (2), when
N(pc) < 0 (since N(pn,0) > 0). This takes care of statement (b).

To take care of statement (c), we note that if j ~ f, whereas j $ i, it
must follow that pj = ¢t and N(po) << 0. We then set V' Df = t*, and it
follows that \/Bpi = of*, whereas N(pax/f)) = N(po) N(\/T)) =
—DN(po) > 0. Thus, if j ~ fand j 4 f then j ~ V' DE.
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2. The Ordered Bases of an Ideal

We first consider the ideal j in D, for R(V/E) with a module basis
M i =[o, fl = {za + yp},

i.e., the set of all ax + Py, where «, f are fixed elements in ©; and  and y
are variable rational integers. We have in the past drawn no essential
distinction between [«, §] and [f, «]. We must now consider each two-
element basis to be ordered by the condition that the ratio of A/Vd be
positive, or,

A
@ L

NERNE
We saw in Chapter 1V, §10, that :I:A/\/c—i = N[j]> 0. If (¢’ — ﬂoc')/\/g

< 0, then the ordering [, o] instead (with the substitution of « for f, and
conversely) will produce a positive ratio in (2). Thus, instead of saying

lof’ — fo’| = N[j] 1V d|

for N(j), the norm, we say, more strongly,

e84

0(/

o=

3) af — Bo’ = N[V4.
Thus we consider a change of basis. If the bases are ordered, then
“) [o, B] = [y, ]
if and only if
o = Py + Q9,
(5)
B =Ry + 84,
where P, O, R, S determine a strictly unimodular transformation, i.e.,
(6) PS — QR = +1.

Comparing the result with that of Chapter IV, §7, we see that (6) has
+1 (not £1). We need note only for proof that

) « f|_|P ©Q iy 5‘.
a/ /3/ R S yl 6/
THEOREM I. Two crdered bases of an ideal are equivalent under a

strictly unimodular transformation, and conversely.
From now on all bases are imagined to be ordered. Thus, from (1),

@® i =1[p,a]={ya +p}
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If forms Oz, y) and Q*(z*, y*) are related by (2) and (3) for some
transformation with determinant ps — gr = 1, the forms are said to be
properly equivalent and written Q ~ Q*. If the forms have a relationship
in which ps — qr = —1, then (whether or not they have a relationship
where ps — gr = +1) they are called improperly equivalent and written
g~ Q.

Unless otherwise stated, equivalence (of forms) means proper equivalence.
An equivalence class of forms is denoted by symbols Q, Q,, etc., analo-
gously with ideal classes.

Now the transformations of type (2), for which ps —gr = 1, are
transitive, symmetric, and reflexive from elementary properties of deter-
minants. Thus properly equivalent forms form an ‘““equivalence class” in
the usual sense. So do the improperly equivalent forms, (although this
latter class is of no direct use in the text).

Therefore, trivially,

Oz, y) ~ Oy, ©) ~ Q(—=,y) ~ Qy, —2) ~ Q(—=, —Y)
~ Q(zv —‘3/) ~ Q(—ya .’L‘) ~ Q(_y’ '—x)v
0@, ) ~ Oy, —2) ~ O(—y, ¥) ~ Q(—=, —y),

whereas a relationship of the type

0z, ) ~ Oy, 2), or Q(z, y) ~ Q(x, —y) etc.,
O, y) ~ —Q(x,y), oreven Q(,y)~ —Q0(,y) etc,

can easily to be nontrivial, if it occurs.
We define the conjugate of Q(x, y) as

0@, —y) = Q'(z, y)

and the negative as — Q(, y).
One should note also that in (4)

(6) L* = Q(p, 1)

Such an expression as (6), in which (p, r) = 1, is called a proper representa-
tion of L* by the form Q(z, ). Gauss first noted the following theorem in
1796.

THEOREM 4, Every proper representation of an integer L* by a form
leads to a properly equivalent form with leading coefficient equal to the
integer L*,

Proof. In (6) we need only find g and s such that ps — gr = 1 (which is
possible if and only if (p, r) = 1). Q.E.D.
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We need now verify only that (1) 4 o D), when N(ny) > 0, to see
t* & . For, if (1) & (V' D), then p(1) = o(V D), which means, for some
unit n*, pn* = oV' D, whereas N(po) > 0. But N(pn*) = N(oV D),
whence, N(n*)N(p) = — DN(o). Hence N(n*) < 0if (1) ~ (V/D). Q.E.D.

We defined /,(d) as the number of strict equivalence classes of R(\/ D)

with discriminant 4. We find on comparison with h(d) the number of
ordinary equivalence classes:

THEOREM 3

h(d) = h,(d), if D <0, or ifD>0 and N(y) <0,
2h(d) = h,(d), if D> 0 and N(y) > 0.

4. Equivalence Classes of Quadratic Forms

We now shift our attention to changes of basis in quadratic forms. Let
us denote a quadratic form as follows:

M Q(z,y) = La* + Mzy + Ny°,

where L, M, N are called the first (or leading), second (or middle), and
third (or last) coefficient, respectively. Here we assume that D = M? —
4LN (the discriminant) is not a perfect square. It need not yet be square-
free. We consider the change of variables with integral coefficients

P g1, st

z = px* + qy*,
@ [ * *
y = rx* + sy*.
(determinant ps — gr # 0). We find
3) Oz, y) = L(pz* + qy*)* + M(pz* + qy*)(rz* + sy*)

+ N(rz* + sy*)?
e L*$*2 + M*Qf*y* + N*y*? — Q*(x*,y*),
where
L* = Lp* + Mpr + N3,

4 ] M* = 2Lpg 4+ M(ps + qr) + Nrs,

| N* = Lg® + Mgs + Ns%
It is easy to see, by dint of a lengthy calculation, that
(5a) D* = M*? — 4L*N* = (ps — qr)¥(M* — 4LN)
(5b) D* = (ps — gqr)*D.

Thus the discriminant remains unaltered exactly when ps — gr = +1.
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has integral coefficients and is a primitive form of discriminant d. (Note.
N[i], as an ideal norm, is always positive, while N(ax + fy), as the product
of conjugates, could be negative.)

Proof. We expand
() Nz + py) = (0x + pyla'z + f'y) = A2® + Bry + Cy,

where the coefficients belong to jj’. We write

JA = ao = aNJj],
€] B = af’ + o' = bN[j],
|LC = B’ = ¢N[jl,

since (N[j]) = ii’ contains (hence divides) 4, B, and C, the coefficients of
O(z, y) are integers. Furthermore,
O] b — 4ac = (B* — 4AC)/N?j]
= (af" — pa'?IN?[j] = d,
where d is the field discriminant (see Chapter IV, §10).

Now the field discriminant has no square divisor except possibly 4,
hence the only possible common divisor of a, b, ¢ is 2, when d = 4D and
D #£ 1 (mod 4). To exclude this, note that [«, 5] = («, f) by Chapter VII
Theorem 5, §4. If we write (2) = 2 (as must happen when 4| d and the
Kronecker symbol (d/2) = 0, then

(a) = ta, A = N(a) = 2% - odd number,
(B) = t°b, C = N(f) = 2% - odd number,
i= 1%, N(j) = 2% - odd number,

where w = min (¥, v) and ideals a, b, j; are prime to t by Theorem 15 of
Chapter VII, §9. Thus by (3) a or ¢ is odd. Q.E.D.

The form defined by (1) is said to belong to the ideal | with basis [«, £],
written

) {Q = Qla, ] = Q()),

i=l0pl—0Q “jleadsto Q.”

LEMMA 2. Suppose we are given a quadratic form, not necessarily
primitive, which we write as
© Q(x, y) = Ax% + Bxy + Cy?
= t(ax* + bxy + cy?),
where 4t is the greatest common divisor of A, B, C. Welett > 0if B2 —
4AC > 0, but if B2 — 4AC << 0 we choose t so that a > 0. We call d =
b% — 4ac, and we suppose that d is the field discriminant for R(V/d), i.e.,
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Thus the study of proper representations somehow leads to the study of
equivalent forms.

THEOREM 5. If two forms Q,(x, y) and Q,(x, y) have the same discrimin-
ant D and represent the same prime p, then either Qy(x,y) ~ Qu(x,y)

or [Q)'(x, y) =1 Qu(x, —y) &~ Qa(x.y)-
Proof. By Theorem 4, we can find forms Q,* and Q,* such that

) Q:;~ QX y) = sz + by + ey, (i=1,2).
Then
®) D = b — 4pc, = b2 — 4pc,.

Taking p to be odd, b,2 = b,2 (mod p); thus b; = b, (mod p)and b, and
b, are both odd or both even. Therefore, by, = £b; + 2hp. If we write
0.,%(@ + hy, £y) = Q;*(z,y), then Q,*,y) = 0,*(x, y) identically.
(The first and second coefficients match, whereas the third coefficients
are determined by the discriminant.)

Exercise 3 (below) covers p = 2. Q.E.D.

EXERCISE 1. Prove (5b) by writing 4LQ(z, ) = N(éx + ly), where & = 2L,
{=M+ VD, and using transformation (2). Note 42DL? = (§¢" — [&).
EXERCISE 2. Using (3) in Chapter VI, §9, show that the forms x2 — 242,
—a? + 2y? are properly equivalent. Show that they are also properly equivalent
to y2 — 222, —y% + 22%

EXERCISE 3. With p = 2 in (8), show how to choose the sign so that b, = +b,
(mod 4).

EXERCISE 4. Show that Q(z,y) = 2* — 3y* is not properly or improperly
equivalent to —Q(x, y). Note (6).

EXERCISE 5. Show that equivalent forms provide representations of the same
integers. Show that this statement also holds for proper representations.

5. The Correspondence Procedure

We now set up a precise correspondence between forms and ideals. We
first introduce two definitions:

The ideal j is called primitive when it is not divisible by any rational
ideal except (1).

The quadratic form Q is called primitive when its coefficients are not all
divisible by any rational integer except +1.

LEMMA |. If j = [«, §] is an (ordered) ideal in the field R(V/dY of dis-
criminant d, the form

" Q(x, y) = N(oax + fy)/N[i] = ax® + bxy + cy?
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Starting with the form Q[a, §], we obtain the (generally different) ideal j*

with ordered basis by Lemma 2:

( [N_(a_) af + ﬂa’_\”/_ﬁ} ifd < 0or
, . N[i1® 2N[i) 21 d>0,Nx>0,
(9) 1* = [a*’ﬂ ] = N( ) ﬂy + ﬁoc' \/a _
[—‘f‘ JIE PR ~~_]\/d, ifd > 0, N(x) < 0.
N[l 2N[] 2
Recall, of course, that N[j] > 0, whereas N(e) can be < 0(when d > 0).
We can easily verify that
(10) Nljlle*, p*] = [, By,
o if N(@) >0and d > 0,orif d <0
where y = P
«Vdif N(@) <0 and d>0.

Thus N(y) > 0 always. Actually, (10) is correct, basis element by basis
element. It is easy to see N[jla* = ay, whereas the statement about the
second basis element follows from the ordering of the basis of j, namely,

af — P’ = Vd N[j.
We see by transposition that
af’ + ﬁ:x' —'\/a N[]] - ﬂa'
2 2

whence follows N[j]5* = By.
Thus, if we have

an 0—i— 0%

then Q = Q* (the same form) (if we exclude d < 0, @ < 0). If we set up

B

(12) i—Q—j%,

the best we can expect is an equivalence (rather than an equality):

(13) i*a~i

EXERCISE 6. Show that if a quadratic form is primitive all forms in their
proper {or improper) equivalence classes are primitive.

EXERCISE 7. Start with Q = —=2? + 2ry — 7y* and construct the corre-
sponding j; from it construct Q*(= —Q) [see (11)].

EXERCISE 8. Start with | =[V "=6, 2] and construct the corresponding Q;
from it construct i*. How does j* compare with {?

EXERCISE 9. Follow Exercise 7 using Q = —26a% 4 2xy + 3y* to form
o*(= Q).
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d = | (mod 4) for d square-free or d = 0 (mod 4) for d/4, a square-free
integer =£1 (mod 4). Then the ideal

f[a,(b —Vd)2], a>0, anyd,

O A - vapa a<o ax0

is integral and has an ordered basis; j is primitive when a > 0, whereas
i/\/a is primitive when g < 0. (Note that the lemma excludes the case in
which a < 0,d < 0)

Proof. First we notice that if d = 1 (mod 4) the basis elements of j are
integers, since b is odd, and if d = 0 (mod 4) the same is true, since b is
even. Next, using (2) in §2, we see that A/\/c—i > 0. In fact, assuming
d > 0 (which is the difficult case), we find that A = aVd, if a > 0, and
A = a(—d)V d, if a < 0; hence the basis is ordered.

To see that j (or j/V/ c_i) is primitive, we note that otherwise a rational
integer u > 1 exists which divides a and f = (b — V/ d)/2. This integer
then divides 8 so that u divides 8 — f' = —V/d or u? divides d, which,
by assumption, limits « to the value 2, when d = 0 (mod 4). But, even
then, if d = 0 (mod 4) b as well as @ must be even. Thus, in order that
2 divide 3, \/;/2 must be divisible by 2 (see Chapter 111, §7) but 4 does

not divide Vd, by nature of the field discriminant; (d/4is square-free).
Q.E.D.

If Q is a quadratic form with coefficients 4, B, C satisfying the dis-
criminant properties of Lemma 2, we write

[o, S = | = i(4, B, C) = {(Q),

® . .
0—i“Qleadsto},”

where i is the ideal determined by the form Q, with basis as shown in (7).

To summarize, let us first start with a primitive form Q = ax* + bxy + cy*
whose discriminant d — 5% — 4qc is a field discriminant and for which
a > 0. We construct the ideal i(a, b, ¢) with ordered basis according to
Lemma 2 (above). Starting with this ideal j, with its ordered basis, we
reconstruct a quadratic form Q*(«, ) according to Lemma 1. Then,
merely reversing the steps, we see Q* = Q. This is the easy part.

Let us next start With g primitive ideal With ordered basis | = [a, f]. We
construct from it the quadratic form Q[«, ] according to Lemma 1,

Nz 4+ (af’ + Poyxy + N 2
0l ] = (o) (ﬁN[f])J (ﬂ)y.
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But Q,(z, y) = Q,(X, Y) “numerically” and identically under transforma-
tion (4). The locus of points where Q,(x, y) = 0 must transform into the
locus where Q,(X, Y) = 0. Thus either

5 3:=—él and -X= i

Y 2] Y %o
must coincide under (4) or
(6) T B g X B

y o’ Y )
must coincide under (4).

First try (5). Then
™ _B_X_prt+ay_p@/y) +q _ p(=Fifu) +4q
@ Y ret+sy r@ly+s  r(—pile) +s
— —pB1 + gy )
—rf; + s,
Hence, from the two ““outside’ terms,
E Fe =2 (say)

st — 1By —qa + phy
poty = (=1 + su,)h,
uBy = (pB1 — qoy)A.
We can assume, as we have often done before, that N(u) > 0. When

N(u) < 0 (necessarily), d > 0, whence x can be replaced by uV/ d of norm
—dN(u). Next

O) e = [peg, pps] = [s(Aa)) — 1(28), — q(A)) + p(AB1)].
But, since ps — gr = +1,
(10) piz = 122y, 2],

and since both j; = [y, £;] and j, = [«,, B,] are ordered, as well as uj,,
then N(1) > 0 by (1), §3, and,

®)

an dig = A1 or i~ i,

Next we see alternative (6) is intrinsically impossible. Retracing our
steps from (6) we obtain, instead of (8), the following:

pay = (—=rfy + sa;)A,

(12)
ups = (pBy’ ~ qal')l-
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EXERCISE 10. Follow Exercise 8, using i = [l + V79, 3] and once more
compare {* with j.

(In these closely related exercises, observe the sign of the zy term and the
radical very carefully.)
EXERCISE 11. Let i’ be the conjugate of . Then show that if i = [e, B] then
i" =[p", «’], keeping an ordered basis, and, if Q(j) = ax? + bxy + cy?, then
show Q@) = cx? + bxy + ay® ~ Q'(f) = ax® — bxy + cy™
EXERCISE 12. Ifj, = 4j, for N(#) > 0, show that Q(j;) = Q(f,) for some set of
variables x, v; whereas, if j; = 4j, for N(1) < 0, then Q@) ~ —Q'(iy).
EXERCISE 13. Show that Q; =22 + oy + 12 ~ Qy = 2* —ay + 1ty = @y
by a change of variables. Show directly that they lead to the same ideal. (Assume
1 — 4r = d, a field discriminant.)

6. The Correspondence Theorem

We see that the relation (12) of §5 forces us to construct a correspon-
dence on a broader level.

THEOREM 6. If two forms with discriminant equal to afield discriminant,
Q, and Q,, satisfy
) Q~Q
and Q; — iy» @y — j (by Lemma 2, §5), then
@ i1 A o
Conversely, if two ideals satisfy (2), then the forms Q, and @, found by
Lemma 1, §5, designated by j; — Q, and j, — Q,, have discriminants equal
to a field discriminant and satisfy relation ().

Proof. First of all, when d < 0, we can limit ourselves to forms
0.z, y) = ax®* + by + cy?, a; > 0, without weakening the theorem
{for any of its applications).

To prove the first part, let the properly equivalent forms Qy(z, ¥) and
0,(X, Y) be regenerated in turn by j(Q,) and j(Q,), according to the chain
in (11), §5. We wish to show {(Q,) ~ i(Q).

Let i(Qp) = i1 = [x3, Bl {(Q2) = o = [, Bals
3) 0.z, y) = (o, + fry)(oy'x + B,'Y)/NIi4l,
0.(X, Y) = (X + ﬂz Y)(“z,X + /32’ Y)/N[iz],

where for an integral transformation

1Y) X =pz+qy,

—qgr=1.
Y=rx+ sy, ps=ar
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by Lemma | or 2 of §5 (not necessarily the same each time), these two
equivalences imply one another;

(18) i1~
(19 U~
(as long as j(Q) is constructed only for forms Q which have discriminant d

equal to a field discriminant and which have a positive leading coefficient
if d < 0).

THEOREM 8. If Q is a form with discriminant d equal to a positive field
discriminant d, then

Q(x, y) &~ —Q'(x, y) if and only if N(n,) = —1

for 5, the fundamental unit in R(V/d).
Proof. Suppose N(n;) = —1. Leti = {«, 8] lead to Q:

1— Q(=,y) = N(ax + fy)/N[i).
Now j = n;j = [n2, —#,8], remembering the order, and, since N(j) =

N(’hl),
N(pyex — 7y By)[Nlmil = — Qz, —y).

Conversely, suppose Q ~ —Q’. Then, if j > Q, as before,
iVd = [Vda, —VdBl, NV dax — VdBy)|NWVdi] = — O, — ).

Then v/ ;'j a ior (\/ E) ~ (1), whence N(7;) = —1 (compare the proof of
Theorem 2). Q.E.D.

7. Complete Set of Classes of Quadratic Forms

To see how classes of quadratic forms come from ideal classes, let us
take three typical cases, using the ideal classes! in Table III (appendix):
Case I. d= —23.
h=0=[,0-vV=23)2; @,=2+ay+ 6
fp=2,=[2,0 V=232 Qy=22+ay+ 3
i~ e =2 =[~2,(1+V=23)/2; Q=22 —ay+ 3~ Q)
CaseIl. d=14-58, 75, =99+ 13V58, N@)=—1.
= =0, -V 0= — 58
p=2, =[2, —V58); 0, =24 — 292
* The ideals in Table 1II (appendix) are written as modules in accordance with

Exercise 4 of Chapter V111, §1. The reader must sometimes order the basis, by adjusting
the sign of the radical (for example).
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Again, restricting N(x) > 0 and going to the analogue of (10),

(13) pis = [pay, pBal = [y, ABy'l

Now [a,’, 8,'] is not correctly ordered, but [A«,’, 45,'] is so ordered by the
unimodular property (4). Thus, N(4) < 0. Now from (4)

Q2(17 0) = Ql(sa _r)
or
(14) N(ay) - N(ays — pyr) ]

N N[l

Since N[j} > O (intrinsically), N(a,) and N(—rf," + so,) agree in sign and,
from (12), so do N(u) and N(4), yielding a contradiction to alternative (6).

To prove that the “converse” portion of Theorem 6 is easier. First let us
verify that if j = [«y, f1] = [og, Bo] for two ordered bases, Ql«,, 5] ~
Ola,, .} (formed under Lemma 1, §5). For then

% =poy + g,  ps—gqr=1,
Bo = ra; + 5By
Thus ayz + By = o,(pz + ry) + B1(gx + sy) and from §5 (1)
0oz, y) = Q:(pr + 1y, qx + sy) or  Qylay, b1l ~ Qslas, Bl

(15)

Finally, let |, ~ i, or pi, = oi,, where N(po) > 0. As usual, make
N(p) > 0, N(c) > 0 (by the Vd factor, if necessary). Then, since the basis
of j affects Q only within an equivalence class, we verify that

(16) play, 1] = olxs, fols
17 Qlas, 1] = Qloe, fal,
operating on both sides of relation (16) according to Lemma 1, §5.

Q.E.D.

One remark might be in order here: the proof best indicates, in the
rejection of alternative (6), how the ordered basis distinguishes the factors
of Q(x,y). An ordered basis therefore distinguishes an ideal from its
conjugate. To maintain an ordered basis, we must use only strict or
proper equivalence classes; hence the severity of this chapter!

An equivalent form of Theorem 6 is the following:

THEOREM 7. Under correspondence between Q, and j;, either by
Lemma | or 2 of §5, and under correspondence between Q, and j,, either



[Sec. 81 SOME TYPICAL REPRESENTATION PROBLEMS 209

COROLLARY. Let d be a field-discriminant and p be an odd prime for
which (d/p) = | or 0. Then a quadratic form Q of discriminant d exists for
which Q(x, y) = p is solvable, and, if d > 0, a form of discriminant d exists
for which Q(x, y) = —p.

Proof. Let p |p where N[p] = p. Then, writing p = [p, n] by the
corollary to Theorem 23, Chapter VII, §10, we have

Q(z, y) = N(px + =y)/Nip];

hence p = Q(1, 0). To complete the proof, note that — Q(x, y) is also a
form of discriminant d. Regardless of whether — Q ~ Q, it follows that
— (1, 0) = p, trivially. Q.E.D.
EXERCISE 14. Find the complete set of forms for D = —15, 15, 26, 34, using
Table 1II (appendix).

EXERCISE 15. Find the proper transformation of basis * = aX + b7, y
¢X +dY for which Q(x,%) = —Q(X, —Y) where Q(z,y) =a% — 102,
3 + V10, by justifying

[

mll, —=V10] = [y, n,V10] = [3 + V10, 10 + 3v10),
(@ — VI0y) = 3 + YIOX + (10 + 3VI0)Y,
¢ =3X+10Y, y=-X-—3Y

EXERCISE 16. Assuming N(n) = —1, find explicitly the transformation for
which Q ~ —Q’ for Q the principal form for a given d:

2 +ay —[(d — DjAly?, d=1(mod4), = =(a+bVd)2,
(,9) = {ocZ — (di4yy?, d =0(mod4), = =a+ bVd>2).

EXERCISE 17. Find the smallest field discriminant (positive and negative) and
the forms for which some Q(z, ¥) + O'(z, y). Hint. i 4 i’ means i* 4 {j’ ~ (1).
EXERCISE 18. If a — Q, then, for some (z, ¥), Q(x, y) = Nla]. Hint. Note Q
takes the values N(x)/N[a], where o € a.

8. Some Typical Representation Problems

These three sketchy examples will illustrate many possible situations.
The reader will have many details to provide in any case.

Problem I. Solve 2952_-1- xy + 3y% = 78.
If « = 2z + [(1 — vV —23)/2]y, then « €2, and by Lemma 1, §5

N(e) = N[2,]- 78 = 22+ 313,

1
W 2, | (o).
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CaseIIl. d=4-79, n,=80+49V79, N(p) = +1.
=) =[1, -V79;
0, ==z — 79"
jo=3,=03,1~- \/79];
Q, = 3a? 4 2xy — 264>

B

Q; =322 — 22y — 268 ~ Q)
i*=V790;, =79, =V79);
0,*% = 7922 — ¢?
i,* = V719§, = [19 — V79, —3v/79];
Qp* = 262% — 2zy — 3y
(i) ~ig* = V194 = [79 + V79, —3V79);
Q5* = 26a% + 2zy — 3y° ~ (Q,*)

(Note. Since Q(x,y) ~ Q(y, —x), we can write 0,* ~ —Q4, 0,* ~ —Q,,
0;* ~ — @, in the last case.)

P VLTS
/

jo A j3=3,=[-3,1+V7S

—3

In any case, Q,, the form belonging to i, = (1), is called principal. 1t
takes the form «® — Dy? or 2% 4 xzy — (D — Dy?/4.

THEOREM 9. Let Q(x, y) be a quadratic form whose discriminant is a
field discriminant d. Let Q(x, y) properly represent m. Then if a prime p
divides m, (d/p) = O or I.

Proof. To simplify matters, note that Q must be primitive and, for
convenience, if d < 0, the leading coefficient can be made positive (by
changing all signs if necessary). Now consider j(Q), the ideal belonging to
Q. It is equivalent to an ideal a for which (a, p) = (1) (by Theorem 7,
Chapter VIII, §2), whence p + N[a]. We can assume that the equivalence
is strict (replacing a by aV/d if necessary). Then a — Q*, a form equi-
valent to Q (by Theorem 6 above).

Now Q* will also represent m properly (by Exercise 5, §4), or Q*(xy, y;)
= m, where (x,, ¥;) = 1. Then, writing a in basis form as [«, §], we see by

(1)in §5 m = Q*(x,, y,) = N(ax; + fy,)/Nlal.

Thus, writing 2 = «x, + By, we see p | m | N(A).

If p « 4, then, by Theorem 23, Chapter VII, §10, (p, 2) is a prime ideal
divisor of p distinct from p, completing the proof (see Theorem 1, Chapter
IX, §1). If, however, p| 4, then p| 1" = o'z, + By, p| (B4 — BX) =
z;A where A = (af — po),p|(—ad + «'X) = y,A, and (p) | (=4,
1#,A) = (A). But, taking norms, p? f A% = Nlald, by Chapter IV, §10. In
this case, p | d and (d/p) = 0. Q.E.D.
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then we must solve

“

Ne@y=10=2"-5,
ae (D).

Now 2, =2, =[2, —V10], 5, =5,=(5 —V10]; (h=2). Hence
(%) = 2,5, = (V10 £), where N(§) = £1. We easily see thatif « = V/10&
then only N(£) = —1 is acceptable; thus, since 7, = 3 + V10 is the

fundamental unit, we set & = 5¥+!

« = +£V103 + V10)(19 + 6V10)*, k=0, £1, £2

(where (3 + V/ 16)2 =19 + 6V/10 is the generator of all units of norm
4+1). If we set
= (= + \/lo?lk)a

we obtain z, = 10, y, = 3. We can form all other solutions by the recur-
sion formula

(@2 + \/‘iaykﬂ) = (% + \/Eyk)(lg + 6\/1_0)
or if
Tpt1 = 19xk+60yk7 k=05 :hls 2!32"”5
&) ‘ Y1 = 67 + 19y,
L (o» %0) = (10, 3),
then +(z;, y;) generates the most general solution to the equation
(6) z2 — 10y,2 = 10.

EXERCISE 19. Solve 222 + 2xy + 3y% = 21 and = 42 by ideal factorization.
EXERCISE 20. Show that for a properly chosen unit in Problem II we can have
y = 0(mod 3) so that

p=Q%4=(X2+27Y)/4 ifp = 1(mod3)

in precisely one way, ignoring changes of sign. Verify this by finding three
different representations of p =13 and p =31 by Q(z,¥)/4 and one by
Q*(X, Y)/4 (ignoring changes of sign).

EXERCISE 21. Referring to Exercise 20, can we always represent p = 1 (mod 3)
by QO(z, y) (instead of Q(z, ¥)/4)? What about Q*(X, Y)?

EXERCISE 22. Repeat the process for p = 2? + »? and show how the multi-
plicity of solutions is due to signs. If we set Sp = % + y? are the solutions
trivially equivalent ?

EXERCISE 23. Solve 2% — 82y = 18. (Note that the paucity of solutions is
related to the high class number 4.) Compare 22 — 732 = 18.

EXERCISE 24. For fixed positive square-free D, under what conditions is the
representation 8p = x% + Dy? unique for p prime, assuming that such a repre-
sentation is possible? (Consider whether D is = —1 or #Z —1I (mod 8).)
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According to the class structure, z =3 and 2, ~ 3, '~ 13, '~ 2,7 &
3, & 13,, __

2, =12, — Vv =23)/2},

3, =03, (1 —v/=23)2],

13, = [13, (9 — V' =23)/2].

(We just verify 2,3, = (1 — V' —23)/2),2,13; = (9 — V' —23)/2).) Hence
the norm in (1) is satisfied by

(@) = 2,2,3,13, = (8 — 2V/—23),

(@) = 2%13,3; = (7 + 5V =23)2),

{(a) = 2,2,3,13; = (8 + 2V/—23).

What we did was to consider all ideal factorizations of « €2, whose
norm is consistent with (1) knowing that the ideal structure serves as a
limiting factor on the number of possible combinations producing a
principal ideal. Note that with smafler class numbers like 1 there are
more plausible combinations (2) yielding the norm. (This remark was
essentially the basis of our computation of class number in Chapter X.)

By comparison with & = 2 + [(1 — V' —23)/2]y, system (2) yields these
solutions of Problem I:

@

[(x, y) = £, 4),
I(I’ y) = :I:(S, —4)'

The 4 sign factor arises from the unit, i.e., (£«) = ().

Problem II. Let us discuss primes: p = (22 4 33%)/4 = Q(x, y)/4.

We write p = N(m) in R(V'=3) a field of class number 1. Thus either
p =3,o0r(—3/p) = 1and p = 1 (mod 3). But the associates of = are also
solutions; e.gf, there are six units +1 and +(1 + V/ —3)/2 yielding the
associates

4 9/ T3 13 _ (= F 39)2] & [ + 9)21Y 3
2 2 ' 2 '
Therefore, there are at least three representations of p by Q(z, y)/4,
ignoring trivial changes in sign, such as Q(z, y) = Q, —¥) =
0(—2, —y) = Q(—=, y).
Problem III. Solve 22 — 1042 = +10.
We note that if
«=2—V10y e(l, — V10] = (1).




[Sec. 1] COMPQSITION OF FORMS 213

the general theorem by a manipulative tour de force that probably has few
equals in any branch of mathematics. He actually substituted and worked
with coefficients (whereas now we can benefit by ideal theory). For
convenience, we make a restriction which Gauss did not make, limiting our
attention to forms arising from ideals in D,, or equivalently, to forms with
discriminant equal to the discriminant of a quadratic field.!

We note first that the Theorem 1 permits us to use any convenient
representative for the proper form-class and (strict) ideal-class in question.
Then we make use of these four lemmas:

LEMMA I. Numbers exist properly represented by an arbitrary quad-
ratic form arising from an ideal in O,, which are relatively prime to any
preassigned integer. (For proof see Exercise |, below.)

LEMMA 2. Every proper equivalence class of quadratic forms arising
from ideals in O, contains a form Q(x, y) whose first coefficient g is positive
and relatively prime to some preassigned integer N.

Proof. The relative primeness follows from Lemma 1, using Theorem 4
in Chapter XII, §4. Our only concern is that a be positive in Q(z, y) =
ar® + bxy + cy®. But, if d < 0, there is no difficulty, since then each Q(j)
necessarily hasa > 0. If d > 0, however, we can note that if z, = bNt + 1
and y, = —2aNr then Q(x,, y,) = a(l — dr2N?), which is positive if
a < 0. Furthermore, since (a, N) = 1, likewise (Q(xq, o), N) = 1, and
xy and y, can be assumed relatively prime, (for example, if ¢ = 2ab).
We finally reapply Theorem 4 of Chapter XII, §4. Q.E.D.

LEMMA 3. Every two classes of primitive quadratic forms arising from
ideals in O, in a given field have forms with the same middle coefficient:

4 {Ql(x» y) = 0;x* + bxy + ¢y?,
Qu(x y) = apx® + bxy + c3y%
and the further conditions that (a,, a,) = |, a; > 0, g, > 0.

Proof. We start with representatives of two classes:

) {Ql(xa y) = A 2> + Byry + Cy?,

Qsx, y) = A2 + By + Cyy?,

Now we can imagine Q,(x, ¥) given first with 4, > 0, so that 4, could be
chosen positive and prime to 4; by Lemma 2. Then we use two strictly

! We continue to exclude from consideration the negative definite quadratic forms
(which cannot be generated by ideals).



chapter X111

**(Compositions, orders,
and genera

1. Composition of Forms

Nowadays, we can recognize that ideal theory is a natural tool for the
solution of diophantic quadratic equations, as in Chapter XII, §8. Yet
the intricate factorizations used here were accomplished by Gauss in the
following fashion (1796), seventy-five years before ideal theory.

THEOREM |. Let two ideals j, and j, in O, correspond to quadratic
forms Q,(x, y) and Qy(x, y) (with discriminant equal to a field discriminant)
by Lemmas | or 2 in Chapter XII. Let us define

¢ i3 = i * i» (ideal multiplication).
Then, for a form Q, with the same discriminant,
@) Qa(x3 ¥3) = Qulxy, 1) Qa(Xs» y2) (ordinary multiplication),

where Q; = Q(j;) and the new variables are defined by special bilinear
expressions in integral coefficients A, and B;:

X3 = Axyxy 4+ Agxyys + Agxayy + AgXaYa

3
@) Y3 = Bixixy + Byxyys + Bsxayy + ByxXoys.

As we saw in the Introductory Survey, this theorem originated in the
special case of Fermat which involved Q(z,y) = 2* + %% Gauss proved
212
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Now we note that j; and j, are the aggregate of

14

{“1 = ayz; + Ay, % €y,
%y = AxTy + Ay, %z € fa,

respectively, where x,, y, are arbitrary rational integers. Thus

(15) {“1“2 = 0,a,%1%5 + a1A%Yy + A%y, + Y1977,
a0y = ;82,5 — Co¥1Ya) + Maxyy, + ayy, + byyy,).

Otherwise expressed,
(16) %%y = @y8,73 + Ays,

where, in the manner of (3),

an {’53 = 2,3, — CoY 1Yo,

Y3 = @21Y; + @y, + byyy,
Finally we infer from (16) that

(18) iriz = [a1ay, 4].

First we see that by the property of products {,j, contains a,a, and a,4,
asA, hence A (since (ay, a,) = 1). Thus j,j, 2 [a,a,, A]. But the index
of the module [a,a,, A}in O, = [1, 4] is clearly a,a, (= N[j,] N[j,} which is
the index of {,j, in ©,) by the index definition of norm in Chapter IV, §§8,
10. Thus, since j,j, and its subset [2,a,, 4] have the same index in D,, they
must be the same by Lemma 8 of Chapter IV, §8. This completes the
proof of Theorem 1. Incidentally, if Q(j,j,) = Qj, then

(19) 0s(z, y) = ayax® + bry + cy?. QED
Indeed, in the terminology of (10) and (17)

20) 01(x1, Y1) Qo3 ¥g) = O3(x3, ¥a),

and we define the symbolic product for composition of classes

(21) Q1Q2 = Q3,

using the same laws of multiplication as those for the corresponding ideal
product (1). We therefore can state that if some form in Q, represents m,
and some form in Q, represents m, then a form in Q,Q, exists which
represents m;m,.

We note that the general element of ideal f,i, is not the right-hand
member of (16) but the sum of a finite set of such terms in keeping with
the definition of ideal product.
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unimodular transformations from (z, y) to (X,, Y)),
r=X;+ hY,, x= X, + hy Y,

© { = Ty, y= Y,,

substituting the first in Q,(z, ) and the second in Q,(z, ¥).

(O (X, Y = Oz, y) = A XE A+ (B 4 240) X Y + - - -,

0 {
Q2*(X2, Y,) = Qz(x, y) = A2X12 + (Bz + 2A2h2)X2Y2 + e
Now since
®) d = B2 — 44,C, = B,2 — 44,C,,

B, = B, (mod 2), and we have only to choose h; and h, such that

9 Ashy — Aghy = (B, — By)[2
in order to make the X,Y, coefficients equal in (7). This is easy, since
(4,, 4 = 1. In new notation we have (4). Q.E.D.

LEMMA 4. Every two classes of primitive quadratic forms arising from
ideals in O, in a given field have representatives of this type:

o QN = ax by a6 >0
Qalx, y) = ax* + bxy + aycy®, 6, >0, (9 a) =1
Proof. Since the discriminants are equal, then, [keeping the notation of

(4)], we see
b? — daic, = bt —4da,c, =d

and a,¢, = a,c,. Since (ay, a;) = 1, a, divides ¢, and a, divides ¢,. This
is shown in new notation in (10), and incidentally d = 5% — 4a, a,c,.
Q.E.D.

Proof of Theorem 1. We can now display a suitable system of type (3).
We note that the forms in (10) are generated by

i1 = [ay, 4],
an 1'1 [a,

Iz = [‘127 Z']’
where, (restricting ourselves to the case @ > 0 in (7), Chapter XII, §5)
(12) A= (b — V)2

Here A satisfies the equation

(13) A2 = bA — a,auc,.
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In the cases in which f > 1 no complex roots of unity except +1 occur,
as we can see by recalling the only two cases, d = —3 and d = —4, in
which there are complex roots of unity (6 and 4, respectively) when f = 1.

THEOREM 2. The class number of the order O, for f > 1, is given by
h(f*d) = h(d)y(f)/u.

5
® vdf) =fI10 = @al)

a
Here f = Ilg,%, and u is the “‘unit index,” i.e., when d > 0, u = log %,/
log 7;, whereas, when d << 0, u = |, except for d = —4, u = 2; and for
d= -3, u=23.

Proof. The proof of this theorem might be regarded as an opportunity
for the reader to review Chapter X with greater maturity. The details of
the proof are the same, step by step. First note N[(«)] = |N()|.

We let @, Gy, - * * be h( f2d) ideals in O, belonging to the different classes,
with (N(a,), f) = 1, of course. Then, as in Chapter X, §3, we let

[number of ideals a in O,, for which
(6 F(T) = ] 0<N@ <T,
L(N@),f) =L
number of principal ideals (x) < a, where
M G@,T)= {10 <IN <T,
| (V(@), /)= 1.
Then, combining several steps of §§3 and 4 in Chapter X, we see that
FAT) _*§" 6@, TING)D
T & T |

(8) EL%D = h(f%d)x, + (error which — 0 as T— c0),

where, analogous with Chapter X,

2

(9a) =24, ifd <0,
2V11%|

(9b) e, = 2181 5 ey g,
Jfid

but with a new factor

(10) 2 =TII (1 — 1/g).
ql s
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EXERCISE 1. Prove Lemma 1 from Theorem 7 of Chapter VIII, §2. (Compare
Theorem 9, Chapter XI1I, §7.)
EXERCISE 2. Work out the composition theorem for R(V =35) as done in the

Introductory Survey. Do likewise for R( V34,

2. Orders, Ideals, and Forms

For this section we abandon a restriction which was accepted beginning
with Chapter VIII, namely, that the ideals are those in the ring of a//
integers of R(V d) denoted by ©,. Using the old notation R(Vd) for d, the
field discriminant, we take the ring of integers congruent to a rational
integer (mod f) called an order (compare Chapter 1V, §10):

(la) 0, =[L.f(d = Va2,
where / > 1 is now a fixed positive integer. For convenience we abbreviate
(1b) w, =f(d — V)2 = fo,.

Our purpose is to consider ideals in D,. Considering j the ideal as a
module in O, we can reduce it to the canonical form by using the tech-
niques in §7, Chapter IV:

(2 i=lab+col, ¢>0, a>bz=0.
The norm N[j} is ac, the index of j in O,, as before. The discriminant of

D, is seen to be

3 N

2
’ = f2d = d,.
L o/
The basis, as written in (2), incidentally, is ordered.
We next examine Chapter V1I, §§6 to 8, and learn (to our delight) that
the ideals  for which

@ (Vi) =1
have a unique factorization. It is not hard to see, obeying the last restric-
tion above, that we can reconstruct the finiteness of ideal classes, the basic
factorization law, and relevant techniques such as equivalence classes and
strict classes. Note that in O, the equivalence relation @4 = bu requires
that g, b, 4, w all be in O,. For strict equivalence we require N(Ap) > 0.
We shall dwell in some detail on the class number-formula. We call
h(f*d) the class number of the ideal classes in the order O, and 7, the
fundamental unit, chosen as before, >1. Clearly %, = 7,* for some integer
u(> 0), since 7, is also a unit of O,. (See Lemma 9, Chapter VI, §5).
We likewise define A, (f*d) as the number of strict ideal classes.
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do is to avoid factoring the p in O, that divide £, in using unique factoriza-
tion. Thus [(s; d) is compared with {(s) (see Chapter X, §7):

1 d/p)\ !
(16) (s d) =TI (1 - :) I (1 - ‘———/f)) {s).
ol r P/ oAy p
Since only a finite number of factors is involved, we can see that as s — 1

(using {(s; ), as factored in §§6 and 7, Chapter X),

Zf(s d) M
an Us; d) "m q )

Finally, as in Chapter X, §8, designating 4(d) by &, and the « of Chapter
X, §83 and 4, by «,

(18) lim {(s; d)(s — 1) = hyyA, T1 (1 - (d——/i))
s=1 als q

We now obtain the final result by canceling common factors from (18)
compared with (15a). Q.E.D.

We can supplement Theorem 2 with the information that 4(f2d) > h(d),
but a proof is far from obvious (see Exercise 7, below). There is more to
be seen, however. First of all, by Exercise 4 (below), in the case in which
d <0, J= h(f*)[h(d) is an integer, and this integer is >1, generally.
The real case is more difficult, but a method of matching ideals in O and Oy
(as is performed in Exercise 7) will show that J, again, is an integer >1.
This implies that the minimum # > 0 for which n* € O, (or 7* = 7))
divides y,(f), which is by no means obvious. Less obvious indeed is the
unsettled question when h(df®) = h(d). For instance, when d = 28,
7 =8 + 3V7, we can calculate: h(28f%) = h(28) = 1 when f=2, 7,
14, - - -. The last result means that (8 + W7y £ m (mod 14) when
0 << v < y,4(14) = 14 for any rational integer m. (It can be checked that
8 + 3V 74 = 1 modulo 14.)

Dirichlet showed in 1856 that for certain d there exists an infinite
number of f for which A(f2d) = h(d). It is not known if such an f exists
for each d. (Compare Exercise 6, below.)

There is no difficulty setting up a correspondence between the 7, (df?)
ideals and forms in O,, the primitive forms having the form Q(z,y) =
ax?® + bxy + cy?, where (a, b, ¢) = | and b* — 4ac = f2d. The problem
Q(x, y) = m can be solved by ideal factorization or composition when
(m, f) = 1. It is not our purpose to give the details here.

The study of orders does not, by itself, lead to particularly vital problems.
The role of orders is still deeply entrenched in the theory by the old
problem of finding solutions to Q(z,y) = m for an arbitrary form. The
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Now our attention must focus on (10), the other components of (8) being
fairly straightforward. The factor 4, (<1) arises because for (7) we have
to write a somewhat more restrictive set of conditions (for a equal to each
representative a,), as compared with Chapter X, §3:

a = [al, az]’
(11) j ® = o % + &,
| M(«) = a2® + bzy + ¢y,  (b* — 4ac = N(a)’/2d),

excluding cases in which (N(=), /) # 1. Since (N(a), f) = 1, we can choose
N(a,) = a as relatively prime to f (for each a = a,). The problem is to
consider the effect on the density of algebraic integers in O, when we make
the specific restriction imposed in (7)

N(2),f) # 1.
We note first that if ¢ | fand if N(x) = 0 (mod g) for g odd, (g * a),
(12) 2aN(a) = (2ax + by)? — dfEN(a)2y?

exactly when 2ax + by = 0 (mod ¢g). We therefore see that for any
residue class of ¥ modulo g, there are ¢ — 1 admissible classes of =.
Even when ¢ =2 (and 2 lf) a is odd and b is even, since b* — dac =
df*N%*(a). Thus

(13a) ax?® + bxy + cy® = 2® (mod 2),
or
(13b) az® + bxy + cy? = 2% + y* (mod 2).

Thus it is still true for ¢ = 2 that for every y there is only one (= ¢ — 1)
admissible class for z for which 2% or 2 + »% is odd. By the Chinese
remainder theorem, there are only Ilg(g — 1) admissible congruence
classes modulo Ilg in a total of (Ilg)%, providing a ratio of

(14) 7 =IT(a(a — D)[T1@).
als qlr
On the other hand, analogous with Chapter X, §7,
(15q) tim TAT) _ jim LAs; d)(s — 1) = h(f2d)k,,
T—>w s—1
(15b) C(s’d):E-—_—l——:H(l—_—l—)_l
e = Ny 315 Ny

for a an ideal in O, and (N[a], /) = 1. Here, very easily, all we need to
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EXERCISE 3. Show A(—5%-3) = 2. Find the rwo representative ideal classes
and forms for D; by starting with these modules and using Theorem 3 to
construct ideals:

(1, 50), [5, pL [5,1 + ), [5,2 + ), [5,3 + p), [5, 4 + pl,
where p = (—1 + V' =3/2). (Note the three-to-one correspondence of modules

and ideals.)

EXERCISE 4. Verify the earlier statement that when d < 0, A(f2d)/h(d) is an
integer. It is 1 only whend = —4, f=2;d= -3, f=2o0r 3, andd = —
{mod 8), f = 2.

EXERCISE 5. Verify that h(4 - 28) = h(28). Find h(9 - 28).

EXERCISE 6. Verify that if (I + V2)™ = A4,, + B,,V2 and if m = 2 for n
odd, then 2¢|| B,,. (Use induction on s.) Hence show A(2% - 8) = 1. Likewise,
show h(5% - 5) = 1 and h(2%* - 5) = 2 for k > 3.

EXERCISE 7. Show that if a =[a,b + cw] and (ac,f) =1 then @ = [q,
bf + cfw;} =[a, B + cw,] where B = bf(moda). Show that 1f a =0 then
a =b, and that if @ ~b in O, thena ~b (m Dl) Show that 1112 = ]112, using

(11) of §1 (above), and that if ¢ = ab then «a ﬂb = oc/)’t for some « and f in O,
relatively prime to f.

EXERCISE 8. Show that for o € O, (N(=), f) = 1 then (x) ~(1) in O, if and
only if () ~ (1) (mod f). From this show the two definitions of equivalence can
be identified.

EXERCISE 9. Referring to Exercise 3, Chapter 1X, §1, show that ®[(f)] =
$( I f). Also show that as U and r vary, ri, U takes on ug( /) values modulo f.
Thus show that (5) also gives the correct class number for definition (21).

EXERCISE 10. Derive a formula for 4, (f2d)/h(f?d) analogous with Theorem 3,
Chapter XiI, §3.

3. Genus Theory of Forms

As a final topic! we consider the basic problem of whether congruence
classes for a prime p determine its representability by a quadratic form in
the manner of Fermat’s famous result that for odd p
(1) p = 2® + y? exactly when p = 1 (mod 4).

Ideal theory would be enormously helpful. For instance, if /.(d) =
only one form enters, and we easily see for (p, 2d) =1,

x2+xy—d—;—1y2 (if d = 1 (mod 4))
@ p=0Qxy =
t 2 — (d/4)y* (if d = 0 (mod 4))

! In the remainder of this chapter we return to the usual convention that d is a field
discriminant (or f = 1). Thus §2, where f > 1, is not necessary for any other part of
the book.



220 COMPOSITIONS, ORDERS, AND GENERA [Ch. XIII}

following theorem even strengthens the importance of ideals in orders by
making ideals “as general” as modules in the quadratic case.

THEOREM 3. Any module [«, &) in D, corresponds to at [east one
ideal j = [f;, B,] in some order O, in the sense that [u;, %,]4; = A5[f;, f5]
for some integers 4, and 4, in O;.

Proof. We can appeal to the method of Theorem 6 in Chapter XII.
We assume that the module [«,, o,] is ordered. We write a quadratic form:

(19) N(xyx + apy) = t(az® + bxy + cy®), a>0

where ¢ is chosen so that (a, b, ¢) = 1. (From §5 of Chapter XII, e.g., if
a = [ay, ,]is actually an ideal of ©,, then r would be N{a].) But, by the
same process, extended to the case of an order, we can regard az® + bxy +
cy® as the form generated by the ideal in ©;:

la, (b — Vd))]2],

where d, = b* — 4ac = f?d(d is the field discriminant). This ideal is our i,
by a comparison with the method in §6 of Chapter X1, (the details are
left to the reader). Q.E.D.

The construction of the ideal classes in O, is not necessarily dull. We
could, of course, factor all p < fV'd required by Minkowski’s theorem
(Chapter VIII) and form the classes.

Relatively recently, however, Weber (1897) and Fueter (1903) showed
how to obtain ideal classes in O, from a new type of modified equivalence
class in ©;, designated by “~ (mod f).” For two ideals a,b in D;,
which are relatively prime to f, we write

20) a~ b (mod f),
when
21 Aa=pwub and 1= wr(mod))

for a rational integer r and integers A, u of ©,, which are all relatively
prime to f. Thus far the definition remains entirely in O,.

We then take, a,, the representatives of the different equivalence classes
{mod f), and call a, the aggregate of elements common to a, and D,
e.g., a, = a, N ;. The q, can be shown to be ideals in Oy, representing
all its ideal classes. The strict equivalence a ~ b in O fits in, semantically
at least, by the designation “‘a ~ b (mod ©),”” and, if N(4u) > 01in (21),
we would say “a ~ b (mod f c0),” like Hasse’s congruence in Chapter I1, §6.
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of similar properties of (d/m) = (df|m|) and x,(m), i = 2. In fact we verify
by substitution (see Exercise 11, below):

LEMMA 5. The remaining character in (7) is given by
(—HIm|) sgn m in cases (3b) and (4b),
(8) 1{m) = {(2/m) in cases (3c) and (4c),
(—2/}m]|) sgn m in cases (3d) and (4d).
Here, sgn m means “‘the sign of m” (4 | whenm > Oand —1 when m < 0).
When d < 0, it is understood that m > 0 only.

We now begin the process of classifying quadratic forms.

LEMMA 6. All integers m represented by a quadratic form of field
discriminant d and relatively prime to 2d have the same-value of y,(m) for
each i and satisfy (d/m) = I.

Proof. Let my and m, be represented by the form

&) Q@=;, y;) = ax? + bxy; + cy? = m,, (G=12),
and suppose that (g, 2d) = 1, by choice of the form keeping the same
proper equivalence class. Then, with d = b% — 4ac, we easily have
(10) 4am; = (2ax; + by)* — dy}?
Then if y; is of the form (m/q) where ¢ [ d and g is odd,
4am; = perfect square (mod g)

and y(am;) = 1; thus
(1D ximy) = z(m3) = x(a)
Furthermore, if y, is not of the form (/q,), then (11) holds for i = 1 by the
product formula (7), once we verify that (djm;) = 1.

To see this last statement, let O(z, ¥) = m be a representation in which
(2, y) = 1. Then all prime factors, p, of m, by Theorem 9 of Chapter XII,

satisfy (d/p) = 1 (as p ¥ d). If (z, y) becomes (gz, gy), then a factor g2 is
contributed to m, not affecting the residue symbols. Q.E.D.

We therefore define for every form the generic characters x Q) of the
Jorm to be these values of y,(m) where (m, 2d) = 1 and Q represents m:

(12) 1(D), 12(D), -+, 2AQ)

The characters of course apply to the class of properly equivalent forms as
they represent the same numbers. For the same reason the conjugates
O(x, y) and Q(x, —y) have the same generic character even if they are not
properly equivalent.
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if and only if (dfp) = 1. If d > 0 and N(5)) = +1, then h (d) = 2h(d) =
2, and there is some question whether Q(z, y) or — Q(x, y) should represent
p- A fairly simple result still holds (see Exercise 17 below). When 4(d) > 1,
the matter is not so trivial; we find that we must first divide the forms into
genera (plural of genus) in considering which forms represent a prime.
The composition and ideal multiplication theorems make it suffice to
build on prime factors p, except for sign considerations.

As a preliminary step let us consider a field discriminant d. There are
several cases according to whether the square-free kernel D is odd and
D = 41 (mod 4) or even and Dj2 = +1 (mod 4):

Ba) d= ¢4, q, =1 (mod4),

(3b) d = 44,95 - - - ¢, = 12 (mod 16), 0
(39 d = 84,95 ** * ¢, = 8 (mod 32), '
34) d = 84,95 " * - 4, = 24 (mod 32),

and

(4a) d= —qq, "¢, =1 (mod4),

4b d=—4 g, =12 d 16),

(4b) 9293 """ 4 (mod 16), <0
(4c) d = —84.q5 ' q, = 8 (mod 32),

(4d) d = —8¢,q9;5° * - g, = 24 (mod 32).

Here ¢, are different positive odd primes and r is the total number of

different prime divisors of d.
For each d we consider certain Jacobi characters as functions of m

(relatively prime to 2d), noting that when d < 0 we choose only positive
forms, (m > 0):

_(m\li=12,--",1, d = 1(mod 4),
® xm) = (‘){z = 2,---,r, ds1(mod4).

Now the law of quadratic reciprocity tells us, easily, that in cases (3a)
and (4a)

o -0 - (2)

q; 1 \m m

using ¢,;* = q,(—1/g,) = 1 (mod 4) and recalling that d must have the
sign of IIg;*. In the remaining cases the matter is more detailed, but we
define y,(m) by the relation

(M 22(m) Ijz- x(m) = (d/m), (m > 0for d < 0).

We thus have defined y,(m) as a multiplicative function of m on the basis
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THEOREM 5. The principal genus contains precisely those forms that
are squares of some form under composition.

Proof. We shall sketch a proof of this very important result. First we
make a transition to ideal theory and nonstrict equivalence classes. We
consider four different types of field of discriminant d with r distinct prime
factors and fundamental unit #,. (We let 4, B, M be general symbols for
rational integers.)

Type 1. d<0.

Type2: d>0,N(n)= —1. Hered=a*+ b*and(4M — 1) 1 d.
Type3: d>0,N@m) =+landd =a® + b* Here(4M — 1) +d.
Type4: d>0,N(n) = +1andd+# 4% + B Heregq, = (45 — 1)|d

{by convention the /ast prime factor of 4 is taken = —1 mod 4).

Now consider the following table which summarizes past results on
ambiguous ideals:

TABLE 1
1 H 11 v v VI vII VIII
Principal Independent Relation Form Genera
Field Ambiguous Ambiguous Ambiguous of Form Q to Form without
Type Ideals Ideals Classes Negatives (conj.) Genera Negatives !
1 2 271 271 No negatives 271 271 r—1
2 2 2r-1 2r-l Equivalent, hence 2r-1 2r-1 r—1
same genus
3 4 22 2r-1 Inequivalent but 271 2r-1 r—1
same genus
4 4 272 22 Inequivalent and 27—t 272 r—2
1D = —x(—Q)

The first four columns embody Exercises 8 to 11 and 13 of Chapter XI,
§3, if we note that the r different prime factors of d produce r ramified
{ambiguous) prime ideals and 27 possible ambiguous ideals by selection of
subsets. Column I expresses Exercise 13, whereas Column III expresses
the number of ambiguous ideals independent to within principal nonunit
ideal factors (Column I1 divided into 27). Column LV reflects the presence
of the special class for Type 3 (see Exercise 8). As in Chapter XI, our
ideal classes here are nonstrict.

Looking at Column V we see an application of Theorem 8, Chapter XII,
§6, together with the fact that the generic characters of fields of Type 3
satisfy y(—m) = y,(m) for all i (whereas “taking the conjugate” preserves
genus). To cope with the sign relation involved in fields of Type 4, we cut
down the number of proper equivalence classes Q of forms to onchalf by
considering only the forms Q € Q with a definite choice of sign e:

(15) eQ(z, y)
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We next consider the forms @ for which the x,(Q) are equal to some
preassigned array of signs e; = +1 or —1,

(13) e, e, ", e, subjectto[Je, = 1.
i=1

There are 27~ possible arrays, and the set of forms corresponding to each
array is called a genus of forms. The forms for which all e, = +1 are
naturally called the principal genus of forms. Each genus is also a collection
of proper equivalence classes. The genera are multiplied by composition of
classes, in the notation of (20) and (21) of §i. Thus, if O, € Q;, @, € Q,,
and Q; € Q,Q,,

(14) 1(0Dx(Q2) = 2AQ53), 1<i<r,

since ordinary multiplication is involved in composition. The classes Q
belonging to the principal genus accordingly form a subgroup of the class
group. Each genus constitutes a coset of the principal genus (see Exercise
9, Chapter I, §6).

LEMMA 7. Thereis an odd prime p (indeed infinitely many) for which the
generic characters y,(p) = e, for a preassigned array of signs e, whose
product is |.

Proof. Consider x(p) = (plg,) = e, for i =2,---,r. Since the ¢, are
odd primes, we choose p congruent to a residue or nonresidue modulo ¢,
as the case may require, whereas y,(p) = e, is a condition on p modulo an
odd g, or modulo 4 or 8. The Chinese remainder theorem determines p
from several independent arithmetic progressions, whereas (d/p) = 1
automatically from (7). Dirichlet’s theorem (see Chapter X, §1), yields the
result. Q.E.D.

There is therefore at least one class of forms in each genus by the
corollary to Theorem 9, Chapter XII, §7. We then use the coset property
to see that there is an equal number of classes in each genus, and we have
proved the following result:

THEOREM 4. If we consider h,(d) proper equivalence classes of forms
with discriminant d equal to a field discriminant, then they can be subdivided
equally into 2! genera of h_(d)/2} forms which form a subgroup of the
proper equivalence class group under composition.

This theorem was proved by Gauss in 1801. Since Dirichlet’s theorem
was not available then, another proof had to be given (in fact with no aid
from infinitesimal analysis). Gauss further showed the famous duplication
(meaning “squaring’’) theorem:
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not restricted modulo 7, (odd). On the other hand, all perfect squares are
in the principal genus by composition formula (14), but the principal genus
numbers as many classes as squares, by Theorem 4 (modified to accommo-
date ideal genera for Type 4). Hence Theorem 5 follows. Q.E.D.

We can pursue Theorem 5 one step further: the square of a form
necessarily represents a perfect square (prime to 2d), since composition
simulates ordinary multiplication. A form representing a perfect square
(prime to 2d) is necessarily in the principal genus, which is determined by
the odd primes in 4. Hence Gauss noted the following:

THEOREM 6. A quadratic form whose discriminant d equals the dis-
criminant of a field represents a square prime to 2d if and only if the form is
in the principal genus.

COROLLARY. The quadratic form in the foregoing theorem represents
a perfect square (relatively prime to 2d) if and only if it represents a
quadratic residue (relatively prime to 2d) modulo every odd prime divisor
of d. Negative definite forms remain excluded.

The corollary is due in one form to Legendre (1785), and it can be proved
in a fairly elementary manner. Its proofis still of sufficient depth to deserve
a special analysis in the Concluding Survey. Gauss reversed the procedure
to prove Theorem 4 from Theorem 6. (Legendre and Gauss, in fact,
considered forms with no restriction on discriminant.)

We can now return to the motivating question of this section, namely,
when do congruence properties of a prime p determine its representability
by a quadratic form? Now we see a partial answer in that this is always
the case when h(d) = 2¢ or when there is exactly one ideal class in each
genus. For this reason ideal genera were used (although a corresponding
theory of ambiguous forms was thereby ignored). Gauss, indeed, felt that
the search for fields of class number unity was less meaningful than the
search for fields of one class per (ideal) genus.

The easy result that 2¢ divides h(d) helps us to understand to some extent
why certain fields with very composite d must have large class numbers,
but an adequate understanding of the reason for odd cyclic groups in the
structure of the class group is still, generally speaking, on the outer
frontiers! of number theory.

1 The nature of the odd cyclic structures is even more mysterious in regard to the
occurrence of repeated prime powers in the class group. The smallest known instance
in complex fields is d = —3299 where Z(3) x Z(3) occurs in the class group (Gauss).
For real fields the smallest known instance is d = 62,501 where the same factors occur
(Pall).
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where e = y(Q(z, ¥)) = 1,(Q) = x,(m). Here m is, as before, any integer
represented by Q(x, y) and such that (m, 2d) = 1. Of course y(eQ(x, ¥))
= 1, thus the product of the remaining y,(eQ) - - * x,—1(eQ) is always 1.

We then obtain 2¢ genera for the forms (see Columns VII and VIII)
that are determined by the independent characters

(16a xl(eQ)z Xz(eQ)- T Zé(eQ)

AR

for h,(d) classes of forms in fields of Types 1 to 3 and h,(d)/2 classes in
fields of Type 4 according to (15). Note that —Q and Q lead to the same
eQ, since y,(—1) = —1.

We can now make the transition to ideals by considering only nonstrict
equivalence classes. In fields of Type 3 (or 4) this amounts to using only one
of the equivalence classes of a and aV/d, since they both lead to the same
genus (or the same eQ). We call the 2¢ genera thus determined the ideal
genera as distinguished from the 27! form genera originally introduced.

Table 111 (appendix) lists the values of all (¢ 4+ 1) character symbols for
the ideal genera in order of the indicated prime factors of d (except that
for Type 4, g, = —1 (mod 4) is listed first in the factors of d, then omitted
in the list of character symbols).

We use Exercise 18, Chapter XII, §7, to write the generic character of
an ideal class directly in terms of an ideal a it contains:

(16b) 2i(eNfa]), - - -, zfeNla]),  (N[a], 2d)=1,

where e = 1 except for fields of Type 4 where e = x,(N[a]). These #
characters are independent in value.

Let us now visualize the (nonstrict) equivalence class group for ideals.
Using Kronecker’s decomposition theorem, we set

G=Z(2") % - %X Z2") X Z(r)) X -+~ X Z(r,),
h(d) —_— 281+ +81r1 PR rt 2 2t,
where the indicated groups are cyclic with generators (say) g;, " **, 84
g/, " -,g, and the values of 5; > 0, whereas r; > 1 are odd. Here the

value of t must agree with Column VIII of the table, since the ambiguous
classes (whose square is the identity) are 2! in number:

(17b) g = g1m1 e gtmt’ m; = 0 or 23'_/2.
We can verify that precisely A(d)/2’ elements are perfect squares. Let

(17a)

(17¢) g=g"" g g e
where we can solve for z; and z;” in
(17d) v; = 2z, (mod 2%) and w, = 2z (mod r).

Then the v, are each restricted to half the values modulo 2%, but the w, are
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Let 7 and m be rational integers, m # perfect square, n # 0; let g be
any prime. Hilbert defined

(1) (M) = +tlor —1,

q
depending on whether or not it is true that for each power ¢° (s an integer
>1) we can solve

) n = N(,) modulog®

for some integer &, in R(V'm). (When m is a nonzero perfect square, the
symbol is taken as 1 for completeness.) There are many rules of calculation
for which we refer to more advanced treatises. We state only three and
without proof:

o (nl;m)(ngzlm) _ (nln;, ),

@) (——"’ "’) = 1ifq *2mn,
q
. dd
5 (n’m)=(2) f{q'm’ qo ,
( ) q q ! q'r n.

These rules state (respectively) that the symbol is multiplicative in , that it
is “‘interesting” for only a finite set of primes (divisors of 2mn), and that it is
really a quadratic residue symbol. (The last equation (5) is essentially the
matter discussed in Exercises 14 and 15 in Chapter I).

In this terminology we can finally identify the genera. Weletq;,q,, - -,
g, be the prime divisors of d, as before. Then the array of signs [corre-
sponding to (12), §3] identifying a genus of forms, one of which represents
the value m (prime to 2d), is

) (29

If we consider the genus of anideal a we can take m = Nla],if (N[a],2d) = 1
(by Exercise 18, Chapter XII, §7). The independent characters [corre-
sponding to (16b), §3] are

o (B0} (¥4

4 q:
where e = 1, except for ficlds of Type 4 in which g, = —1 (mod 4) and
Nlal, d .
e= ( [;] ) Here g, can be taken as 2 for some of the cases in

Lemma 5, §3.
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EXERCISE 11. Complete Lemma 5 by verifying (7) in each case for positive and
negative m.

EXERCISE 12. Write out the characters for D = -3, -5, —62, —78; D =3,
5, 6, 34, 65, 82.
EXERCISE 13. Verify the genera in Table III (appendix) for D = —62 (taking

the class structure for granted). Show that exactly one of the forms listed satisfies
the representation:

2% + 62y
T2 4 2ay + 92 | = pif Qlp) = (p31) = 1
2% + 31y?

3 + 2zy + 21y?

122 4 doy + 62| P TP = P3Y) = =1,

where (p, 62) = 1. Verify this numerically for two values of p(>11) in each
genus. (Note that there is no need to put a + sign on the middle term and that
the uniqueness of the form representing p comes from Theorem 5, Chapter XI1I,
§4).

EXERCISE 14. Construct the genus classifications analogous to Exercise 13,
when D = 10, D = 65, and verify each genus for at least one prime.
EXERCISE 15. Construct the genus classifications for D = 14, D = 42, and
determine which sign x,(Q) has to be selected for each form.

EXERCISE 16. Do likewise for D = 34. Are both +p and —p representable are
by each form?

EXERCISE 17. Referring to fields of Type 4, explain the choice of sign in (2) if
h(d) =2, hd) = 1.

EXERCISE 18. Using techniques analogous to Chapter 11, §7, show that there
are exactly 2¢ real characters in the (nonstrict) ideal class group [see (17a)] and
show that these characters must be those formed by taking products ,(Q)x,(Q) - - -
Zm(Q) where a, b, - - -, m is a subset of the indices 1,2, -, 1.

EXERCISE 19. Define the real characters for Exercise 18 when D = —65,
D =34,

EXERCISE 20. Prove the lemma in Chapter X, §12.

EXERCISE 21. Show that the corollary to Theorem 6 would not hold true if
negative definite forms were permitted, by considering a form that represents —1,
in connection with (4b, d).

EXERCISE 22. Consider G, the (proper) equivalence class group for forms.
Show that, for fields of Type 1 or 2, G and G, have the same decomposition,
whereas, for Type 3, one factor (say) Z{2%) is replaced by Z(25:1+ 1} in G, , and, for
Type 4, G, has an extra factor Z(2) as compared with G.

4. Hilbert’s Description of Genera

Hilbert devised a remarkably general quadratic character symbol to
avoid the inelegant specialization of cases required in the last section (for
example, in Lemma 5, §3). Thesymbol proved to be more easily generalized
to fields of higher degree.
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The reader may very well ask were this subject leads, and he should be
prepared to receive a variety of answers.

Some of the new directions are so strongly algebraic, combinatorial,
or analytic as to be lacking in direct appeal to the main tradition. We shall
select three topics, which we believe have such appeal and which are
closely related although seemingly different in origin.

We shall combine legitimate deductions and rash conclusions, freely
intermingled for quick reading. The more serious student, of course, will
refer to advanced treatises for details.

The new directions, inevitably, involve algebraic numbers of degree .
An algebraic (rational) number of degree n is defined as a root of the
irreducible equation with rational coefficients a,:

6)) "+ a1 +---+a,,0+a,=0.

An algebraic integer is one whose defining equation has only rational
integers, as coefficients @,. A field R(f) is defined as the set of values
resulting from rational operations with 6, as in Chapter III. Sometimes it
is convenient to consider some R(f,, 0,), a field generated by two elements,
but, indeed, any ficld can be generated in a variety of ways. Algebraic
integers again form a ring. We speak of fields including one another,
R(0,) 2 R(0,), in the usual way for sets.

The ideal theory is no harder than in the quadratic case, in principle.
There is unique factorization into ideals but a finite class number which
generally exceeds 1 (producing nonunique factorization into principal

231
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Moreover, it would follow that the product of the indicated signs in (6) is
1. Hilbert found, however, that to achieve the height of perfection a new
symbol must be introduced

®) (27) = 1,

e}
depending on whether or not n can agree with N(«) in sign (mod o) for an

o in R(Vm). (The only case in which the value is —1 is easily n < 0 and
m < 0.) We now have the unconditional statement

0 AL(2) = (2

or, still more elegantly,

(10) 11 (l’ﬂ) =1, q = all primes and co.
e\ g
The reader will notice that in some way (10) provides a connection
between quadratic reciprocity and unique factorization. The fact that the
product equals 1 is a manifestation of quadratic reciprocity, and the fact
that the only interesting ¢ are divisors of 2mn is a manifestation of unique
factorization, if we compare Lemma 5, §3.
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and, by (5) and (6),
8) R—N=T=S.

The expression (6) gives us some insight into S physically, since it
suggests a superposition of # units with directions determined by 72 If the
superposition is “random,” well-established laws for estimating “probable
error’” would suggest a total length |S]| equal to V.

In fact, we can rigorously establish |S| = V'n, for, taking complex
conjugates, we see that

n—1 2
® S=30"",
s=0
n=1 2 n—1
(10 IS|2=SS = z 0" - = z HUr =9
r,s=0 r,s=0

Ifweletr — s =g,r + s = 25 4 g, we find that ¢ and s take on independ-
ently all values modulo #. So do g and v = 25 + ¢. Thus

n—1 n—1n-1
(11) ISE= 3 6% = z1+§ z(av)"—n+o
q,v=0 q=0 v=1

since the powers (6°)7 take on all exponents from 0 to (n — 1) when g varies
(forv=1,2,---,n—1). Finally

(12) IS| = Vn.

Gauss showed also (with more delicacy) that

(13)

S =Vn, nprime = 1 (mod 4),
S=ivn, n prime = —1 (mod 4).

The transition from (12) to (13) involved an entire world of mathematics
equivalent in depth to quadratic reciprocity. The result we need is only
slightly stronger.

Letting d be the positive or negative discriminant of a quadratic field, we
redefine 6 and T by using the Kronecker symbol:

[ 6 = exp 2mi/d,
75l

The startlingly simple result is

(15) T=1d
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ideals). The laws of decomposition of Chapter IX are more complicated,
but a rational prime breaks up into no more than n ideals (in a generally
irregular fashion). The theory of quadratic forms is replaced by a much
less attractive theory that makes us willingly confine all our attention to
ideals in the ring of all algebraic integers of a given field.

CYCLOTOMIC FIELDS AND GAUSSIAN SUMS

Aside from the quadratic field, the most important is the one generated
by a root of unity of index n, or the cyclotomic (“circle-cutting”) field,
generated by powers of

(#)) 6 = exp 2mifn = cos 2m/n + i sin 2n/n.

This root and its powers 6¢ = exp 2wit/n = cos 2wt[n + isin 2wt/n are
represented as the vectors from the origin to points of a regular polygon of
n sides with center at origin and one vertex at 1 = 6. This follows from
de Moivre’s theorem in elementary fashion. The important feature is that
the powers 8¢ are determined by the exponent ¢ (mod »).

When 7 is prime, the reduced equation defining 6 is

" —1
3
©) 1
(The irreducibility of (3) is not obvious, but we always omit details for the
sake of the survey.) This cyclotomic field first was seeen to be more basic

when Gauss (1800) separated the exponents as residues or nonresidues
(mod n), excluding 0, and wrote

R=730" tresidue,
N=306*  unonresidue.

Thus, when n =5 R=0 4 6% N =02+ 63, and, when n= 7, R=
6+ 6% + 64, N = 6% + 65 + 65, etc. By (3), however,

) R+N+1=0.

Gauss next introduced the so-called Gaussian sum

=0n—1+0n—2+...+6+1=0,

@)

n-1
(6) S=Y6"=1+2R

r=0
(as we can see by noticing that the squares, r%, equal each residue twice).
Another closely related expression, using Legendre’s symbol (r/n) is

=502

n
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To illustrate, take the field R(\/ :g) where 7 = 2. We recall from the
genus theory that for a given rational prime p

(a) if (—20/p) = —1, p does not factor in R(\/:_§);

(b) if (5/p) = (—1/p) = 1 (or p = 5), p factors into two principal ideals
and p = a? + 52,

(¢) if (5/p) = (—1/p) = —1(or p = 2), p factors into two nonprincipal
ideals and p = 222 + 2zy + 332

Let us consider the nonprincipal factors of 2. Since (2, 1 + V/ :—_5)2 =
(2), then by introducing V2 into RV —_5) we have an ideal number for
(2,1 + V' =5). The ideal 2,1+ v —5) can be described as precisely

those numbers in R(V —5) that are divisible by V'2 in the sense that the
quotient is an algebraic integer, as in (1). For example,

2 —
_\75—\/2_/3’ ﬂ2_2=05
14 /=3

BN

kll

|

(18a) J'
| =y, (F+2"+5=0
L

k

We are now in possession of a field R(V2, v/ —5) generated by adjoining
V2 to R(V =5). It could also be regarded as a relative-quadratic field or a

quadratic field over R(V —_5). For instance, the algebraic integer y in (18a)
could be regarded as a root of the quadratic equation with coefficients in

R(V =5):
(186) vt =(1 4+ V=522

Not only 2, = (2, 1 + V' —5), but all nonprincipal prime ideals r become

principal in R(V/ —5,4/2). This is true because there is only one non-
principal class, 2;. Thus 2;v is principal. For example,

23, =23, 14 2V=5 =1 —V=5),
2,7, =2(7,142V=5) = (3 —V=5).

If 2, = (V2) in R(V=5,V2), it is clear that 2, ~3,~7, ~ 1. Yet
trouble lies ahead, since R(\/jg, \/i) has some nonprincipal ideals, in
fact, its class number is 2.

Now, have we really simplified factorization theory by making non-
principal prime ideals become principal? On one hand, 3, and 2; are

happily both prime and principal in R(V'=5,V/2), as can be shown, but,
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Dirichlet (1837) used the result (15) for an elegant computational
purpose: in deriving the class number formula in Chapter X, §9, we were
confronted with a decomposition into partial fractions. It generally takes
the form
(16) fo(®) =Idl—1 (677 _1_ _
1 —29 =11 — 62 |d|

Here f,(67) can be shown as, essentially, a Gaussian sum of type (14). Then,
following out the calculations of Chapter X generally, we obtain the class

numbers
d—1
{ -> (ﬂl) log sinﬂ‘ , ifd>0,
r=1\F d
(17) h= l 2|1|0gn1
dl—-1
{——W— z('i’)r, ifd <0,
2d| <1\

in the terminology of Chapter X. The reader can convince himself,
somewhat, by testing with small 4.

As elegant as an “actual class-number formula” may be, Dirichlet’s
successors have read an even more significant meaning into formula (15).
The formula shows an imbeddability result for the quadratic field of
discriminant d: the cyclotomic field generated by 0, of index |d|, contains
R(Vd). Incidentally, no lower index will suffice. Now we recall that d is the
modulus that determines whether a prime p splits (by the residue class of p
modulo |d]). This is more than coincidence; it is the basis of a completely
independent proof of the imbeddability theorem!

Can such properties be established for other fields (which need not be
contained in any cyclotomic field)? The answer is still incomplete.

CLASS FIELDS

We digress to make the historical observation that Dedekind’s ideal
theory was the third major attempt to cope with nonunique factorization.
The first was, of course, Gauss’s composition of forms (1800), and the
second was a relatively neglected explanation of Kummer (1854) that
unique factorization can be achieved by “actual” ideal numbers. Looking
back at Kummer’s work (with the wisdom acquired from Dedekind), we
would say that if the class group has order (class number) / then for any
ideal i, {* = («), a principal ideal. Thus i can be replaced by »/a, the
“‘actual” value of the ideal i.
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(b) The principal prime ideals in R(\/——_S) split in RV =54 ——1) into
prime ideals.

We note that the principal prime ideals in R(V —5) are either unfactor-
able rationals, p, such that (—20/p) = —1, or divisors of p in the principal
genus for which (5/p) = (—1/p) = 1. Ineither case, (5/p) or (—1/p)is +1.
Thus the prime p splits in R(V'5) or R(V'—1). To reconcile this factoriza-
tion with the behavior in R(\/?5—), we must assume a further split in
R(V5,V/—=1). For example, take 29 = 3 + 2V —5)(3 — 2V —=5) =
5 +2v :_1)(5 -2V —_1). We could show the four ideals generated by
the pair of elements: ((3 + 2V =5), 5+2v ?1)) are the four factors of
29 in R(V =5,V —1). In fact, they happen to be principal.

29 =(2 + \/——1(1‘2—\/3))(2 - ‘/:_l(l—i_\/é))

2

o S - (5

2

Now this formulation is based on R(\/ ?5), a quadratic field of class
number 2. The definition can be extended to other quadratic fields and to
nonquadratic fields. We find a peculiar occurrence in that the value of the
theory depends on selecting definitions that make possible interesting
theorems!

To give an example of the power of semantics, consider one further
interpretation. We start this time with the rational field R and consider all
“principal” ideals to be only those (z) for which (djx) = 1 where d is the
discriminant of a fixed quadratic field. The ideals for which (d/x) = —1are
called “‘nonprincipal,” whereas the ideals for which (d/z) = 0 are ignored
in the designation. We can say that every ideal (x) has a “principal”
square since (dfr)* = (d/«®) = 1. Thus the “class number” is 2. The
quadratic field R(V/ d) then provides a “class field” for R, for we note the
analogous properties of primes p:

(a) If (dfp) = —1, (p) does not split in R(V'd).
(b) If (d/p) = 1, (p) splits in R(Vd).

This interpretation is more than a trick. It was developed in detail by
Takagi (1920). We must, however, abandon this line of speculation with
the remark that determining the extent to which these interpretations of
class fields can be stretched is the principal unsolved problem (rather than a
lack of proofs to well-defined conjectures).
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on the other hand, although 7, becomes principal, it is unhappily capable
of further factorization, indeed into two nonprincipal ideals. (We recall

that since R(V —5, V'2) has algebraic numbers of degree 4, the rational
primes could have four ideal factors.) The easiest way of explaining this

fact is to note that, since (8/7) = +1, 7 factors, (indeed as (3 + vV 5)
(3 — V/2)), in R(V'2). These are “irreconcilable” with the two factors of
7in R(V —5), since 3 + 1/2 does not divide all elements of 7, (for instance,

1 + 2V/—5) in the sense that the quotient does not satisfy an algebraic
equation (1) in rational integral coefficients.

We must note, incidentally, that since (—2) = (4-2), as ideals, RV —2,
\/_——5) would illustrate the same thing as R(\/E, \/:—5). Dirichlet, some
time earlier, had noticed that R(\/ —_5, v —_1) has class-number unity.
This field contains V'5 = —V/—51/—1. Thus, to factor a prime in
R(\/——S, \/:_I), we can begin with any of the three fields R(\/TS),
R(V —1), or R(V/5) and consider the effect of adjoining one other radical

to it.
Hilbert later noticed certain further remarkable properties that created

the designation that R(V/—_S, \/——~1) is the class field of R(\/:g).

(a) The nonprincipal prime ideals in RV ——5) become principal prime
ideals in R(V =5, V' —1) (without splitting).
For example, let ¢ be a rational prime in the second genus:
(19 g = 2a® + 2ab + 3b*
29 = (2a + b)* + 5p?
20) q=( ) t )
49 =Qa+ b+ V5h) + Qa+ b — V5b2

Thus, finally,

Sb ., —2a+b—5
q=Fa+b+J5+J_1a+ J%}
2 2
1) - -
2a + b+ /56 —2a+ b — /5b
o e

and ¢ has the two indicated principal ideals in R(V'—5, V' =0), although
not in R(V'—5). The reader may wonder if ¢ has further factors, but the
answer is negative, since the genus {(5/q) = (—1/q) = —1} makes ¢
unfactorable in R(V 5), hence factorable into at most two factors (as shown)
when V' —1 is adjoined to make R(x/g, \/—_1) = R(\/-_S, \/—_1).
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The proof is basically a transformation to an equation of lower index.
Let I, (= 3) be the index of (22) and let

@7 lal < 16} < el
(the equality holding only if |a| = || = 1). Then
28) I, = |ac| > |ab|.

We solve (24b) by reducing r; modulo ¢ so that it is << ¢/2 in absolute value.
Then the new integer ¢ can be defined:

(29) g = (ary® + b)/e,
(30) lgl < (al /4 + lcD]le] = lacl/d + 1 <lac| = I,.
Now the transformation
z=bX +nY,
3D y=raX —7%,
z=gZ
changes (22) to
32) abX?+ Y2+ 972 =0.
If I' is the index of (32),
33) I' = max (labl, |q]) < I,

If the coefficients ab and ¢ have a common factor (>1), (32) bears further
reduction but I’ can be shown to decrease or remain unchanged. This
completes the descent.

Now our problem is to prove that if the conditions (24a, b, ¢, d) are
valid for (23), they must also be valid for (32) (or whatever its reduced form
might become if (ab, g) > 1). This is not easy and is indeed rather
manipulative.

Condition (24a) on the sign of a4, b, and ¢ is easy, however, if we rephrase
it as
. 2 2 2 solvable for real (£, 1, {)

(34) ad”+ by 4 cfF =0 not all zero.

Then it is clear that the linear transformation (31) transfers the real solution
from (22) to (32). {The reader will find it easy but more annoying to prove
the transfer of (244) directly, i.e., to show from (29) that ab and g, in (32), are
not both positive!]

Can we similarly transfer conditions (24 b, ¢, d) from (22) to (32)?
The transfer was originally made by brute force!
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GLOBAIL AND LOCAL VIEWPOINTS

We begin with a conventional problem of deciding whether or not the
equation
22) az® + by + ¢ =0
in rational integral (nonzero) coefficients a, b, ¢ has a rational integral
solution z, ¥, z not all zero.

As a preliminary matter, we can make changes of variables so that a, b,
and c are square-free (by absorbing a square factor in #?, y?, or 2%, and we
can easily arrange that a, b, ¢ be relatively prime in pairs (by a similar
change of variables). Now Legendre’s theorem (1785) states that (22),
subject to

a, b, ¢ square-free,

@3
(a,0) =(b,0) = (c,a) = 1,

has a solution if and only if

(244a) a, b, ¢ are not all of the same sign,

(24b) ar® + b = 0 (mod ¢) solvable for ry,
(24c) br,2 + ¢ = 0 (mod a) solvable for r,,
(24d) cr2 + a = 0 (mod b) solvable for r,.

The conditions are clearly necessary for solvability of (22) indeed,
r, = x/y (mod c), etc. (once the solution triple has been relieved of trivial
common factors).

The sufficiency is not easy. It is accomplished by the method of descent.
We define the index of (22) as

25) I = max (lal, 6], |c[) X min (|al, [b], |¢]).

We shall show that if the theorem is true for all indices I < I, it is true for
an equation of index /,. We see by inspection that the theorem is true when
I =2. Listing the equations (and avoiding trivial repetitions), we find

I=1, 22 4 y* + 22 = 0; unsolvable,
I=1 22+ —22=0; (,y,2) = (1,0, 1),
(26) I=2, 22 4+ y2 + 222 = 0; unsolvable,

I=2, 2+ -22=0; (=ya=(01L1,
\I=2, 22 — y? + 222 = 0; (x, 9,2 =(1,1,0).

Here the conditions (24b, ¢, d) are trivial, but condition (24a) does the job.
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In the case of system (26) the reader can verify that condition (40a) picks out
the unsolvable cases as surely as does (24a). (We recall that if z is odd,
x2 = 1 mod 8). More generally, if we dropped conditions (23), we should
have to replace (40a) by

2 9 s _ nJsolvable for p-adic integers (p = 2 incl.),
(40b) af® + by + =0 &, { not all zero.

In modern parlance, the p-adic conditions for p = 2, p odd, and p = <
are “local” solutions to (22) in the “neighborhood” of a prime p. The
solution in rational integers is a “‘global” solution. The global solution is
(easily) a local solution for each prime, but these solutions also lead to a
global solution (nontrivially) by Legendre’s method of descent.

At this juncture number theory was strongly influenced by Riemann’s
theory of complex functions (1852) [through a famous sequel of Dedekind
and Weber (1880)]. According to Riemann’s approach, a complex function
is completely determined by knowing the power series around the singu-
larities. For instance, consider the equation in which the unknown z is a
polynomial (not an integer),

@4n @t = (1 = )"t — a1 — )™ (my 2 0).

Here the «; are (different) real or complex numbers and m; are integers.
We ask if a polynomial x = §(r) exists to satisfy (41). The answer is
trivial, since (41) is solvable if and only if all m, are even integers. The
““evenness of m,;” can be interpreted as saying that in the neighborhood of
any «; a Taylor series exists for x such that

(42a) @ =+ filt — o) + Bolt — 22+ -
If m, is odd, we should have, on the contrary,
(420)  z=(r— a)¥By + Pt — 2) + Bolt — @)* + -+ ).

The t = «; are similar to the p which divide abc (and p = 2) of (22). In the
neighborhood of the other values of 7 it is easy to show that a power series
always exists as for the odd p + abc.

The “p = 0™ case is taken care of by the “order of magnitude’:

(42¢0) T~ tmat o malZ gg s 00,

Thus we say « has a Taylor series at = co when Zm, is even. It is now
clear that if we know about t = oo we can afford to be “ignorant” about,
say, t = oy (in the knowledge that m, is even if the same is true about each
m, (i > 1),and Tm,). This is like ignoring p = 2 when we know about p =
oo and odd primes.
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A more elegant procedure emerged in the work of Hensel (1884) on
p-adic integers. A p-adic integer is defined for a given prime p as the
infinite formal power series with integral coeflicients:

(335) E=axy+pr,+p2as+ -+ pir, + 0

The series may terminate, representing an ordinary integer, or it may be
infinite. For example, in Chapter 1, §8, we saw how to construct a series
which formally satisfies (for odd p)

36) X?2= A (mod p")if (4p) = 1
by taking the terms of (35) up to p"x,. The whole series would be a p-adic

representation of v/’ A.
By the Chinese remainder theorem, condition (245), for instance, states
that for all odd p that divide ¢

@37 ar® + b = 0 (mod p) is solvable.
(Here p = 2 is trivial.) Now an equivalent form of (37) is
(38) af® + b = 0, solvable for £ a p-adic integer.

Finally it is fully equivalent to write (when p| )

2 ) solvable for &, %, {
(9 al® + by + ¢ =0 p-adic integers not all 0.

Here condition (39) has the advantage that a, b, ¢ need not be square-free
or relatively prime in pairs (for the elimination of square-divisors and
common factors would leave a p-adic solution alone). Furthermore, a
solution in p-adic integers is completely transferable by transformations
(31) (using elementary manipulation of power series). The only *“catch” is
that the primes p that divide abc in (22) are not necessarily those that divide
abq in (32). Thus we must have one additional minor proof to show that
(22) is readily solvable in p-adic integers when p 1 abe, in other words, for
all p.

Now Legendre’s theorem states:

The equation (22) is solvable in rational integers x, y, z if it is solvable in
p-adic integers for all odd p and at the same time for real z, y, z.

We note that the sign condition (24) can be interpreted as the existence of
a p-adic solution for p = co.

We also note that there is an absence of concern for p = 2. Actually,
this is an alternate (traditional) form of Legendre’s theorem, under
conditions (23), in which the sign condition (24) is replaced by

solvable for =, ¥, 2,

2 2 2 —
(40a) az* + by + ¢z° = 0 (mod 8) not all even.
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At any rate, the “local” solutions (42a), (42c) determine a so-called
“global” solution: z = (¢t — a)™/2- - (¢t — o)™/, which in effect looks
very different! The reader should ponder the analogy carefully.

Returning to number theory, the connection involving p = 2, p odd, and
p = oo happens to be very much like the Hilbert condition

—(a
@) (%)=t

The connection with the genus theory and quadratic reciprocity, however,
is too involved to pursue at this juncture.

There are other equations like (22) for which local solvability determine
global solvability, but, unfortunately, they are both few in number and also
esthetically unattractive. Generally, one might well wonder if ideal theory
creates a sufficiently large number of primes to give ‘‘enough” local
solvability conditions for global solvability.

Just as the properties of the solution to a diophantine equation can be
discussed locally, so can the properties (a) and (b) of the class field be
discussed locally by working “modulo p” with p-adic series. The harder
part consists in showing when the local properties can be “built into’ a
global solution or class field, as the case may be. This new development
involved the complete rewriting of the foundations of algebraic number
theory mostly by Artin, Chevalley, and Hasse.

Thus the axiomatic formulation of number theory is still fluid after some
2500 years.
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appendix

Table I Minimum prime
divisors of numbers not divisible

by 2, 3, or 5 from 1 to 18,000

The material in this table has been extracted from Table de diviseurs
pour tous les nombres des e, 2e, et 3e million, ou plus exactement, depuis la
3,036,000, avec les nombres premiers qui s’y trouvent, by J. C. Burckhardt,
Paris, 1817.

The reader might accustom himself to usage of the table by these
observations: in Table I-A the extreme lower right-hand entry (*) states
that 19 is the minimum prime divisor of 8797; and in Table [-B the extreme
upper left-hand entry (1) states that 9001 is prime,

247
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97 711-—-——677)——17“—-7—-—-—1959?3 1 —1 11
41 17— 71 73 11} 29 — -l 4 =] 7918 47} —| 11 7o 23 | 89 —~ - 7
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TABLE 1 (continued)

C: 1—8999

01{04]07/10{ 13] 16} 19 22| 25| 28| 31} 34) 37| 40| 43| 46| 49| 52| 55 58161|64| 67! 70| 73] 76| 79| 82| 85/ 88
01| =1 = — 7 =1 | —| 31| a1] —| 7} 19} - 14313 7 = -} {3 [ =] 7 ul =] so —| 19|
03 [f ~f 13j 19 17[ —] 7] 11| ~| —f =] 29) 41} 7| —| 13| — 14 —| 71 17} 19 470 671 —| 71 13 1] —
o7 ff —| 11] 7} 19 —| —| —| --| 23] 7| 13| —} 11} —| 598 17| 7] 41} —| —] 31} 43 71 =1 —| —| 29 471 —
01— —| —| —{ 7] —| 23| 47| 13{ 53] =1 71 —| 19} 33| 1| —| —| 7| 37| 41| 13| —| 43| —] 7} 11l —| 67 23
13 — 23] — 13] —| — —| 7 29| 1y —| 47] —] 19] 71 17) 13| 37) —] —{ 1 7| —| 7] 23| 41} 43 —~| 7

]

190 70— —| —| =] =119 7] 1)) =) —| 13| — =~ 743 =| 17} =11} 29 79 —| —] 13} 190 —| —| 171 —
20 11—} 7 = =) — 17| —=| —| 7} =] 11 61 —~|29] — 7| 23] —| -} —| -} 11} 7 —| —| 89 —| —|] —
278 —| 7 —| 18] —| —] 41 17 1] 831 23| —| —| —| 7113 —| —| =} 1y = 7| =} 17] 29 —| 19 — 7
31| —f =] 17 111 7) —| 23] —| 19| 31f 47] 7| 29 61} 11] —| —| —| 7| —| 59 53| 790 —| 13} 71 —| 19] —
3 71— —| —| 3123 — 71171 =] 13 —| —| 37 7| 41 w7 ] ¥ - - 7 u
37T —[ 1o 14{ 17 7} — 13 —| 43| —| —| 7| 37| 1| —| =} —| —| 134 17| @f —| 3} 1} H —| — -} —
39 — —{ = 13 11} 7| —| =1 17] 43] 19} —| 7| -] —| 11} 13| 29 70 47t 23} —-| 41} —| 17l 7 ~ —
BN [ =l 7717 31} 29| —| —| —} 7] 11} 19y 13| 43 —| — 7| 23| =} —| 17} 11| —| U -] 13 —| —| 37
49 [ — =19 17| —| 13| —} 7| 47| —| 23} —| —| —| 7} 29| 31| -y 11 —| 17| 7 —} —| —| 73 83 —
SUf~t 11— = 7|13 =) —) —[ =} 23] 7) 11fj—}19) =) —| 359 70 -] =1 —| 43| 1 —1 7 —| 37 17| 53
ST =l = =] 7423 19 37] —] — 7} —J 13| =} = = —| 7| = =) a7y 11} 29 —| 7} 13 73| 23 43 17
61 —| —=| —| =] 11| 37} 7] 13} —} 29| —| —| 31| 7| 59} 11} —| 67| —| 61| 7| ~1 23| 17} 471 190 |l 1 —
63 —1 —| 71 —{ 29 —| 13 31| 11| 7 —| 83| 17| —| —| 719 )1y — 23 —| 71 37 79| —| —| ~| —
67 —[ 13} 1 —) —f 7} —{ 17| 47} —| - | —| 7] 11} 13} —f 23} 19} —| 7] 29| 67 37| 53| 11] 31 7| 18 --
69 [ 131 7[ —| —| 37| —| 11} —| 7|19 — =13ty 7 -y - =3 =] 71 =] —| = 13 =1 11] 7
734 —| 1) — 29 —| 7] — a3l 190 23] | —| = —| =1 =] o =)= 13 1 73 —| W —| —| 19
790 | — 1913 7|23 —| 43 —| ~} 11| 7| —| =] 28] —| 13| —| A ~| A 1] = —| 47| 7| 79 17| 23 13
81 1 — 13| 111 23] —} 41| 7| —| 29| 43] —| 59) 19} 7| 13| 31| 17} — — —| 7| —| —| 73} 1] —| 23| 71 —| 83
87 (| 11| — = —| 19| 7| —| —| 18] =] —| 11} 7, 61} 41 43} —{ 17| 37| 7} 23| 13| 11} 19] 83 —| 7 —| 3 —
91 —| —1 71 —| 13{ 19| 11 — N —| =117 =] = =] 7N 4341 —| -] 7N 19 ] 61 —| 1] 17
93 || —| 17| 13} —| 7| — — —] 1] 31 71 — 23|13 —167f 7 if1nfa3 —f 44 -1 71 —| —| 13 —
97 || — 7| —| —| 1| —| — | =y 23 13) — 17] —] 74 19| —| 20| —} —{ 73] 7| 471 3] 43 nu| — —| 7
Q-1 =117 71 -] - 11 23| 13} 7| —| 29| —| 53] 37} —] 7| 1} 17} —| 67} 13| 31 -1 19 431 —| 11

0sT

XIAN3IddV



TABLE 1 (continued)

F: 9001—17999
9 o7, 10| 18] 16{ 15| 221 20| 28] 31 34{ 7] 401 43 46 a5 52/ 55|58 61 |64 |67 | 70 7376 179
|
- 7—894]——1-1—137111—1772337-———47— 71 n —-
7 —|101] 43 13| —( 29, 7} — —{ 1| —| —| 41y 7| 17} 67[ 13| —| 89 61] 71 73 19 —
—_ = =171 43 —| —| 23 Ty —|—| =] {19013 74— 971 —{ ~| 174 —| 7 -
— 7 23 —| —| 17] 19] —| 7] 13| —] 11[107103] 47| 7} —] 59 —| 7| —~] 73 1 — 19
7 71103 —| =] 7|19 —| =} | =l 7| = —1433u 1} 13] 7§ —| 23 —| — -
—| 731 131 89 —| 17| 7} —| 1} 3} —| 37 —| 7 1319 —| 23{ 11} 71 29| 17 -
170 — 470 1| —f —| —[101f =} 291 7| 13 —| ~i 1| —| —| 7| —~| —]| 43} —f — 7
—| 41 —} 29 79 N =19 18] —| —] 71 —| =] 97] 53] nj127) 71 —| ~| 13 —
— 11 —| —] 13] 83| 41] 23 31 =1 11 ~|109| 77 13~ 29 —| — 79
=l 71703 —| —{ —| 37] 7] 89) 11]108} 13 —| —| 71 4l 47| —| 17| 19 11 —~
23 614 11) 7] — —| — =1 17} =] 7|19 -y 11} 67} —| —| 7} —f 4} —| —| - 7
1) — 7} 19} 13 370 —1 29 —| Tp 89 1) — 97) —} 79) 7| 13 67} —} —~] -] 1 131
13| 43 — 611 17) —| 7) 7Y — —] —| =113 7| —froyy — 11| 3} — 7| 17} — 29
—| 7 —] 43| —| —| = —| 7 11} 17| 13| 31f —{ 19 7103{ 83 290 4 1 —| 7 13
31 —| 4 —| 11} 712913 59 —} —| —| 7) — —} 11| 47 101} 107] 7% 13| 37 17 —
7} —| 37) 89 —| 13 IEJ N —) 43 — 17) 834107} 7} —| -} —] W10 —} 7 - —
47) 130 11107} 7 —| 17] 19 — —] —={ 7| 53| 11f 13| —| 79} 29| 7{ 101 ~| 113 97 11
W— = Ty =l =118 =] Anf—| =~ == 7] 19 43 41 13 1 7
—| —| 83| 11} —| 7| 13 61f —| 19} 47} —| 7| 17} 11} —1 23] 59 103| T} 3 43 29 —|
B 13~ | — 79 — 28 NI {30 —| 7] —f 19 -] ~— —
719 —| —| 21y 713 —| —1 73831 T 7| —| —| 1| =} 971 19 7 -
N — = 2337 =113 —{ 978 7| —| 19| —| —§ 17| — 1} —| 83} 13 1 - 7
7] —| 89 13 —| 11| 41 7| —| =] 17} —{ —{ 19| 7} -] 11} - -1 -~ 7 - -
—1 1y = 19— =1y 7= 73 371~ | — 11| 103} 23] — —|
43| — —| 11 67] 191 7t — 79103} 13] 17| 37y 7] 1} 41} 31| 234 —| —| U —| = 19
11} —| —| 13 43! —) 67 —F — 23] 7| —| 53] —| 19| 13} 97{ 7} 107} —I] 127 4]
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TABLE I (continued)
E: 1-8999
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Table IT Power residues for

primes less than 100

The following table has been taken from Canon Arithmeticus, by C. G.J.
Jacobi, 1839 (reprinted Berlin 1956). Here the base g is the least primitive
root modulo p and g’ = N (mod p). The reader might check his reading
of the tables by noting that for p = 37 the entry marked (*) means
232 = 7 (mod. 37), whereas the entry marked () means 23 = 8 (mod 37).
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TABLE II. POWER RESIDUES 257
TABLE II (continued)

p= 23. g= 5
N it 1
ofrfz]|3fa|s|6)17]8]|9 || oflxfz2]3]4] 5| 6] 7} 8]0
51 2{10] 4|20] 8 |17]|16f 11}{| of 22f 21 16f 4 1| 18t 19] 6] 10
1] gl2z2}18)z21f13]19} 315} 6] 73l 1] 3 9) 20| x4 21| 17] 8| 7112|158
2]12 |14 1 2] 5|13 11
p=129g=2
N 1
ol 1]2 41 516171819 ol 1] 2| 3] 4] 51 6{ 7] 8] o
[ 2] 4 8116 3] 6)12f24] 19l 0 28| 1| s5j 2]22| 6f12| 3|10
1] oli8] 7 txqj28F27125]axf13} 260 x{23)2s) 7{18j13}27] 4l21j{s1] o
2|23 |17) 5 |30|20]1xf{22}15} 1 2| 24] 17] 26| 20| 8] 16| 19] 15| 14
p=3l,g=3
N I
otrtz|3|ays5i6]7]8]09 ol 1|l 2]3]4]s 7| 8f9
o 3] 9f27|19)26]16]17]20]20|{ 0 30[ 24| 1|18 20]|25|28]12] 2
12513 | 8|24 |10|30}|28[22] 4|32l 1|34]|23]29]2x]22{21] 6] 7|26} 4
2| s|is|14fxx| 2] 618|231 7| 21| 2] 8|29|17]|27{13]10] 5] 3|16} 9
3] 1 3|15
P= 37, g=
N I
o1 {2}3}4|5]6)7(8]9 o|xjz2|3]4]5{6]7]8]9
-] 2| 4] 8{16132}27 (1713431} 0 36| 1|26} 2}23]|27[32H3 (16
1125{313 |26 j15 3023t o |18 |36)35f 1]24 |30f2Bfxx{33]23]) 4] 7|:7]3s
2|33 |29 |21 ] 5|10j20) 3| 612124 | 2|25 )22 |31 |25j20 10|12 6]34 |20
311 |22 [x7 |14 |28 J19 | 1 3|14 | 9] 5|20} 8|19 [18
p=4l,g=286
N 1
o 1 ]2 [3 ]4]5]6 (71819 o1 12 (3 |415 16 1718 |9

40 |26 |15 |12 [22 | 1 |39 [38 |30

32 |28 | 4

40 (35 1 5 |30 16 Jig4 | 2 |12 |31 |22
7 (17 120 |38 |23 |15 | 8 | 7

34 (14 29 |36 j13 | 4 |17 | S (11
23 {28 |10 |18 |19 |21 | 2 [32 |35
20

W N O
L= =

- w N =0




256 APPENDIX

TABLE II
p=3,g=2
N I
o {1 |2 o |12
o 2 |1 o 2 |1
p=5g=2
N I
o |1 (2 [3 |4 o1 ]2 4
o 2 |4 13 {12 ] 4 |1 }3]2
p=7g=3
N I
olx ]z |3 14|56 o 2 {3 5|6
o 3126 [4]s5 ]2 o 6ft2(1{4]5]3
p=11,g =2
N I
o123 4516178 9 olrl213141]35 71819
] 2 |4 |8 10/ (7316 |c w1 |8(2fj4|0]7i3]6
1|z 1135
p=13, g=2
N I
o s |23 |4]5|6]|7[8]09 o|rjz|3 s {617 9
2 |4 |8 [3]6 |12 11 |9 |5 |lo 12 {1 |4 |2 s [I1I 8
1jio |7 |1 1f10] 716
p=17,¢g=3
N I
o1 123 [4]s][6({7]8]e ol 21314 }5]|]6]7[8/|09
) 319 |1of13]s (15 |1x [36 [14 Jo 16 |14 |1 |12] s {1511 10
18 |7 (4 |rxz|2)6]1 11371 2/x3)4 tgl6 | 8
p=l9,g=2
N JI| 1
ol1}l2]3|4]s5|6]7 g“ olr|l2)3|4)]516)718!09
o 2| 4| 8 J16f13f 7 14| o ]s8{lo 18] 1]13| 2 ]16)14] 6| 3 {8
17| 1s5| 11| 3 6112 5 jro} 1 117 32f15}F 5| 711x| 4|10 9




TABLE II. POWER RESIDUES 259
TABLE II (continued)

p=6l,g=2p-1=2¢.3.5

N 1
ofr]2|3]a4]s5|6[7{8]09 ofr12|3|{4}5{61718]09
) 2 41 8116732 ] 3] 6]12]24]|0 60| 1| 61 20221 7 |49]| 3|12
1148 |35 9|18 |36 {xx |22 |44 j27 |54 |fx{23 {15 8 [40]50}28| 4147 [13]26
2147 [33 | 510 {20 |40 |19 |38 115 )30 lf2)24 {5516 |57 oa4 {41 [18 |51 )35
3|60 |59 |57 [53 {45 |29 |58 |55 |49 )37 J13]29 {59 5|21 |48 )11 |14 |39 27|46
4|13 |26 |52 |43 |25 |50 139 |17 |34 | 7 ||4}25 |54 56|43 |17 [34 |58 j20 1038
5114 128 |56 151 da1 )21 142123146131 05845)53142733019837 )52 132}36}31
6] 1 6] 30
p=67' g = 2, P 1=2.3-11
N I
o {1 |2 {3}14)5]|6]71]18}09 o JT |2 (314)516(7|8}09
o 2| 4 8 {16 [32 {64 |61 |55 [43 |lo 66 | 1139) 2]15]40 )23} 3 )12
1119 |38 | 9 [18 136 | 5 |10 |20 {40 |13 {l2]16 |50 (47 |10 |24 54| 4 |64 |13 |50
2126 |52 |37 | 7 |14 |28 |56 |45 123 |46 [I2]17 |62 {60 |28 142 |30 |20 |51 |25 |44
3125 150 |33 [66 |65 |63 |59 |51 1351 3 |3{55 |47 | 5|32 65138 |14 j22 |11 |58
4| 6 |12 }24 {48 129 {58 |49 (31 [62 |57 |[4|18 |53 [63 | o }61 |27 |20 |50 |43 {46
5|47 (27 |54 14x (15 [30 [60 |53 |39 |1x |I5]33 137 [21 {57 [52] 8 126 |49 |45 |36
6122 (44 f21 |42 17 |34 | 1 6156 | 7148 [35] 613433
p=7L,g=T,p-1=2-5-7
N I
o1 j2 13 |45 ]6 |7 (89 o123 ]4|5]6]7]|8Il9
o 7 149 |50 158 Y51 | 2 [14 127 {47 llo 70 | 6 [26 (12 |28 [32 | 1 {18 |52
1|45 |31 | 4 (28 {54 |23 {19 |62 | 8 [56 (|1 )34 [31 |38 139 | 7 154 |24 |49 |58 [16
2137 [46 (38 153 [16 |41 | 3 [21 | 5 |35 J|2 |40 |27 [37 |15 |44 |56 [45] 8 13 |68
3 {32 [11 6 (42 j10 {70 164 |22 |12 [13 3160 (11 {30 [57 [55 129 |64 [20 |22 |65
4 |20 |69 157 (44 |24 |26 |40 |67 {43 J17 Jl4 |46 [25 |33 |48 |43 J10 21} 9 J50 | 2
5|48 |52 | 9 (63 |15 [34 {25 (33 [18 |55 5062 | 515123 1459 |19 [42] 4| 3
630 |68 (50 {66 136 |39 160 }65 |29 161 || 6166 69 [ 17 |53 136 167 )63 147 |61 |41
7{ 1! 7135
p=173, g=>5
N 1
o1 |2 (3 |4 516 |7 ][81{o o1}z |3(4{5]6]7]|8]9
o 5 {25 |52 (41 |59 3 |15 2 |10 Jlo 72 8 6 |16 1 {14 |33 |24 (12
1150 |31 1 9 145 | © ]30 | 4 |20 |27 |62 J1| 9 |55 |22 [50 |41 7 {32 |21 [20 [62
218 117 |12 [60 | 8 J40 (54 |51 |36 [34 |2 17 |39 [63 |46 (30} 2 |67 [18 |49 |35
3|24 (47 (16 | 7 (35 f29 |72 |68 [48 j21 [{3 |15 |11 40 |61 |29 |34 |28 |64 |70 |65
4132 114 |70 |58 171 163 123 (42 164 128 |l4 |25 | 4 |47 |51 |71 {13 |54 |31 |38 |66
5167 |43 (69 |53 [46 |11 |55 [56 (61 |13 Hs {10 |27 | 3 |53 |26 |56 |57 {68 |43 | 5
6165 133 119 |22 |37 139 149 |26 |57 [66 {16 |23 |58 |19 |45 |48 |60 |69 |30 |37 |52
7138 |44 | 1 742 [44 |36




258 APPENDIX
TABLE H (continued)
p=43, g=3
N I
o |r |12 |3 Jas|6]7]8]o9 o1 1213|415 1617 (8 |9
[ 3 {9 |27 (38 [28 |41 [37 |25 |32 ||lo 42 f27 | 1 |12 |25 |28 |35 (30 | 2
110 |30 | 4 (12 (36 |22 (23 126 |35 |19 |1 J10 [30 |13 |32 |20 |26 |24 |38 |29 |19
2114 142 140 |34 [x6 { 5 {15 | 2 | 6 [18 llz |37 |36 {15 {16 (40 | 8 |17 | 3 | 5 [41
3111 (33 {13 (39 |31 | 7 |21 |20 |17 | 8 (I3 ]1x (34 | 9 |31 |23 {18 |14 | 7 | 4 |33
4124 {29 |1 4122 | 6 far
p=47,g=>5
N | 1
o |1 |2 |3 |4 5 |6 |7 |8 |9 o fr |2 |3 |4 }5 {6 |7 |8 |9
[ 5 |25 |31 |14 |23 |21 j1x | 8 |40 |lo 46 |18 20 |36 | 1 |38 |32 | 8 |40
1112 |13 |18 [43 (27 |41 |17 |38 | 2 f10 |1 |19 | 7 J10 Juzx | 4 |21 |26 |16 |z |45
213 |15 |28 [46 W2 |22 |16 |33 |24 |26 [f2 |37 | 6 {25 | 5 {28 | 2 |20 |1q4 |22 |35
3136 |39 |7 {35 [34 |29 | 4 |20 | 6 |30 [|3]39 | 3 [44 [27 [34 |33 |30 |42 |17 [31
419 145 137 |44 |32 19 | 1 419 |15 (24 |13 [43 |4 |23
P= 53, g= 2
N 1
o |1 |z 3 [4 |5 |6 |7 |8 Jo o Jr ]2 3 J4 |5 16 J7 I8 (9
o 2 |4 |8 J16 |32 |11 |22 [44 |35 [lo 52 1 J17 12 |47 [18 {34 | 3 |34
1117 134 |15 J30 | 7 J14 |28 | 3 | 6 |32 [u |48 | 6 |19 |24 |15 |12 | 4 |30 |35 |37
2 |24 148 143 |33 [13 |26 |52 |51 |49 [45 [{2 }49 |31 | 7 |39 |20 |42 |25 [s1 {16 L6
3|37 |21 42 |31 |9 |18 36 |19 138 |23 313 33 | 5 [23 [11 | 9 |36 [30 |38 L4t
4 146 139 |25 |50 {47 |41 |20 | 5 {10 [20 |l4 |50 |45 |32 [22 | 8 |29 {40 |44 [21 [28
5040 |27 ] 1 5143 |27 |26
p=59,g=2p—1=2-29
N I
o] 2 |3)4ls5}6)7]|8]9 oftrlz213)41s516]17]8]s
L) 2] 41 8|16])32) 5}10}20]40]l0 s8] 1|50t 2] 6|51 |18] 3 |42
1|2y 42 |25 |50 (a1 |23 [46 {33 | 7 {1a {1} 7 |25]52}a5[10]56] 4 |40}4e3 |38
2128 |56 |53 147 |35 )11 [22 |44 20|58 2] 8|10|26]15])53]12]46]34]20 28
3057 15551 |43 |27 |54 [49 |39 |19 |38 {357 [49] 5|17 |41 |24 )44 |55]39 (37
4|17 134 o |18 [36 |13)26 |52 |45 |30 lla] o|xa jrx|33]|27]48|16]23]54 36
5] 3] 6|12 )24 14837 )15 ([30] 1 5|13 32|47 (22)35])31[21]|30]29




Table III Class structures of
quadratic fields of ,/m for m less

than 100

This two-part table has been taken from Introduction & la théorie des
nombres algébriques, by J. Sommer, Paris, 1911. In the following tables
d stands for the discriminant and the basis is [1, w]. (Here o’ denotes the
conjugate.) The factors of the discriminant are listed in the order of the
corresponding character symbols; except that when a real field has
discriminant divisible by a prime ¢ = —1 (mod 4) such a prime is listed
first in d but omitted in the list of character symbols (see Chapter XIII,
$3).
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260 APPENDIX

TABLE II (continued)

p=79,g=3
N I
o1 |2 3}14]|5|617|81]09 oj1{2!3f4]5]|6 8 19
o 319|271 2] 6118 |54 412 (o 781 4| 1| 8162 | 5|53 12| 2
1136 {20 8 (24 172 158 116 |48 los 3701166 1681 o laslerl6alae o 6132
2132 |17 |51 |74 (64 |34 |23 {69 |49 |68 || 2|70 |54 |72 |26 13|46 |38 | 3 (61 |11
3146 |59 119 |57 |13 |39 |38 135 |26 |78 {3167 {56 (20 |60 (25|37 | 10 |19 |36 |35
4076 |70 152 177 |73 |61 |25 75 167 (43 Jl4174 |75 |58 (49 |76 |64 |30 |50 |17 |28
5150 |71 [55 | 7 |21 63 |31 [14 |42 |47 5|50 |22 |42 |77 | 7 |52 |65 |33 |15 |31
6162 {28 | 5 |15 [45 [56 |10 |30 |11 |33 ||6 )71 |45 |60 {55 {24 {18 73 {48 {29 |27
7]20 |60 {22 (66 40 |47 [44 (53 | 1 T 4T [S5T {14 |44 [23 |47 [40 143 |39
p=283,g=2
N 1
oil1t213 14]s|[6]7(8]a9 olxi2|3{4]|5]16[718 |9
o 2| 4| 8116132 164 (45| 7114 |0 82| t]72 | 2)27)723| 8] 3 |62
1128 156 |29 158 [33 166 149 {15 130 |60 [|x]28 j24 (74 |77 | 9|17 | 4 |56 |63 |47
2137 174 |65 [47 {11 |22 |44 | 5 |10 {20 ||2]29 {80 |25 |60 |75 54 |78 |52 |10 |12
3[40 180 177 (71 50 |35 [70 {57 {31 {62 [i3|18 |38 | 5 |14 [57 {35 64 [20 |48 |67
4|41 82 |81 {79 |75 167 [51 {19 138 |76 fi4]30 |40 {81 [71 |26 ] 7 |61 |23 |76 |16

5(69 155 |27 |54 |25 f50 [17 [34 (68 153 lI5|55 |46 |79 |50 {53 )51 (11 (37 |23 |34
6123 146 | o {18 [36 |72 (61 (39 |7B |73 [i6]10 |66 |39 70| 6122 |15 |45 (58 |so
7163 1431 3| 6 {12 [24 |48 |13 (26 (52 [{7]36 [33 |65 |69 |21 {44 (49 [32 [68 |43
821 |42 | 1 8131 42|41
p=89,g=3
N I

ol |z|3|{4]s|6]7]8]09 oj1iz2i3|415([6]7(819
° 3] 9271816517 [51 |64 ]|14]j0 88 116) 1327017 |81 48] 2
1142 137 |22 |66 j20 |60 | 2 | 6 |18 |54 H1]86 |84 ]33 |23 o071 |64 6|18 |35
2173 (41 134 (13 |39 |28 184 (74 |44 |43 || 2|14 |82 (12|57 (49|52 {30 3|25 |50
3j40 131 | 4|12 136 |19 |57 |B2 |68 {261 3]87 {31 {80 |85 {2263 |34 |11 |51 |24
4|78 )56 (79 [50 |88 |86 [80 |62 ] 824 4|30]|21]|1029]28 72 |73 | 54 {65 {74
5|72 (38 25|75 147 |52 |67 |23|60)29] 5)68] 7| s5| 78] 19] 66| 41| 36] 75] 43
6187 [83 |71 [35 [16 48 |55 (76 [s0i61(l 6] 15|69 47|83] 8 5| 13]5s6]38s8
7] 5|5 [45 |46 {49 |58 |85 177 |53 |70t 7] 79| 62| 50| 20 27| 53| 67 77| 40| 42
8132 7 |21 [63 {11 |33 ]|10]|30]| 1 8146 4] 37)|61] 26] 76) 451 60| 44

p=97,8=5
N 1

ol r)2|3;i4)l5/[6[7]8]|o9 o| 1| 2|3 4] 5|6]|7(8jfj9
0| 512528 [43) 21| 8|40 6] 300 96| 34| 70} 68| 1| 8| 31| 6] 44
1153 71| 64129 (48)46|36)|83|27{3811}35|86)42|25[65| 71| 40} 89| 78/ 81
2193177 |94 821 22113)65)34|73|74([2]69| 5|2477] 76| 2| 50|18] 3}13
3179 7]135]| 78| 2| 1050 56(86) 42|l 3] 9| 46| 74| 60| 27] 32 16| 91| 19} o5
4] 16,8012 ( 60| 9fas|31[58|06|9zfl4] 7)85| 30| 4[ 58] 45| 15|84 14}62
5[ 72| 69 54|76 (89| 57| orf67|44] 26 5| 36(63] 03] 10| s2]|87(37|5s5|47]867
0133|681 49| s1161)14)70) 59| 4| 20/ 6] 43{ 64| 8o 75| 12| 26| 04| 57{ 61| 51
7| 3|15| 75| 84]32}63] 24| 23|18] g0 71 66| 11] 50 28| 29| 72| 53| 21] 33| 30
8] 62 19195187 | 47] 41| 11| 55| 81] 17}{ 8] 41|88 23] 17| 73] 90| 38| 83| 92 | 54
9| 85| 37(88| 52| 66f30] 1 9] 79| 56] 49 20| 22] 82 48




TABLE I, Part 1 (continued)

4 Ideal Structure Genus Structure
w
Ideal} Class Class | Character
-17 V=17 —22.17 0 Jt Js
G,1- V=T sl et T
Q14 vV=17) Jz J?
G, 1+ V-17 J J
_po | LAYy ) 1 I+
2
—21 V=21 —22-3.7 ) A42 A4 |+ + +
G,3+vV=2)| A4, A4, |+ — -
G,V -21) A 4 |- + -
@1+ V-2 A 4]- -+
-22 V2 —23-11 ) A2 A |+ +
@,V =22 A A| - —
v
—23 1—+—2—23 —~23 160 Js Js
@, o) J? J? +
2, w) J J
—26 V=2 ~25.13 m Js Js
5,2~ v =26) Js Jt + +
3,1+ V=26 J J?
@,V =2%) J3 Js
(3,1 - V=26 J2 J3 - =
6,24+ V—=26) J J
—29 V=29 —22.29 m Jg | s
3,1—- V=29 Js J* + +
5,1 — v =29 Jt J?
2,14+ v =29 J? Js
G,1+ V=29 J J? - -
G, 1+ V=29 J J
—30 V30 —28.3.5 ) A4z || 4242 |+ + +
@, \/—_30) AA, Ad, |+ — —
3,V -30) Ay A
(5, v —30) A 4 |- - +
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Part 1. Imaginary Fields

TABLE III

Ideal Structure

Genus Structure

w d
Idealt Class Class | Character
—1+| V=1 -2 OE I I +
-2 V2 —28 WE I 1 +
3| LE ;/‘3 -3 WE I I+
-5 V=5 —22-5 o A2 A2 + +
214+ v=5 A A -
—6 v_6 —20-3 ) A2 L+ +
@, v —6) A A - -
g | L+ V=T —7 (DE 1 1 +
2
~10 V=10 —23.5 m A 4| + +
@2, v —10) A Al — —
o [LEY-up g ()E I I +
2
-13 | v-13 —-2:-13 O A2 A+ +
2,1+ Vv-13) A al - -
—14 v >4 —28.7 ) Jt J4
G,1 - V14 s el T 7T
@, vV —14) 7ol
3,1+ V—14) J J -
s | LEV=IS o ¢y A A4+ +
2 2,14 o) A 4| - -

* This field contains the units £V —1 in addition to 1.

t This field contains the units +, +’ in addition to +1.

t The Euclidean fields are designated by E; there is no other quadratic field
beyond this table.
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TABLE III, Part 1 (continued)

Ideal Structure

Genus Structure

w d
Ideal} Class Class | Character
—42 v | -22-3-7 o A || A4 |+ + +
@, v —-42) AA, A4, |+ — —
G,V —42) A, A4, |- + —
@,V —-42) A A|— — +
—43 1_*“_;/:13 —43 %) 1 I +
—46 vV —46 —22.23 0] Ji J‘} .
(5,2 — vV —46) J? J
@, vV —46) J? J? _
5,2 4+ vV —46) J J
—47 ‘_+;/_‘47 —47 M FC ER
21 +w) Jt J
(3, @) J? J? +
G,w) Je J?
2,1+ w) J J
st | L ;/‘51 317 ) P A + +
G, 1+ w) A Al - —
—53 Vv —53 —22.53 6y Je Je
3, 1-v=53 Js Jt + +
9,1 — V=53 Ji J?
e1+Vv —53) JB Js
O,1+VvV—53 J? J? - -
3,1+ V=53 J J
_ss | LEYSSS T 5y ) sl
2 @, o) VA e + +
G, 2 + ) J? J3 L
@2, w) J J
—57 v —57 —22-3-19 ) A242 || 4242 [+ + +
@21+ VvV-57 AA, A4, |+ — —
3, V=57 4, A |-+ -
6,3+ V=57 A A |- — +
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TABLE III, Part 1 (continued)

Ideal Structure

Genus Structure

W d
Idealt Class Class | Character
_y (LHY3 o) sl or
2 2,1+ w) J? J? +
214w J J
—-33 v>33 | —22.3.11 O} A | a4+ + o+
21+ tss) AA, A4, |+ — —~
(3, v -33) A 4 |- + ~
6,3 + Vv —33) A A|l- — +
—34 v 34 —23.17 1 J Jt
o } + 4
6,1 -V —3% J? Je
@2,V =34 J? J3
G, 14+VvV-34 J J
o35 [1LEVEEL s ) A A2 + +
2 5,2 + w) A A - -
-37 | V=37 —2t-37 ) A 42|+ +
@1+ V=37 A 4| - -
-38 V238 —23-19 m Js Js
(3,1 =V =38 Js J + +
(7,2 + V=38 Jt Jt
(2, vV =38) J® Js
(7,2 — V=38 J? J? - -
G, 14 V=33 J J
-39 V39| —3- { 4 7
1+v>39 3-13 ) J } 4 o4
2 @2, w) Js J?
3,1+ w) Jt J? _
2, w) J J
~41 v=al —22.4] 0 o e
G,1— V=41 I L
— +
(5,2 — V—41) Js J4 *
(7,1 — V—-41) Js J?
2,1+ vV —41) J Ji
7,14+ v —4D J? Js o
(5,2 + vV —41) 2| o
G, 1 + VvV —4)) J J
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TABLE III, Part 1 (continued)

Ideal Structure

Genus Structure

w d
Ideal} Class Class | Character
—67 | 1LF V=67 ‘2/‘67 —67 M 1 1 +
—69 v —69 —22-3.23 o J4 14} 44
(7,1 - vV =69) Js J?
(6,3 + vV —69) e AJ”} 4 - -
7,1+ V=69 J AT
5,1+ vV —69) AJ? J3}
_ - 4 -
(3, vV —69) AT J
G, 1=vV=69 | A4J Aﬁ} -t
21+vVZ69 | 4 A
—70 V70 ~28-5.7 ) 442 || 4242 |+ + +
I, v—=10) AA, A4, |+ - —
S, V=10 A 4, |- + —
2, vV —10) A 4 |- - +
-7 I—t# -7 ) 7o)
@, ) Js Jo
G, 1+ o) LI (I
(3,2 +w) J4 J4 T +
(3,2 + ) J3 J3
5.1+ w) 2 e
2, w) J J
-73 v=13 —22-73 O J* J‘} + 4+
(7,2 -V =73 J? J?
@1+ V=13 J? J"} o
(7,2 + V=T3) J J
-4 | V74 —23.37 ) ol o]
(1,5 — v —74) Joq
G, 1 = VT73) 2o + +
G, 1+ V=74 J? J?
(11,5 + V=74) J J
5,1 - V=74 AT || oA
6,2+ V=78 | 4P || ar
6,2 — vV =73 A || 4y | — —
5,1+ V74 A7 || ar
@, V=74 Y y
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TABLE III, Part 1 (continued)

Ideal Structure Genus Structure
¢ Ideal} Class Class | Character
—58 v —58 —23-29 0] Az A | + +
@2, vV —58) A A - =
—59 1+V—59 59 M RE I3
2 G, @) el oo +
3, ) J J
—61 v —6l1 —22-61 m Je J?
(5,2 — V=61) J? 12} + +
(5,2 + vV—6l) J J
(7,3 — V—6l) AT || A
(71,3 + V—61) AJ AJ} - -
2,1 + vV—6l) A A
—-62 V=62 —25.31 ) o )
(3,1 —VvV—62) J? Js L
(7,1 + V=62) Js Jt | t o
(11,2 + V=62) Js JﬂJ
@2, v —62) J4 J?
(11,2 — V=62) J? Js o
7,1 — V=62) sl el
G, 1+ V=62 J JJ
—65 v—_65 | —22-5-13 ON J J‘} IR
(3,1 — Vv —65) J? J?
©,5 — V=65 J AP} - -
(3,1 + vV —65) J A
(1,1 —V—65| 4J3 AJ“:
== -+ -
@2, 1+ V—63) Az || 4
AL,1+vV—=65| A, J”} .
5, V—65) A J
—66 v_e6 | —22-3-11 ONE J4 14} + o+ +
5,2 — vV —66) J3 J?
3, V' =66) J? AJ%} + - -
(5,2 + V=66 J A
7,2+ V—66) | A AJ-"} 4 -
(11, V' =66) A || AJ
(7,2 — V' —66) AJ J“; _ 4
2, V—66) A J
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TABLE 111, Part 1 (continued)

Ideal Structure

Genus Structure

w d
Ideal} Class Class | Character
g | LHY=RTL ) ol e
2 2,0 J? J? + +
(1,2 + ) Jo J?
G, 1+ w J? Js
(7,2 + ) J? J“} - -
@, w) J J
—89 v/ -89 —22 .89 1)) Jo g
(3’ 1 — \/__89) Ju Jw]
17,8 — \/E) J1o Js ? -
(7,4 — vV —89) Je Je
(5,1 — v =89) J8 J
(6,1 + vV —89) | o
@21+ V-89 ool am
(6,1 — v —89) sl
6,1 4+ V=89 Je g7
(7,4 + V' =89) J3 Js - =
7,8 + v —89) J? J3
G1+VvV=8)| J
—o1 [LF vl -7-13 ) A A4+ +
2 (7,3 + ) A A] - —
—93 v-93 | —22-3-31 ) AAR | 4242 |+ 4+ 4+
6,3+ V=93 | A4, AAd, |+ - —
3, v —93) A, A | — + —
@, 1+ V=93 A A |- — +
—-94 \/——E@ —23-47 ) J® J8
(5,1 — vV'=94) Jr || e
(7,2 — V—94) Je J1 t o
(11,4 + vV —94) Js J?
@, V=9) »los
(11,4 — V' —94) 2| o o
(7,2 + V=94 e
(5,14 vV=94) J J
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TABLE III, Part 1 (continued)

Ideal Structure

Genus Structure

w d
Ideal} Class Class | Character
-77 V77 | -2-7-1 %) J4 Jt
G, 1 — V77 J J2} oA
(14,7 + V=77) J? AJ“;
G,1+ V=17 J A - -
6,1 = V=17 AT Aﬁ}
7, v =7 Al || 4 -+ -
6,1+ V=77 AJ J?
Q1+ v A J} - - F
—78 VT8 | —22-3-13 0 PLYRE LY B
@2, v =78) AA, Ady |+ — —
(13, V'=78) 4, A |- + -
3,V =78) A A|- -+
79 | LAV g a bl
2 @1 +ao) rllon
(5, ) 2o +
(5, w) 2
o @1+ J J
—82 v 82 —23-41 ONE J 14} + 4+
(7,3 — vV —82) J? J?
2,V -82) Jz J“} _
(7,3 + V=82 J J
83 1+__\2/_—_8_3 —83 ) sl .
G, v) |
3, ©) J J
—85 VZgs | —22-5-17 1) 442 | 4242 |+ + +
(5, V' ~85) AA, Ad, |+ — -
(10,5 + vV —85) A, 4 |- + -
@214 V85 A A|— — +
—86 V286 —235-43 ) Juofl g
(3,1 — V=86 FAIN I L
©,2 + v —86) s e+t
5,2 + V36 J
(17,4 — V' _86) o g
@2, V' =86) J|p
(17,4 + V' =86) s
(5,2 — V' —86) U Y I S
9,2 — vV =86) g2 | s
(3.1 + V—86) J | T
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TABLE 11
Part 2. Real Fields*

Genus
Ideal Structure Structure
w d N (1))
’ Ideal Class || Class| €P2™"
ealt ass acter
20 V2 2 1+V2 -1 WE I (1 +
3| V3 3.2 24+ V3 +1 WE 1 I +
si L +2‘/5 5 @ -1 me |1 1]+
61 V6 3.2 54 2v6 +1 WE 1|z +
71 V7 7.2 8 +3V7 +1 WHE 1 1 +
| vio 2.5 34 V10 —1 w_ Al oA l+
@, V10) A N —
1| v 11 -2 10 +3V11 | +1 WE I |1 +
13 1_,*’2_‘/13 13 1+o -1 me |1 |1 | +
14| V14 7-28 15+ 4V1a | +1 ) I 1 +
15 V15 [3-22-5 44 V15 +1 O a4+t
@21+ Vv15)| 4 A |- -~
171 +2‘/17 17 3420 -1 me |1 |1 ]| +
190 V19 | 19:22 | 170 +39vV19 | +1 ) E 1 || +
21 1_+2i2_1 3.7 24w +1 me |1 |1 | +
7| v | 1.2 197 + 42vV22 | 41 0 I 1 +
230 v23 2322 24 +5V23 [ +1 1Y) I I +
6| v | 213 5+ V26 -1 ) A | A2+ +
evw |4 la|--

* The fundamental units are designated by #.
t The Euclidean fields are designated by E; there is no other quadratic field
beyond this table. 271



TABLE III, Part 1 (continued)

Ideal Structure

Genus Structure

w d
Ideal} Class Class | Character
o5 |LHY-S o ) e
2 @1 +w) JUl g
41— o) FLIN Y O O B
3, w) U
(5,2 + w) Js J?
3, w) s s
@1 - w) VO O O
21+ J J |
—97 | V97 —22.97 1) Js J‘} 44
(7,1 - vV=97) J3 J?
@1+ v=97 J? J"} - _
7,1+ v =97 J J
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TABLE III, Part 2 (continued)

Genus
Ideal Structure Structure
w d 7 N(7)

Ideal t Class]|Class S::::;

550 V55 J11-22-51 894 12v55 |41 m 4 a2+ +
@1+vss)|l 4 | 4 |- -

57! +2‘/57 319 131 4 400 | +1 we |1 1| +
58] V38 2329 99 + 13V58 | —1 m_ A | 42+ 4
2, V58) A A |- -

59| V59 | s59-2 530 + 69V'59 | +1 m I |[r +

61 |1 +2‘/6‘ 61 17+50 |—-1 o '

62] vez | 31-2 63 +8vVe2 |+1 m I I +
65 |1 +2‘/65 5-13 7420 -1 o) Al e+ +
G2+w) | A4 || 4 |--

66| V66 |3-29-11 65 + 8V66 | +1 m A A2+ +
(3, V66) A A |- -

67| V61 | 67-2@ |48842 + 5967V67 | +1 ) FE |4 +

69 |1 +2‘/69 3-23 11 + 3w +1 ) I 1 +
70| V0 |7-22-5| 251 +30V70 |+1 _ A4 4|+ +
2, V70) A A |- -

T VI | 7122 | 3480 + 413VT1 | +1 ) I I +

73 |1 +2‘/73 73 943 4 250w | —1 wme |1 1| +
4] VA | 2237 43 +5V4 | =1 m A || A2 |4+ +
@, V74) A A |- -
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TABLE III, Part 2 (continued)

Ideal Structure Genus
Structure
w d n N(»)
Ideal t Class||Class Char-
acter
U
29 |1F YD g 2+ -1 mE |1 |1 | +
Z
30| V30 [3-22-5| 11+2V30 |+1 (1) A 2+ +
2, V30) 4|l 4 {—-—
31| V31 31-20 | 1520 4+ 273V31 | +1 m I || I +
33 1_+T‘/3_3 3-11 19 + 8w +1 me |1 |11 | +
| Vs | 217 35+ 6V34 | +1 ) Aol e+ +
G, 1+ V3| 4 A |- -
35| V35 [7-22-5 64 V35 +1 ) A | o4 |+ +
2,1+ V35| 4 A |- =
— _
37 1*'2_”37 37 5420 -1 me |1 |1 | +
38| V38 19 -2 37 4+ 6V38 | +1 ) I I +
39 V39 [3-2:-13] 2544V | +1 ) 4| 42 |+ +
2, 1+V39| 4 A |——
41 l_i# 41 274100 | -1 mE |1 |1 | +
o va 3227 13 +2V42 | +i ) A4 oA |+ +
@, V42) A A |- -
43| Va3 43-20 | 3482 + 531V43 | +1 o)) I I +
46| Va6 | 23-2% |[24335 + 3588V46| +1 6 I |1 +
47| V41 | 412 48 +TVAT |41 m I |1z +
s1| Vst [3-22-17| S04+ 7VSE |41 ) A | oA+ +
@3, V51 A A |——
53 1_+2‘/_5_3 53 3to —1 0 1|+
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TABLE III, Part 2 (continued)

Ideal Structure Genus
Structure
w d 7 N(n)
Idealt  |Class||Class| €h8™
acter
7 l_tzﬂ 7:11 b+ +1 o) I
P
18] V78 |3-22-13| 53 +6VI8 | +1 m_ A || 4 |+ +
2, V78) A R
79| V79 7922 80 -+ 9V79 | +1 @ e
G, 1=V J2 || /2 +
G, 1+ V9l J J
2| ve2 | 24 9+ V82 -1 ) U [F L |
G,2— V8| s || J?
@Vvey |12 || }_ B
G2+VvylJ || 7
83| V83 | 83-22 82 +9v83 | +1 ) I |1 +
g5 [LT V85| 5 47 d+w —1 (M a |l 42 |+ +
2 G 24+w) |4 |4 |--
86| V86 | 43-28 |10405 + 1122V86| +1 m I 1 +
87| V87 |3-220-29| 28 +3V87 |41 o) A || 4 |+ +
2,14 V8D| 4 A | ——
N
89 1_+2_89 89 47 4 1060 | —1 o s | o+
ot | Vo1 |7-2:-13] 1574 + 165V01 | +1 ) A4 || 42 |+ +
Q1+ VvVon| 4 A | — -
o
93 1+2_93 3-31 B43w |41 o rllr |+
941 V94 | 47.29 2143295 + +1 m 1 I +
221064V 94
95| ~95 |19-22-5| 39 +4V95 |41 ) A |42 |+ +
Q,14+vV95)| 4 A | ——
97 l_i'_z‘ﬁz 97 5035 + 11380 | —1 ) |+
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Hilbert, 2, 43, 228
Hurwitz, 128

Ideal, 114

Ideal density, 161, 163
Indecomposable, 94
Indefinite form, 40

Index of residue class, 12
Index of sublattice, 69
Integral domain, 47

Jacobi symbol, 20, 32

Korkine, 88

Kronecker’s symbol, 35, 193
Kronecker’s theorem, 81
Kummer, 5, 93, 183

L-series, 174, 181

Lagrange, 15, 88

Landau, 85

Lattice, 55

Lattice points in ellipse, 160
Legendre’s theorem, 227, 238
Legendre symbol, 18
Lehmer, 151

Linear dependence, 55
Linfoot, 151

Mabhler, 89

Maximal ideal, 130
Minimal basis, 41
Minkowski, 85, 135, 137
Module, 41

Modulus, 9

Mordell, 89

Norm in lattice, 56
Norm of ideal, 131
Norm of integer, 40

Order, 49, 130, 216
Ordered basis, 196
Order of element, 16
Order of group, 15
Orthogonality, 27

Pall, 227
Pell equation, 110.

INDEX

Primary factor, 10
Primary number, 146
Prime, 10, 94

Prime ideal, 121
Primitive form, 200
Primitive ideal, 200
Primitive root, 12
Principal ideal, 116
Proper equivalence, 199
Proper representation, 199

Quadratic integer, 42
Quadratic reciprocity, 19

Rational integer, 43

Real character, 36
Reduced residue class, 12
Relative fields, 50, 231, 235
Relatively prime, 10
Residue class, 10
Resolution modulus, 28
Riemann, 44, 241

Ring, 47

Seeber, 88

Set theory, 113

Smith, 81

Span, 5§

Square-free kernel, 33
Strict equivalence class, 197
Strictly unimodular, 67
Subgroup, 15
Sublattice, 57
Submodule, 41

Surd, 40

Takagi, 237

Unimodular, 67

Unique factorization, 10, 94, 123, 230
Unit, 94, 112

Unit ideal, 117

Vector, 14, 41
Vector index, 14

Weber, 179, 220, 241

Zolatareff, 88
Zone, 105



Index

Algebraic integer, 50 )
Algebraic number, 3, 49, 231
Ambiguous ideal, 189
Archimedes, 110

Artin, 242

Ascending chain condition, 118
Associate, 94

Bachmann, 183

Basis of ideal, 118

Basis of module, 41

Basis of quadratic integers, 45, 48

Canonical basis, 67
Character, 22

Chevalley, 242

Chinese remainder theorem, 11, 134
Class field, 234

Class of ideals, 134
Composition, 212
Conductor, 35
Congruence class, 9
Conjugate numbers, 40
Conjugate ideals, 115
Coset, 16

Cubic field, 49

Cyclic group, 16
Cyclotomic field, 112, 232

Davenport, 89, 109

Decomposition of group, 16
Dedekind, 5, 94, 113, 241
Dedekind’s definition of integer, 42
Definite form, 40

Different, 72

Dimensionality, 55

Dirichlet, 6, 37, 54, 111, 159, 219, 234
Discreteness, 55

Discriminant, 39, 51, 72

Division algorithm, 10

Duplication theorem, 227

Elementary divisor, 78
Euclidean algorithm, 10, 104
Euler, 1

Euler factorization, 167
Euler function, 12, 145

Fermat, 2, §

Fermat-Euler theorem, 12
Field, 44

Field discriminant, 73
Fueter, 220

Fundamental discriminant, 73
Fundamental unit, 99

Gauss, 2, 42, 88, 151, 227
Gaussian sum, 232

Gauss’s lemma, 43
Generator, 16

Genus of forms, 224

Genus of ideals, 226, 229
Geometric number theory, 85
Geometry of numbers, 85

Hasse, 35, 149
Heilbronn, 151
Hermite, 81
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