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Preface

This book is based on the premise that the learning curve is isomorphic to the
historical curve. In other words, the learning order of events is the same as the
historical order of events. For example, welearn arithmetic before welearn algebra.
We learn how before we learn why.

Historically, calculus with real numbers came first, initiated by Newton and
Leibnitz in the seventeenth century. Even though complex numbers had been
known about from the time of Fibonacci in the thirteenth century, nobody thought
of doing calculus with complex numbers until the nineteenth century. Here the
pioneers were Cauchy and Riemann. Rigorous mathematics as we know it today
did not come into existence until the twentieth century. It is important to observe
that the nineteenth century mathematicians had the right theorems, even if they
didn’t always have the right proofs.

The learning process proceeds similarly. Real calculus comes first, followed by
complex calculus. In both cases we learn by using calculus to solve problems. It
is when we have seen what a piece of mathematics can do that we begin to ask
whether it is rigorous. Practice always comes before theory.

The emphasis of this book therefore is on the applications of complex calculus,
rather than on the foundations of the subject. A working knowledge of real calculus
is assumed, also an acquaintance with complex numbers. A background not unlike
that of an average mathematician in 1800. Equivalently, a British student just
starting at university. The approach is to ask what happens if we try to do calculus
withcomplex numbers instead of with real numbers. We find that parts are the same,
whilst other parts are strikingly different. The most powerful result is the residue
theorem for evaluating complex integrals. Students wishing to study the subject at
a deeper level should not find that they have to unlearn anything presented here.

I would like to thank the mathematics students at Manchester University for
sitting patiently through lectures on this material over the years. Also for their feed-
back (positive and negative) which has been invaluable. The book is respectfully
dedicated to them.

John B. Reade
June 2002
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Chapter |

Complex numbers

I.I The square root of minus one

Complex numbers originate from a desire to exiract square roots of negative
numbers. They were first taken seriously in the eighteenth century by mathemati-
cians such as de Moivre, who proved the first theorem in the subject in 1722. Also
Euler, who introduced the notation ¢ for +/— 1, and who discovered the mysterious
formula &'’ = cos @ +1 sin @ in 1748. And third Gauss, who was the first to prove
the fundamental theorem of algebra concerning existence of roots of polynomial
equations in 1799. The nineteenth century saw the construction of the first model
for the complex numbers by Argand in 1806, later known as the Argand diagram,
and more recently as the complex plane. Also the first attempts to do caleulus with
complex numbers by Cauchy in 1825. Complex numbers were first so called by
Gauss in 1831. Previously they were known as imaginary numbers, or impossible
numbers. It was not until the twentieth century that complex numbers found appli-
cation to science and technology, particularly to electrical engineering and fluid
dynamics.

If we want square roots of negative numbers it is enough to introduce i = +/—1
since then, for example, \/—_ = \/—_lﬁ = z'\/i. Combining 7 with real numbers
by addition and multiplication cannot produce anything more general than x + iy
where x, y are real. This is because the sum and product of any two numbers of
this form are also of this form. For example,

(142 + (31 4) =416,
(14203 +4) =3+ 10i + 82
—3+10i — 8
— 5+ 105

Subtraction produces nothing new since, for example,

(142~ (34+4i)= 2 2.
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Neither does division since, for example,

142 (1+2)3—4) 3+2i — 8
344 (B-4)(B—4)  9— 162
342048 11+2 11 2.
T o1 25 25 asn

The number 3 — 44 is called the conjugate of 3 + 4i. For any x + iy we have
(x +iy)a —iy) = x% +y°

so division can always be done except when x = y = 0, thatis, when x 4+ iy = 0.
It is also possible to extract square roots of numbers of the form x + iy as
numbers of the same form. For example, suppose

then we have
1+2 =(A+iB)?> =A%+ 2%AB — B~
So we require

A? - Br—1,
AB =1.
The second equation gives B = 1/A, which on substitution in the first equation
gives

1

2
AT -

1=0.

Solving this quadratic equation in A% by the formula we obtain

A2_1iﬁ
T2

For real A we must take

V541

A = ,
2

which gives
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Hence we obtain

“/5““\/“@_1.

«/1+2i:\/ . .

This last property of numbers of the form x + iy represents a bonus over what might
reasonably have been expected. Introducing square roots of negative real numbers
is one thing. Creating a number system in which square roots can always be taken
is asking rather more. But this is precisely what we have achieved. Existence of
square roots means that quadratic equations can always be solved. We shall see
shortly that much more is true, namely that polynomial equations of any degree
can be solved with numbers of the form x + iy. This is the fundamental theorem
of algebra (see Chapter 8).

1.2 Notation and terminology

If i = +/—1, then numbers of the form x + iy are called compilex numbers. We
write z = x + {y and call x the real part of z which we abbreviate to Re z, and y
the imaginary part of z which we abbreviate to Im z.

N.B. Rez, Im z are both real.

For z = x +{y wewrite (by definition) z = x —{y, and call z the conjugate of z.

For z = x + iy we write (by definition) |z] = +/x2 4 ¥2, and call |z| the
modufus of z.
For example, if z =3 + 4 wehave Rez = 3,Imz =4,z =3 — 4{, and

lz] =32+ 42 =25 =5,

1.3 Properties of 7, |Z]

We list the fundamental properties of z, |z|.
1. zz = |z|*. To see this observe that if z = x + iy, then
2z = (x Fiy)x —iyy = x4 y" =z,
2. Rez=1(z+z2)/2,Imz = (z—z)/2i. Toseethis observe thatif z — x+iy,then
tHz=(+iy+&x—iy)=2x, z—Z={+iy)—(x—iy) =2y
3. z4+ w=7z+ w Toseethis observethatif z = x + iy, w = u + 7v, then

ztw=+iy)+@tiv)=x+u)+i(y+v),
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therefore we have
ztw=+tu) —i(y+tv)=&—iy)+u—1v)=z+w
4. 7w = zw. Tosee this observe thatif z = x + iy, w = u +iv, then

zw = (x +iy)(u +1v) = Cxu — yv) +i(xv + yu),
(

zw = (x —iy)(u —iv) = (xu — yv) — i(xv + yu).
5. |zw| = |z] |w]|. We delay the proof of this property until Section 1.9.
6. |z+w| = |z| + |w|. We delay the proof of this property until Section 1.11.

1.4 The Argand diagram

We obtain a geometric model for the complex numbers by representing the complex
number z = x + iy by the point (x, y) in the real plane with coordinates x and v.

Observe that the horizontal x-axis represents complex numbers x + iy with
y = 0, that is, the real numbers. We therefore call the horizontal axis the real
axis. The vertical y-axis represents complex numbers x + {v with x = 0, that is,
numbers of the form iy where vy is real. We call these numbers pure imaginary, and
we call the vertical axis the imaginary axis. The origin O represents the number
zero which is of course real (Figure 1.1).

1.5 Geometric interpretation of addition

If we have two complex numbers z = x + iy, w = u + iv, then their sum z + w
is given by

z+w=+u)+i(y +v)

and therefore appears on the Argand diagram as the vector sum of z and w.

The complex number z 4 w is represented geometrically as the fourth vertex of
the parallelogram formed by 0, z, w (see Figure 1.2). For example, 3 4+ 2i is the
vector sum of 3 and 27 (see Figure 1.1).

-+ 2i X3+ 2i

Figure 1.1
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& Z+w

[l
Y

Figure 1.2

Y

0 X

Figure 1.3

1.6 Polar form

An alternative representation of points in the plane is by polar coordinates r, €. The
coordinate r represents the distance of the point from the origin O. The coordinate
& represents the angle the line joining the point to O makes with the positive direc-
tion of the x-axis measured anticlockwise (see Figure 1.3). Suppose the complex
number z = x + iy on the Argand diagram has polar coordinates r, 8. We call r
the modulus of z, and denote it by |z|. Pythagoras’ theorem gives

2| = /2% + ¥?

consistent with the definition of | z| given in Section 1.2.

We call 8 the argument of z which we abbreviate to arg z. A little trigonometry
on Figure 1.3 gives
1Y X

— =cos  —.
P P

0 =tan ! Y- sin
X

Observe that whilst |z| is single valued, arg 7 is many valued. This is because
for any given value of € we could take instead € + 27 (in radians) and arrive at
the same complex number z. For example, suppose z = 1 + #. Then |z] = +/2,
but arg z can be taken to be any of the values 7 /4, 37 /4, 97 /4, ete., also —37 /4,
—7m /4, etc. Bquivalently, arg z = 7/4 + 2nw for any integer n.

We define the principal value (PV) of arg z to be that value of & which satisfies
—7 <= 8 < ;. For example, the principal value of arg (1 + i) is /4 (Figure 1.4).
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I+7

/4

b

Figure 1.4

We write
arg (1 +1i) =x/4 (PV).

For general z = x + iy we have cos 8 = x/r, sinf = y/r (see Figure 1.3).
Therefore
z=2x+1y
=rcosf +irsiné
=r(cosf +1sind)
_ re"g,
since, by Taylor’s theorem,
@0y  @6°  ao?
21 31 FEEL
62 g3 ot

=140 i b

e’ =140+

=cos @ +isind.
We call the formula
¥ = cos@ +ising

Euler’s formula. We call the representation z = re'? the polar form for z. We call
the representation z — x + iy the Cartesian form for z. For example, 1 + 1 —
J2eim /4 (see Figure 1.4).

1.7 De Moivre’s theorem

Animmediate consequence of Buler’s formula (see Section 1.6) is the result known
as de Moivre’s theorem, viz.,

(cos @ + isin@)' = (&Y = ™ = cosnf + i sinnd.
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Application 1~ We can use de Moivre’s theorem to obtain formulae for cos né,
sinn@ in terms of cos &, sin 8. For example, we have

cos 20 + i sin20 = (C +15)*
=C? 4+ 2iC8 +i°57
—(C* — §H y 2008,
where C = cos 8, § = sin§. Equating real and imaginary parts we obtain
c0s20=C? - §7 =207 — 1 =1-28%,
using the identity C? + $% = 1. Hence
cos 20 = cos® 0 —sin* @ = 2cos? @ — 1 = 1 — 2sin® 4.
We also obtain similarly

sin28d = 2CS =2cos@sind.

Applicafion 2 'We can use the above formulae to obtain exact values for cos45°,
8in 45° as follows. If we write 8 = 45°, C = co0s45°, § = sin45° then we have

0=cos90° =2C2% 1,

from which it follows that 2C? = 1, and therefore C? = 1/2. Hence C = £ l/ﬁ,
which gives cos45° = 1/+/2.

We also have 1 =sin90° = 2CS, which gives § = 1/2C = 1/\/5, and hence
sin43° = 1/4/2.

1.8 Euler’s formulae for cos®,sing in terms of e’

We obtained the formula ¢’ = cos@ - i sin@ in Section 1.6. From this formula
we can derive two more formulae also attributed to Buler, viz.,

gt | g if if —ip
cosf = B a— sing = —————

Proof Observe that
e’ = cosf + i sin @,

e = cosf — isiné.

Now eliminate sin &, cos €, respectively.
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Application 3 'We can use Euler’s formulae to obtain formulae for cos™ 8, sin” &
in terms of cos k@, sinkf (0 < k < n). For example, we have

ig N 206 4 5 —2ip 1
cos? 8 = ete Ty e hete = —(1 4 cos28),
2 4 2
2, PREREES AN B g6 9y o 2f 1y )
sin“ @ = T = 1 =5 — €08 28),

Application 4  Formulae of the above type are useful for integrating powers of
cos &, sin €. For example,
fcos2949 - f Ly cos20y a0 — = (9 4 Smw) :
2 2 2
]sinzé’dé’ - ] La cos20ya0 — 1 (9 _ smza)_
2 2 2

1.9 nth roots

#

Suppose we have two complex numbers z = re'?, w = se'?. If we multiply them

together we obtain

zw = rsel @10 R

which shows that [zw| = |z|[w] as claimed in Section 1.2. Also that argzw =
arg z+arg w. In particular, taking z = w we have 22 = r2e?? and more generally
2% = ™Y Tt follows that

Zl/n — rl/ngz@/n'

Observe that /" is the unique positive real nth root of r, whilst &/¢/* has n
possible values.

For example, if z = —8 then we have

z= 8% = 8.533”r = 8,535”r — ...

/3 2 i3 it pgSins3,

Even though arg (—8) has infinitely many values, there are only 3 distinct cube
roots, We define the principal value of (—8)!/3 to be that which corresponds to the
principal value of arg (—8), namely 7. So (—8)1/3 = 2£7/3 (PV).
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.
A

Figure 1.5

1.10 nth roots of unity

Just like any other non-zero complex number, 1 has # complex nth roots. We have

1:6,0:827“ :,347“ —_ ..
11/}1 :805 eEJrz/n5 e43rz/n5
If we denote @ = 2/" then the n nth roots of 1 are 1, w, &%, ..., &" !

(see Figure 1.5 for the case n = 8). We call w the primifive nth root of 1.
N.B. 11/ — 1 (PV) of course.

Lemma 1 1twl ol +o* =0

Proof 1+wt+e?+ -+t =

1.1l Inequalities

The fundamental inequality is the so called triangle, or parallelogram inequality
and is as follows.

Inequalifty 1 |z + w| < |z] 4+ |w|. This inequality expresses the fact that the
diagonal of a parallelogram has length less than or equal to the sum of the lengths
of two adjacent sides (see Figure 1.6). Equivalently, that the length of one side of
a triangle is less than or equal to the sum of the lengths of the other two sides.
(Consider the triangle with vertices 0, z,z + w.)

Inequalitv 2 |z — w| < |z| 4+ |w]. This inequality follows from Inequality 1 by
putting —w for w.

N.B. Note the plus sign on the right-hand side.



10 Complex numbers

! Z+w
w
z
5 >
Figure 1.6
w
z
0 >
—w
—w
Figure 1.7

Note also that |z — w| has a geometric significance as the distance between z
and w on the Argand diagram (see Figure 1.7).

Inequality 3 |z — w| = |z| — |w|. This inequality follows from Inequality 1 by
observing that

lzl = [z —w) +w| = [z —w| + [w]
Ineguality 4 |z — w| > |w| — |z|. Observe that
[z —w| = [w—z| = [w] —|z].
Inequality 5 |z + w| = |z| — |w|. Put —w for w in Inequality 3.

N.B. Note the minus sign on the right-hand side.

Worked Example Prove that for all |z] = 2

l< <
4 |z2+8

2241 5
=3

Solution To prove the right-hand inequality we observe first that

22+ =22+l =4+1=5,
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and second that
|22+ 8| >8— [z} =8 -4 =4.

The left-hand inequality is proved similarly.

.12 Extension to 3 terms (or more)

We give the inequalities for 3 terms. The generalization to more terms is left to the
reader.

Inequality6 |A+ B+ C| < |A| 4+ |B| 4+ |C|.
Proof Observe that

A+ B+ Cl=[A+ Bl +|C| = [A| +|B[ +[C]
by repeated application of Inequality 1.
Inequality? |A+ B+ C| = |A| —|B| —|C|.
Proof Observe that

Al =1(A+B+C)—B—C]|
</A+B+Cl+[-B|+|-C]
=|A+ B+ C]+[B[+[C]

Notes

Wenever defined ¢'?, or proved that the laws of indices hold for complex exponents.
A rigorous treatment of this material would define e*, cos z, sin z by their Maclaurin
series

2 23

Z
Z _ -
e —1+Z+21+3T+
—1 22 Z4 Z6
COSzZ = —E+E—a+
N 23 ZS 27
SIHZ—Z—§+§—?+

and prove their properties by manipulation of these series.
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Purists might prefer to prove |zw| = |z| |w| and |z +w| < |z| + |w]| by algebraic
methods. For example, if z = x + iy, w = u + v, then we have

zw = (x +iy)@+itv) = (xu — yv) +i{xv+ yu).
Therefore
2w = (ou — yo)t + (xv 4 yu)?
= (x%u® = 2xuyv + v + (x20? + 2xvye + yiu®)
S S SN N SR N SR
=@+ y0E + Y
= [z?|w/*.
We also have z + w = (x + u) + i(y + v). Therefore,

24+ w* =+ + (y+ ) =@+ 20 +u®) + 7+ 2y + oD,
(z) + [wD? = |z* + 2zw]| + |w|*

=xt 4y a0t 4 2\/(x2 +yDw? + ).

From which it follows that

(2] + ]2 = |2+ w2 = 2,/ (22 + )2 + v2) — 20 — 2y,
which is = 0 if

x4+ yo)? < e+ ¥ w? 4 oh).
However,

(JCZ + yZ)(u2 + U2) o (xu n yU)2 — (x2u2 + JC2U2 + y2u2 + y2v2)
— (x%u? + 2xuyv + v
= x20? + v — 2xuyw
= (xv — y.u[)2
=0

as required.
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Examples

1. Express the following complex numbers in the form x + iy.
WA +30)+G+7), () A+3)—-G+7), @) +30)06+7),

1+ 3
(iv) % ) /3 1 4i, vi) log(1 1 7).

Hinr  For (vi) use the polar form.

Find /1 + i. Hence show tan7/8 — +/2 — 1.
3. Expand (cos8 + isin#)’ to obtain formulae for cos 36, sin34 in terms of
cos 8§, sin 0. Use these formulae to show

cos 30 — 4 cos’0 — 3 cosd,

sin30 = 3sin @ — 4sin’0.
4. Use Question 3 to show that cos 30° = \@/2, sin30° = 1/2.
5. Expand (¢! £ ¢7%) to show

cos’d = %(3 cos @ + cos 36),

sin’® = 1 (3sin @ — sin 36).

/2 /2
6. Use Question 5 to evaluate f cos’ @ do, ] sin® 6 40.
0 0

i

7. Bvaluate the integral ] e™ cos 4x dx by taking the real part of
0

T . T -
] 82xe41x dx :] e(2+4z)x dx.
0 0

Now do it by integrating by parts twice, and compare the efficiency of the two
methods.
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Complex functions

2.1 Polynomials

Having constructed the complex number system the next task is to consider how
the standard functions we do real caleulus with extend to complex variables. Poly-
nomials cause no problems since they only require addition, multiplication and
subtraction for their definition. For example, p(z) = 3z+4, g(z) = 422 — 5z + 6,
etc. The numbers occurring are called cogfficients. The degree of the polynomial
is the highest power of z occurring with a non-zero coefficient.

2.2 Rational functions

These are functions of the form r(z) = p(z)/g(z) where p(z), g(z) are polyno-
mials. They can be defined for all z except where the denominator vanishes. Such
points are called singularities. Every rational function has at least one singularity
because of the fundamental theorem of algebra. For example,

z+1
Flz) =
(2) 12
has a singularity at z = —2, whilst
2
- +1
$2) = 2 +4

has two singularities at 7 — +2i.

2.3 Graphs

Every real function vy = f(x) of areal variable x has a graph in two dimensional
space. For example, Figure 2.1 shows the graph of y = x2.

For a complex function w = f(z) of acomplex variable z this option is not avail-
able because the graph is a two-dimensional surface in a four-dimensional space.
What we have to do instead is to draw two diagrams which we call a z-plane and
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a3 J

Figure 2.1

©) 4 @

=y
S:‘r

Figure 2.2

a w-plane, and then indicate how geometrical figures in the z-plane are transformed
to geometrical figures in the w-plane under the action of the function w = £(z).
For example, for the complex function w = z? we find that the grid lines
x = constant, ¥y = constant in the z-plane transform to confocal parabolas in the
w-plane (Figure 2.2).
To see this observethatif z = x + iy, w = u +iv, then

w+iv=(x+iy)? =x%—y>+ 2ixy,

therefore
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@ v @ Y4

xy

Figure 2.3
which gives, on eliminating v,
2 v?

4x2°

Axt —ax?y v — 0,

=X

u? 4+ v? = u? — 4x%u + 4xt = (1 — 2x2)2,

lw| = [Rew — 2x2,

which is the equation of a parabola with focus w = 0, directrix Re w = 2x2. This
parabola is the image of the line x = constant.
Similarly, eliminating x, we get

#r 40P = w4+ 2y
|w| = |Rew +2y7,
which is a parabola, again with focus w = 0, but now with directrix Re w = —2y*.
This is the image of the grid line y — constant.
Another example which readers might like to work out for themselvesisw = 1/z
which transforms the grid lines x = constant, y = constant in the z-planeto circles

through the origin with centres on the real and imaginary axes in the w-plane (see
Figure 2.3).

2.4 The exponential function

For real variables the function y = ¢* has the graph illustrated in Figure 2.4.
For complex variables we have

w = et = 5TV = X
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¥ A y=e
/l
0 x
Figure 2.4
@ YA @ v A
x w
Figure 2.5

showing that if we use the polar form w = se¢'® we get s = 5, ¢ = y. In other
words

eReT, arge® = Imz.

e =
This will of course not be the principal value of arg ¢ unless —7 < Imm z < 7.
The complex graph of w — #% is asin Figure 2.5. The grid lines x — constant go
to circles centre the origin. The grid lines y = constant go to half lines emanating
from the origin.

2.5 Trigonometric and hyperbolic functions

For real variables the trigonometric functions and the hyperbolic functions are very
different animals. For example, the graphs for sin x, cos x are periodic and bounded
(see Figure 2.6). Whereas the graphs for sinh x, cosh x are neither periodic nor
bounded (see Figure 2.7).
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yl\

AR VARVE

Figure 2.6

y=cosh x

\J

=y

y=sinh x
Figure 2.7

For complex variables however it turns out that trigonometric functions
and hyperbolic functions are intimately related. The following formulae are
fundamental for all that follows.

2.6 Fundamental formulae
For all real x we have
sin(zx) =i sinh x,
sinh(fx) —isinx,
cos(ix) = coshx,

cosh(ix) = cosux.

These formulae can be proved in several ways. For example, by definition

ix e—ix
sinh(fx) = ———— —isinx,
ezx _I_ e—zx

cosh(ix) = — = COS X

from Euler’s formulae for sin x, cosx (see Section 1.8).
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Or, from the Maclaurin series we have

G} G0t

sin{ix) = ix —

31 51
xS
_zx—l—zaﬁ—zg—l—hh‘
— i sinhx,

82 R
cos(ix) = 1 — (I;) (3:1) _
_ 1 xr xt
= +§+E+...

= cosh x.

2.7 Application |
We canuse the Fundamental formulae of 2.6 to obtain the real and imaginary parts
of sin z, and hence draw the graph of w — sinz. If wewritez — x+iy, w — u+iv,
then we have

sin(x +iy) — sinx cos(iy) + cosx sin(iy)

— sinx cosh y + 7 cos x sinh y,
which gives
u —sinxcoshy, v =cosxsinhy.

Eliminating x we get

u? v?

+ =1
cosh?y = sinh?y

which is the equation of an ellipse with foci at +£1. Eliminating y we get

2 2
u v
=1

sinx  cos?x

which is the equation of a hyperbola with foci at +1.
It follows that w = sin z transforms the grid lines x = constant, y = constant
in the z-plane to confocal ellipses and hyperbolae in the w-plane (see Figure 2.8).
The graphof w = cos z is similar. For sinh z, cosh z we also get confocal ellipses
and hyperbolae, but with foci at +7 instead of at +1.
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@ ¥ A W v A

xy
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Figure 2.8

2.8 Application 2

The inequality |sinx| = 1 for real x fails for complex variables. If we write
z = x + iy, then we have

2

|sinz|? = | sin(x + iy)|*> = sin® x cosh? y + cos® x sinh? y

— sin® x(1 + sinh? y) + (1 — sin® x) sinh? y = sin® x + sinh? .

So if, for example, z = 7/2 + i€, where € > 0, then |sinz|* =1 + sinh®e > 1.

2.9 Application 3
The only zeros of sin z for complex z are the real zeros at z = nr for integral ».
This is because if z — x + 1y and sin z — 0 then

0 = |sinz|? = sin® x + sinh? y.

Therefore sinx = sinh y = 0, which gives x = nz, y = 0 and hence z = nx.
Similarly, we leave it as an exercise for the reader to show that the only zeros
of cos z for complex z are at z — nwr + /2 for integral s.

2.10 Identities for hyperbolic functions

The fundamental formulae (see Section 2.6) can be used to obtain identities for
hyperbolic functions from analogous identities for trigonometric functions. For
example, the trigonometric identity sin®x + cos?x = 1 gives, on substituting ix
for x,

1 = sin?(ix) + cos?(ix) = @ sinhx)? + (cosh x)? = cosh? x — sinh?® x.
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2.1l The other trigonometric functions

We define tan z, cot z, sec z, cosec z in terms of sin z, cos z as follows.

sin z oSz 1 1
tanz = , ¢otz=——, SeCcz= , Cosecz = —.
COSz sin z cosz sinz

Similarly for the other hyperbolic functions.

These functions all have singularities. For example, tanz has singularities
at the zeros of cosz, that is, z = na + #/2. The corresponding hyperbolic
function tanh z = sinh z/ cosh z has singularities at the zeros of cosh z, that is,
z =i(nw + 7/2).

2.12 The logarithmic function

The graph of y = logx for real x is as in Figure 2.9. Observe that logx is only
defined for x = 0. This is because the real exponential function only takes positive
values (see Figure 2.4).

To define log z for complex z we use the polar form z = re'”. We get

logz = log(re'?) = logr + log(e'®) = logr + i€ = log |z| + Zarg z.

Since arg z is many valued it follows that log z is also many valued. We define
the principal value of log z to be the one obtained by taking the principal value of
arg z. For example, we have 1 +i — \/ﬁe”r /4 (PV) therefore

1
log(1 +1) = 5log 2+ % PV,

Observe that log z has a singularity at z = 0 since we cannot define log » for r = 0.

To get the complex graph for w = logz it is best to consider the action of
log z on the circles |z| = constant and the half lines arg z = constant in the z-
plane. These transform to the grid lines Re w = constant, Im » = constant in the
w-plane (see Figure 2.10).

YA y=log x

£ 4

Figure 2.9
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Figure 2.10

Notes

We have not actually defined e*, sin z, cos z, log z for complex z. We have merely
assumed that these functions can be defined, and that they continue to have
the properties they possess in the real domain. For example, laws of indices,
laws of logarithms, trigonometric identities. A rigorous treatment would define
€%, 8in z, cos z, log z from their Maclaurin series, and derive their properties from
these series. The function log z would be defined as the inverse function of e°.

The functions we have drawn complex graphs of are all conformal mappings
in the sense that curves which intersect at an angle € in the z-plane transform to
curves which intersect at the same angle & in the w-plane. Observe that in every
case the grid lines x = constant, y = constant in the z-plane transform to curves
which intersect orthogonally in the w-plane. This conformal property is crucial in
applications to fluid dynamics.

Examples

1. Prove that for all |z| = 2
2<|z -4 <6
2. Prove that forall |z] =3

8

<
11—

211 10
< —.
2242 7

3. Prove that for all |z| =4

= —

-3

3
— =
5=
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o

Provethatforall |z] = R = 2

1 - L
24z 417 RZ-R-1

Prove that |%| = eRe2,
Find where |¢*| is maximum for |z| < 2 (draw a diagram).
Provethatforz = x +1y

| sin(x + 1y)? = sin®x + sinh?y,
| cos(x + 1¥)|* = cos?x + sinh?y.

Find where | sin z| is maximum for [z| < 1 (draw a diagram).
Prove that all points z satisfying

1
-+ ‘_2
z+4

lie on a circle. Find its centre and radius.



Chapter 3

Derivatives

3.1 Differentiability and continuity
For a real function f(x) of areal variable x the derivative f/(x) is defined as the
limit

Ja+h) - fx)
h .

i/ — 1
fx) = lim
Observe that (see Figure 3.1)

Ja+h)—fx)
h

is the gradient of the line P  which converges to the tangent at P as 0 — P. So
f/(x) is the gradient of the tangent at P.
For example, if f(x) = x? then we have

Fa+m— fx)  +h?P—xr x4 2xh k%X
i - i - I
_ 2xh 4 kP
N h

=2x +h,

which — 2x as b — 0. Therefore f'(x) = 2x.

yA y=flx)
o b) <
F60) £
0 X x+h ;

Figure 3.1
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y=Ix|

[
=y

Figure 3.2

Similarly one can inprinciple go through all the elementary functions of calculus
and show they have the derivatives they are supposed to have.

We can also prove all the elementary combination rules for differentiating sums,
products, quotients and composites.

We cannot assume that the derivative f'(x) always exists. For example, if
J(x) = |x| then

w: 1 (h>0)

M o,

gc‘rlz"

|

8o has no limitas h — 0.

Observe that the graph of £ (x) = |x| has no well defined tangent at x = O (see
Figure 3.2).

We therefore define f (x) to be differentiable at x if

i ST = f)
im

h—0 h

exists. According to this definition f(x) = |x| is not differentiable at x = 0.

Another case where differentiability fails is at a discontinuity of f(x). A
conftinous function f(x) is one whose graph has no breaks. We make this idea
precise by defining f(x) to be confinuous at x if

Hm fx +h) = f(x).

For example, f(x) = 1/x is not continuous at x = 0 (Figure 3.3). In this
conmection we have the following theorem.

Theorem 1 Differentiability implies continuity.
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YA

\

Figure 3.3

=Y

Proof Suppose f(x) is differentiable at x, then we have

fu+h»<ﬂm:kf“+2f“)

as b — 0. Therefore f(x + k) — f(x)ash — Q.

—0x ffix)=0

Corollary f{x) — 1/x is not differentiable at x — 0.

Observe that the converse of Theorem 1 is false. A counterexampleis f(x) = |x|
which is continuous but not differentiable at x = 0.

For a complex function of a complex variable z, we define differentiability and
continuity of f(z) exactly as we have done for real functions of areal variable. The
familiar functions all have their familiar derivatives, and the familiar combination
rules are all valid. There is also a further constraint in the form of the Cauchy—
Riemann equations to which we devote the next section.

3.2 Cauchy-Riemann equations

Suppose we have a complex valued function w = f(z) of the complex variable
z, and suppose we write w = u + v, z = x + iy, then we can express u, v
as functions of x, y and consider their partial derivatives du/dx, du/dy, dv/dx,
dv/dy. For example, if w = 22, then

ptiv=w=2z2=(x+iy?=x>4 2xy— %,
which gives in this case
w==x>—y: v=2xy.
In general we can use the chain rule to obtain

dw dw 0z dJu . Jv

T dzox ax ok
dw dw 0z du | dv

oy ~dzay ay |y
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which, on observing that dz/dx = 1, dz/dy =i, gives

dw du _ov Ldu ov

d—z_a—l_laz_la_y—l_@.
Therefore on equating real and imaginary parts we have

Ju dv Ju ou

ax oy ax o ay
These are the Cauchy—Riemann equations published independently by Cauchy
(1818) and Riemann (1851).
We call the formula

dw du . Cov
- = 7 —
daz dx dx

the Cauchy—Riemann formula for the derivative.

In the case w = z°, we get
du v v du
—=—=2x, — =——"="2y.
dx  dy ax dy

Also the Cauchy—Riemann formula gives

dw du Jv
—=— 47— =2 20y =2
dz ax—l_lax * ot ey z

as expected.

3.3 Failure of the Cauchy-Riemann equations

Consider the function w = z = x —zy. If w = u + fv, then we have u = x,
v = —y. Therefore

bw_ b
dx dy dx dy
which means that the first Cauchy—Riemann equation is not satisfied for any x, y.
We are forced to the conclusion that the function f(z) = z cannot be differentiable
for any z.

In this connection we have the following theorem.
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Theorem 2 Foru + iv = f(x + i{y) with continuous partial derivatives du/dx,
dujfdy, dv/dx, dv/dy the function f(z) is differentiable at z if and only if the
Cauchy-Riemann equations

du du dv du

ax 9y ax 9y
are satisfied.

Proof We proved necessity above. For sufficiency we refer the reader torigorous
books on complex analysis.

3.4 Geometric significance of the complex derivative

For a real function f (x) of a real variable x, the equation of the tangent to the
graph y = f(x)atx = ais

y=f@+ & —-afla.

For a complex function f(z) of a complex variable z, the equation of the tangent
plane (in 4 dimensions) to the graph w = f(z) atz = a is

w=fla)+(Gz—a) f(a)=Az+ B,

where A = f'(a), B = f{a) — af'(a).

The geometric effect of the linear function w — Az + B is arotation, a scaling,
and a translation. The rotation is through the angle arg 4, the scaling is by the
factor |A|. The translation is through a distance | B| in the direction arg B.

What this tells us about the transformation w» — f(z) is that near z — 4 the
effect is approximately a rotation through arg /7 (a), and a scaling by | f'(a)|. For
example, if ¢ = im/2 and f(z) = &%, then we have f(a) = &7/ = i. Also
fia) = e* = ™/ = {. So the effect near z = « is a rotation through 90°
anticlockwise (see Figure 3.4). If b = i7/2 + 1, then we have f(b) = f/(b) =
e, so the effect locally is now a scaling by e, and again a rotation through 90°
anticlockwise (see Figure 3.4).

The fact that w = f(z) acts locally like a rotation through arg f'(z) explains
why curves which intersect at a certain angle in the z-plane are transformed under
the action of w = f(z) to curves which intersect at the same angle in the w-plane.
This is the characteristic property of a conformal mapping which is important for
the applications to fluid mechanics.
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@ YA @ L
R K .
0 x 0 u
Figure 3.4

3.5 Maclaurin expansions

It has always been important to be able to approximate functions by polynomials.
This is because polynomials are the only functions whose values can be calculated
arithmetically. For a calculator to calculate ¢* for given x it has to evaluate the
series
2 3
¥ AT
e =1+x+ TRET

to as many ferms as are needed to achieve the required degree of accuracy. To
calculate the value of 7 it is necessary to use the series

3 x5

1 -
3 5

tan "x =x —

with x = 1. In practice, both of these calculations are done by more sophisticated
methods, but they still have to make use of polynomial expansions in one form or
another.

Maclaurin (1742) gave the general form for expanding a function £ (x) in powers
of x. The expansion is

o0

f) = anx",

n=0

where the nth coefficient 4, is given by the formula

AR

nt

a}’l £
and where 0% (0) denotes the nth derivative 79 (x) of £(x) evaluated at x = 0.
We call this expansion the Maclaurin expansion of f(x), and we call the coefficient
day, the nth Maclaurin coefficient of f(x).
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For example, if f(x) = &, then we have f (x) = f"(x) = --- = £, and
therefore f/(0) = f7(0) = .- - = 1. So the Maclaurin expansion of &* ig
JCZ JC3

e —1+x—|-2I+3[+

as already observed above.
To see where the Maclaurin formula for the nth coefficient comes from, observe
that if

f(x) =ap +ayx +azx® +azx’ + -
then putting x = 0 gives f{0) = ap.
Differentiating term by term we get
Fx) = a + 2azx 4+ 3azx? + -,
which on substituting x — 0 gives f/(0) — a.
Differentiating again we get
F(x) = 2ay 4 6azx? + - -,

which on substituting x = 0 gives f”(0) = 2a,, and hence a; = f7(0)/2!
Similarly, differentiating » times and putting x = 0 we get f(n)(0) = nlay,,
and hence a, = f{n)(0)/n! as required.
Maclaurin was concerned with real variables only, but his expansion remains
valid for complex variables also. We list below some examples of Maclaurin
expansions in the complex context.

eZ:1+z+i+i+...
21 3t
o 2P
SIHZ—Z*§+§*'“
q 2
cos 7 = —E+5—w
3 ZS
51nhzzz—|-§-l-§+“‘
2 4
z z
coshz:l—l—ﬁﬁ—a—l—u-
alo — 1
(1+z)“:1+az+%z2+m (Jzl < 1)
1 2
——=1+z+z"+- (zl <]
1z
22 2

log(1 —z— 4+ ... 1).
og(l4+2z)=z 713 (z] < 1)
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The first five expansions are valid for all z, whilst the last three are only valid for
|z] < 1. The expansion for (1 + z)* is of course the binomial theorem, which gives
a terminating series in the case « a positive integer. The particular case ¢ = —1
gives the geometric series

1

=1—z+2%— -,

which on integrating term by term gives the series for log(1 + z) (PV).

3.6 Calculating Maclaurin expansions

We can either use the Maclaurin formula a, = 7% (0)/a! or we can combine the
standard expansions listed in Section 3.5.
For example, suppose f(z) = tanz. Then writing I = tanz, S = secz and
observing that dT/dz = $%, dS/dz = ST we have the following.
F2)=T =0atz =0, therefore ap = 0.
Fl(z)=58%=1atz =0, therefore a; = 1.
f(z) =28*T = 0at z =0, therefore ap = 0.
F ) = 48T + 28% = 2at z = 0, therefore az — 2/3! = 1/3.

Hence we obtain

3

Z
tanz:z+§+~'

Alternatively, we can write

sinz 2 23/314 /50—

t = =
anz cosz 1—z2/20+ 2441 — - ..
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3.7 Taylor expansions
The Maclaurin expansion is a particular case of a more general expansion due to
Taylor (1715) which represents f(z) as aseries in powers of z — ¢ for any fixed ¢ as

le o]

f@ =) anz—o),

n=0
where the nth coefficient a, is given by the formula
TAMG

an = .
nt

We call this expansion the Taylor expansion of f(z) at z — ¢, and we call the
coefficient a, the nth Taylor coefficient of f(z) atz = <.
For example, suppose f(z) = 1/z and ¢ = 1. We can calculate a,, as follows:

ap = f(1) = 1.
F(2) = —1/z* = —1at z = 1. Therefore a1 = —1.
Fiz) =2/23 =2 at z = 1. Therefore a; = 2/2! = 1.
f"(z) = —6/z* = —6at z = 1. Therefore a3 = —6/31 = —1.

Hence we obtain

l_ - - LY 13 ‘H_Ooi R, Nm
CTlE D D D = ) D e D

n=0

An alternative method of finding the Taylor expansion of 1/z at z = 1 is to put
t =z — | and expand in powers of 1. We obtain

1 1
e T S S
- 141 + +
=1- - D+ G-1P - G- +
as before.

The range of validity for this expansionis [z — 1| = 1.

3.8 Laurent expansions

The Taylor expansion is a special case of a still more general expansion due to
Laurent (1843) which represents f (z) as the sum of a two-way power series

f@ = Y az—o)
—2 ad—1 2
=t (Z_C)z+Z_C+ao+al(z—6)+az(z—6) +
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The Laurent expansion is used for functions which have a singularity at ¢. We
classify singularities according to the type of Laurent expansion obtained. We call
that part of the Laurent expansion with negative powers of z — ¢ the principal
part. We say f(z) has a pole at 7z = ¢ if the principal part has only finitely many
non-zero terms. If the principal part has infinitely many non-zero terms we say
S (z) has an essential singularity.

The order of a pole is the largest # for which a_,, # 0. A pole of order 1 is
called a simple pole. A pole of order 2 is called a double pole. The residue of f(z)
at z = ¢ is the coefficient ¢_; in the Laurent expansion at z = .

For example, f(z) = ¢'/% has an essential singularity at z = 0, since the Laurent
expansion at z = 0 is

1 11
=1 + tyEt
The residue of ¢!/ at z = 0is 1.

On the other hand, g (z) = %/z* has apole of order 4 at z = 0, since the Laurent

expansion at z = 0 is

ez_l ) 22 72

__2_4 ‘|‘Z‘|‘2— §+
11

+

SR R
o B g 31z

The residue of e*/z* at 7 = 0is 1/3t = 1/6.

3.9 Calculation of Laurent expansions
We proceed by way of example. Consider the function

1
14 2%
which has singularities at z = +i.
We find the Laurent expansion at z = i by putting 1 = z — { and expanding in
powers of /. We obtain
I 1 B 1 B 1 1 1
1422 14+G¢+D?2 1422 4+2r—1 242 22cl1+1/2

1 X t+r2
 ur 2 2

_1+1 r+
2% 4 % ’

f@) =

which shows that f(z) has a simple pole at z = i with residue 1/21.
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We get the Laurent expansion at z = —i by putting r = z + ¢ and expanding in
terms of ¢. This time we have
1 1 1«
=—5ot sttt

14 z2 2ir 4 8

which shows that f(z) also has a simple pole at z = —i, but now with
residue —1/2i.

Notes

For a proof of Theorem 2, see, for example, Knopp (1945) page 30.

Neither Taylor nor Maclaurin gave a rigorous proof of the validity of their
expansions. They are not valid in general, even for functions with derivatives of
all orders. An interesting example is the function

flx) = eV,

which (if we assume f(x) = O at x = 0) has F®(0) = 0 for all », so has
a Maclaurin expansion which vanishes identically, therefore cannot = f(x) at
any x # 0.

They are of course valid for the elementary functions we consider here.

Rigorous treatments of complex analysis are able to give proofs of the validity
of Taylor, Maclaurin and Laurent expansions in the complex domain using the
theory of contour integration developed in the next chapter. (See Knopp (1945)
chapter 7 for the details.)

Examples
1. Verify the Cauchy—Riemann equations for the following functions:

. &, sinz, logz.
Verify the Cauchy—Riemarn formula for the derivative in each case.

2. Prove |z|? is differentiable only at z — 0. What is its derivative at this point?

3. Prove f(z) = z(|z|* — 2) is differentiable only on the unit circle |z| = 1.
Verify that f/(z) = z? for these z.

4. Prove that if £(z) is differentiable for all z and is everywhere real valued then
f(z) must be constant,

5. Find the Maclaurin expansion of &% sin z up to terms in z° (i) by differentiating
and putting z = 0, (ii) by multiplying the Maclaurin expansions of e* and sin z
together.

6. Find the Taylor expansions of the following functions at the points indicated.
State the range of validity in each case.

() 1/z at z =2, (i)e® at z =7, (iii)logz PV) at z — 1.
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7.

Find the Laurent expansions of the following functions at the points indicated.
State what type of singularity each one is, and what the residues are. Indicate
the principal part in each case.

D e*/z1% at z =0, (isinz/z% at z =0, (iii)

1
e at z = +1.

Find constants A, B such that

3241 A . B
z+2(z-3) z+2 z-3

f@) =

Hence find the Maclaurin expansion of f(z). What is its range of validity?
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Integrals

4.1 Review of real variables

Suppose that I = [a, b] is areal interval, and that f(x) is a real valued function
defined for x < 7. Then the integral of f(x) from « to b, or over 1, is defined to be

b
[1 f(x)dx:fjf(x)dx:dlxiglOZf(x)dx.

Geometrically the integral represents the area under the graph of f(x) between
the limits x = a, x = b. The approximating area Y . f(x) dx represents the sum
of the areas of the rectangles height f(x) and width x (Figure 4.1).

We have the following two theorems.

Theorem 1 (Existence theorem) f(x) continuous implies f(x) integrable.

Theorem 2 (Fundamental theorem of calculus) If F(x) is continuous for g =<
x < b, then

b
f J(¥ydx = F(b) — Fla) = [F(0)L.

where [I'(x) is any primitive of f (x).

y=ftx)

a dx b

Figure 4.1
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Figure 4.2

Aninfegrable function is one for which the above limit exists finite. A primirive
for f(x) is any F(x) such that F'(x) = f(x). Theorem 1 guarantees that the
integral exists for any continuous function. Theorem 2 gives us a practical method
for evaluating integrals. Together with the following combination rules.
¢ [Linear combination rule

b b b
j(kf(x)Jrug(x))dx:kj f(x)+u/ ¢ (x) dx.

¢ Product rule (integration by parts)
b Y b
/ fg'xdx = [fx)g)l; — f flogx) dx.
[ o
¢ Composite rule (integration by substitution)
b 4
[ rewan= [ reondmar
d [+4
where g(a) — a, g(8) = b.
For integrals which cannot be evaluated exactly we have the inequalities

~£bf@gdx

where | f(x)| <= M for a < x < b (Figure 4.2).

b
<] O dx < M(b— o),

4.2 Contours

Instead of intervals we shall integrate complex functions f(z) of the complex
variable z along contours. By a confour ¥ we mean a continuous curve in the
complex plane. A parameirisation of y is a representation of y as

y ={¢U)a<r< g},
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where ¢(r) is a continuous function on the real interval [«, ]. We call ¢ the
parameter, ¢ (1) the parametric function, [«, B] the parametric interval. We call
thepoints a — ¢ (&), & — ¢ (B) the end points of y . We say y is a closed contour if
a = b. The orientation of a contour y is the direction in which the point z = ¢ (¢)
moves as £ moves along the parametric interval. We put an arrow on the contour
to indicate the orientation.

Example 1 (Straight line) We can parametrise the straight line ¥ going from
atobasz = (1 —t)a+ rhwhere 0 <t < 1(Figure 4.3).

Example 2 (Unit circle} We can parametrise the unitcircle y deseribed once anti-
clockwise as z = &' where 0 < ¢ < 2 (Figure 4.4).

Example 3 (Unitsquare) Thesquarey withverticesat0, 1, 144, 7 described once
anticlockwise can be written as ¥ — 1 + y2 + ¥3 + ¥4, where y1, 2., ¥3, ¥y arethe
four sides of the square indicated in Figure 4.5. Weneed a different parametrisation
for each side.

Ony, Wecantakez = ¢, where 0 < ¢ < 1.
Onys Wecantakez =1+ is,where0 < ¢ < 1.
Ony; Wecantakez = ¢+ 1, where 1 =r = 0.
Onyy Wecantake z —if, where 1 = ¢ = Q.

a

Figure 4.3

dh
N

Figure 4.4
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. ¥
| l+i

2

V4

Figure 4.5

Observe that the orientation of y3, ¥4 is given by decreasing . We indicate this by
writing 1 = ¢ > Oinstead of 0 < r < 1.

4.3 Contour integrals

Given a contour y and a function f(z) defined for z £ y we define

/V fl2)dz = dlziEOZ f()dz.

Theorems 1 and 2 of Section 4.1 remain valid in the complex context, also the
combination rules for integrals. The inequalities generalise to the following.

4.4 Estimate lemma

If | f(z)| = M for z € y, then

]yf(z) dz

where [, is the length of p.

E MZ‘V-)

Regarding evaluation of contour integrals we give three methods.

4.5 Method |: Substituting the parametric function
We describe the method by way of examples.

Example 1 Evaluate

] dz,
%

where y is the unit circle parametrised by letting z = ¢’/ where 0 < 1 < 2.
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If we substitute z = &', then we have dz = ie'?di. Therefore

2T .
jz”dz:/ (eY'ie't di
¥ 0

2

=i f et gy
0

. 2n
. |:ez(n-l-1)r j|
=1 .
tin+ 1) o

=0,

ifn # —1.Ifn = —1, then we have
d 2w
Zz'] dt = i,
y < 0

Example 2 Evaluate

f 22 dz,
¥

where y is the unit square ¥ = y; + v2 + ¥3 + 4 as in Figure 4.5.

On y1 We have z = f where 0 < f < 1. Therefore ¢z = dr which gives

1 1
/zzdz:/ dr = =,
Y1 0 3

On 2 Wehave z = 1 + if where 0 < ¢ < 1. Therefore dz = id¢ which gives

) . L r . 1. .2 . 2,
z°dz = (1+in%idt = i—2t—idr =—1+ —1.
V2 0 0 3

Onys Wehave z =1 4+ 1 where 1 > ¢ > 0. Therefore dz = df which gives

0 0 2
2 o 2 . 2 . . }
fzdz_f(r+z) dr_f(t+2n—1)dr_——z.
V3 1 1 3

On yq We have z = if where 1 = r > 0. Therefore dz = idr which gives

0 0 1
/szzf (it)zidti] 22— i
Ya 1 1 3

Hence we have

1 2 2 1
jzzdz:]—l-] +] +] :—+(—1+—i)+(——i)+—i:0.
¥ Y1 Vi €] Y4 3 3 3 3
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4.6 Method 2: Using the fundamental theorem of calculus

If the contour y has end points a, » with orientation a to b, and if the function
F(z) has aprimitive F(z) ony (F'(z) = f(z)), then

/ f(z)dz = F(b) — Fa) = [F(2)]}.
¥
For example, if y is the parabolic arc z = r 4 i£2 (0 < ¢ < 1), then

PR .
tdr = — = ]
y 3 1o 3

Observe that if y is any contour going from 0 to 1 4 { we must have

1 3
fzzdz:( +I).
¥

3

Observe also that if y is any clesed contour (a = b), then we must have

fzgdz().
Y

More generally we have the following theorem.

Theorem 3 If y is any closed contour, and if’ £ (z) has a primitive on y then

fy f@dz =0,

Corollary 1 (See Example 1 of Section 4.5) If y is the unit circle, then for all
n = —1 we have

jz"dz(].
Y

Proof Forn # —1 the function z”* has the primitive z*T1/(n + 1) on .
Corollary 2 The function 1/z has no primitive on the unit circle.

Proof We showed in Section 4.5 that

d
X _omi £0.
}aZ

It might be thought that log z is a primitive for 1/z on the unit circle. However
by Theorem 1 of Chapter 3, any F(z) such that F'(z) = f(z) must be contin-
uous. Whichever values we take for log z on the unit circle there is bound to be
a discontinuity. For example, log z (PV) has a discontinuity at z = —1.
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4.7 Method 3: Using the residue theorem

Theorem 3 above says that if f(z) has a primitive on the closed contour y, then
j f(z)ydz =0.
4

The analogue of this theorem for derivatives is as follows.

Theorem 4 (Cauchy’s theorem) If y is a closed contour and if £(z) has a
derivative on y and everywhere inside y, then

jyf(z)dz:O.

Proof See Appendix 1.

We can use Cauchy’s theorem to show (for a third time) that if y is the unit
circle, then

fz”dz:()
¥

for n = 0. For n < 0 Cauchy’s theorem does not tell us anything, since z* then
has a singularity at z = O which is inside .

Cauchy’s theorem might appear at first sight to be rather trivial. However, it
turns out to have far reaching consequences as we shall shortly see.

Corollary 1 If the contours yy, 32 have the same end points &, & and if f(z) is
differentiable on y1, 2 and between them, then (Figure 4.6)

fodz= [ f@dz
” z)azg ]}}2 z)az

Proof If y = y2 — y1, then we can apply Cauchy’s theorem to y to obtain

OZLf(z)dz:jmf(z)dz— £ dz.

Y1

a ¥ b

ol

Figure 4.6



Integrals 43

u

Figure 4.7

Y

Corollary 2 If the closed contours yy, y» are such that y» lies inside yq, and if
F(z) is differentiable on y, v2 and between them, then

f@dz= | f2dz

Y1 Y2

Proof 1f we make cross cuts y3, y4 as indicated in Figure 4.7, and if we denote
the upper parts of y1, y2 by ¥/, v5 and the lower parts by y;’, v’ then by Corollary 1
we have

¥3 Vi

fldz= | fladdz— | flza)dz— | f(2)dz,
A vh

Hf(Z)dzz Hf(Z)der f@dz+ | f(zdz.
¥y ¥z ¥3 V4

Therefore

fl2dz = f
71 ¥

_L f(z)dz+fyﬁf(z)d7.—fw F@dz

flzydz + ) fz)dz
Y1

Corollary 3  If non-intersecting closed contours y1, ..., ¥, all lie inside the
closed contour y, and if £(z) is differentiable on y, 1, ..., ¥4 and on the area
internal to ¥ and external to y, .. ., ¥, then (Figure 4.8)

Af(z)dz::gfmf(z)dz.

Proof Make cross cuts as in the proof of Corollary 2.
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i ¥;

5 O\
eje

Figure 4.8

Theorem 5 (Residue theorem) If y is a closed contour and if f(z) is diff-
erentiable on y and inside y except at ¢y, ..., ¢, inside y, then

] f@)dz =2mi Z Ry,
v k=1

where Ry is the residue of f{z) at .

Proof (Special case) Suppose f(z) has a single singularity at z = ¢ inside y. If
we let ¥, be a circle centre ¢, radius  small enough to ensure that y, lies inside y,
then by Corollary 2 of Cauchy’s theorem we have

j fdz— [ fdz
¥ Yr

If the Laurent expansion of f(z) atz — ¢ is

le o]

F@ =) anz o,

—00

then we have

o0

dz = n
wf(z) z Za/

—co W

d
(Z—c)”dz:alj £

<€

since for n # —1 we have

o+l
(z—cY'dz = [Q} =0
Vr

¥ n+tl

by Method 2.
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On y, we have z = ¢ + re'? (0 < ¢ < 2r), therefore by Method 1 we have

dz 2 ireit 2T . .
f = — dtf = tdr = 2mi.
wIi—C¢ o ret 0

Hence

/ f2)dz =2mia_
Y
as required.

General case 1f f(z) has a singularities at z = ¢y, . .., ¢, inside y then we can
draw circles yq, ..., ¥, with centres at ¢y, ..., ¢, and with radii small enough
to ensure they all lie inside y and that they don’t intersect each other. Hence by
Corollary 3 of Cauchy’s theorem we have

jf(Z)dZ:Z/ f(z)dz:ZZm'Rk
v k=17 k=1

by what we have already proved.

Example FEvaluate the integral

[+
p 2241

where y is to be specified.

Answer We need to find the singularities of the integrand, and find the residues
at these singularities. In fact we already did this in Section 3.9 where we found
that the singularities are at z = £ with residues £1/2i.

y — circle centre i, radius 1. In this case i is inside y, —i is outside y.
Therefore,

) 1
] =i =) =
y 25+ 1 21
y = circle centre —i, radius 1. In this case —i is inside y, i is outside y.
Therefore,

d 1
/ 5 ¢ mi (——,) = —m.
y 2 +1 21
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v = circle centre 0, radius 2. In this case both singularities +i are inside
. Therefore,

d 1 1
y 5+ 1 2 21
v = circle centre O, radius 1/2. In this case neither singularity is inside y.
Therefore,

dz
=0
jyzz—l-l

by Cauchy’s theorem.

4.8 Quick ways of finding residues

For simple poles there are quicker methods for finding residues than calculating
the Laurent expansion and taking the — 1th Laurent coefficient. For example, we
have the following.

Cover up rule I f(z) takes the form

where g(¢) # 0, then the residue of f(z) atz = cis gi{e).

Proof The Taylor expansion for g(z) at z = ¢ is

g =gla)+z—ag e+,

which gives immediately

g(c)
z—C

f(@) = +ga+-

Example Consider again

1 1
241 @+DEz—10)

which has simple poles at z = £1. Coveringup z — 7, z + 7 in turn we have

1 1 1 1 1 1
Res :|: ] = —, Res :|: :| =——.
=i z2 41 i, 2 =i 2241 L B P 24
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Differentiating the denominator 1f f(z)takestheform f(z) = g(z)/h(z), where
() #£ 0, hic) =0, I (¢) # 0 then the residue of f(z) atz = ¢ is g(c)/F (o).

Proof We have

f(z) — gloy+z—ag e+ - k(@)
ol @+ @ - @/224- z—c
where
k() — glea)+ z—ag' e+

T WO+ ok /2t
Therefore the residue of f(z) atz = ¢ is g (c)/h’ (c) by the cover up rule.

Example Consider again
R 1 1 1 R 1 1 1
es ——— = | — =, es - = | — =——.
=i 72 +1 22 . A =-iz? 41 2z | 2i

Notes

A rigorous treatment of contour integration would present the facts in a different
order. We have assumed in our proof of the residue theorem that a differentiable
function has a valid Laurent expansion near an isolated singularity, and that this
expansion can be integrated term by term. We have also assumed in our statement
of Cauchy’s theorem that the “inside” of a closed contour is well defined. A rig-
orous proof of the residue theorem requires a knowledge of uniform convergence.
A rigorous proof of Cauchy’s theorem requires a knowledge of plane topology.
Both of these can be found in Knopp (1945).

Examples
1. Evaluate the following contour integrals.
(i) fy Re z dz where y is the unit circle z = &7 (0 < r < 2x).
(ii) fy |z|? dz where y is the parabolic arc z = +it2 (0 <t < 1).
(iii) fy z dz where y is the straight line joining Oto 1 + 7.

2. Use the estimate lemma to prove the following inequalities.

vl
e
VZ_]'

] sinzd <3rsinh1
-adz| =

< 2me? where y is the circle |z — 1] = 1.

(1

where y is the semicircle z = &7 (0 < 1 < 7).

(i)
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{iii) < 4+/10 where y is the square with vertices at +1 7.

-2
f ¢ dz
y 173
Find all the singularities of the following functions. Use the method of
differentiating the denominator to find all the residues.

WL S
1 1) ——5 m) ——.
7—1° 22 4 g’ 22 _6z+8

Use the residue theorem to evaluate the following integrals round the contours
indicated.

() L

e
(ii) f 3 5 dz (y — circle centre i, radius 7).
Tl o

1
i T dz (y = circle centre 1, radius 1).
Z p—

d
{iii) / 272 {y — circle cenire 0, radius 3).
y 25— 0z +38

Prove that if f(z) is differentiable inside and on the closed contour y, then
for any a inside y

1 d
flay = oo [ T

2 y T4

(Cauchy’s integral formula). What is the value of this integral if ¢ is outside 3 ?



Chapter 5

Evaluation of finite
real integrals

As afirst application of the residue theorem (see Section 4.7) we describe a method
for evaluating a certain class of real integrals over a finite interval.

Example 1 Consider the integral
2 dt
o S5+4cost

We can transform this integral into a contour integral round the unit circle by
making the substitution z = ¢*. We have dz = ie¢''dr = izdr which gives
df — dz/iz. We also have

dite  z+1/z

=
Ccos 5 5

Therefore we get

fsz dr _fdz 1 _lf dz
0 S5+4dcosr },iz5—|—2(z+1/z)_i },QZz—I—Sz—I—Q’

where y is the unit circle.

We now evaluate this contour integral using the residue theorem. Observe that
2z2 £ 5242 = (22 + 1)(z + 2), therefore the singularities of the integrand occur
at z = —2,—1/2 (Figure 5.1). Of these only z = —1/2 is inside y, where the
residue is

1|: 1 i| 1

using the method of differentiating the denominator (see Section 4.8).
Hence we have

/h dt 1] dz 1 2x
- — T 27:27Tl><—.:—.
o S44cost iJ, 2z + 5z 42 37 3
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Ak
O

Figure 5.1

Example 2 Consider the integral

jzﬂ AF
o 1+ sin ¢

Putting z = &' gives

f23't dr _f dz 1 _f 4izdz
o 1+sin?r J,iz 1—G@—1/2%4 J,z4—622+1

where y is the unit circle. Here we used the formula

i gt — it z—1/z
sint = , = .,
21 21

The singularities of the integrand are at the solutions of the equation
=622+ 1=0,
which are given by

6+/36 — 4
2:f:3i2ﬁ.

z
Of these only z = ++/3—2y2 = +(/2 — 1) are inside y (Figure 5.2).
Differentiating the denominator we obtain the residues by evaluating

diz B )
473 — 12z 2 -3

atz2 =3 — Zﬁ. Therefore the residues are —i/ Zﬂ at both these points.
Hence by the residue theorem we have

2 dr diz d '
/ / 1zds ! ) 2 2 :m/i.
0 14

1+sin2r: 462241 2./2




Evaluation of finite real integrals

51

“

72—

\,
y VT

Figure 5.2

Example 3 Consider the integral

2
j cos*r dr.
0

The substitution z = ¢ gives

2w 4
d 1
] cos“rdr:] Z,(z—l——)
0 y 161z z
dz 4 2 4 1
=§ = 4 6L — 1
]],16iz<z+z+ +Z2-|-Z4)

1 SN A
_161'},2 Z z 23 ZS s

where y is the unit circle.

Observe that the integrand is already a Laurent expansion, indicating that there

is a pole of order 5 at z = 0, and that the residue there is 6/16f = 3/8i.
Hence we have

2 3
] cos4rdr:2m'><—_:—.
0

81 4

Example 4 Consider the integral

2
f sin 2f cos 3r dr.
0
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Making the substitution z = ¢! we obtain

since the integrand is a Laurent expansion with no term in 1/z.
Hence we have

2
] sin 2t cos3r dr = 0.
0

Examples

Evaluate the following integrals.

2
. f NG
0

2+ cost

jo 3—|—251t @m/v/5)

21
3,
/0 4 — 30082 )

27
4, ] sindt (27)
0

sinz

2
3. / cos®rdr  (5m/8)
0



Chapter 6

Evaluation of infinite
real integrals

6.1 Convergence

For integrals of the form

]_Z Fo) dx

the problem of convergence arises. We shall define the Cauchy principal value
(CPV) of such an integral to be

co R
f Flx)dx = lim f Flxydx,
oo R—oo J_p

and say the integral converges whenever this limit exists. For example, consider
the integral

/OO dx
e X241

We have

R d R
] & :[tan_lx] :2tan_1R—>2><z:n
_Rx2—|—1 —R 2

as R — oo. Therefore, the integral converges and its value is

foo dx B
,ooszrl_x
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6.2 The method

We illusirate the method for evaluating infinite real integrals using complex
calculus by applying it to the integral

f 0 dx
oo X241
considered in Section 6.1.
Let y = yp1 + y2 be the D-shaped contour consisting of the real interval

[—R. R] = y1 together with the upper semicircle y» having [— R, R] as diameter
(Figure 6.1). And consider the contour integral

f dz _f dz ‘|‘f dz
B I A e e
Ony, Wehavez = x (—R < x < R) therefore
] dz _]R dx

mzr 1l Lpxtt U

Inside y  For all R > 1 the integrand has one singularity at z = ¢ where the
residue is 1/2i. Therefore

Ony, Wehave |z| = R therefore
41 =R -1

(see Inequality 5 of Section 1.11) from which it follows that

-
22417 RZ -1

1 1

¥q

Figure 6.1
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provided R = 1. We also have !, = w R. Therefore by the estimate lemma (see
Section 4.4) we obtain

dz 7R
5 e —0
» 25+ 1 R:—1
as R — oo,
Putting all this information together we have

B dx dz dz dz dz
—R X + Y1 =+ ¥ -+ Va ¢+ Va -+

as R — oo. Hence we deduce that

oo X
———converges = 7
j_oo x2 41

agreeing with what we found in Section 6.1.

6.3 Failure of fm -0

It is essential to the success of the method cutlined in Section 6.2 that we can prove
| " 0. For example, consider the integral

]OO xdx
_ooxz—l—l'

In this case, we have

ResL = [i] = l
z=i Zz -+ 1 22 =i 2

Therefore,
d 1
f i L 27l K — =i
y 2t +1 2

for R > 1. If we could prove that

/ zdz —= 0
nitt+1

as R — oo, then we could deduce that

]R xdx ] zdz ] zdz / zdz )
7 — - — i
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as R — oo. Which is nonsense because

R
d
f rax :0
_rx2 41

for all R since the integrand is odd. In fact

zdz
0
[ a5

in this case. Its value is

zdz zdz zdz .
21 271 |21
» 25t y 5+ n 25T

forall R = 1.

6.4 Integrals involving cosx,smx

Consider the integral
j “ cosx dx
oo XZT 41
The contour integral
/ coszdz
y 22417
where ¥ — 31 + 32 as in Section 6.2 will be no use here because
|cosz|® = cos® x +sinh? y

(z = x + iy) is unbounded in the upper half plane. Instead we use
/ edz
y 2+ 1
observing first that the integral we require
]m COS X dx /OO &' dx
—— =Re —_,
oo X241 Ceo X241

and second that ¢'? is bounded in the upper half plane since

€] = [T = €] = || |6 = e < 1
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for v = 0. It follows that

[ =5
sz +1

as R — oo. For R > 1 the integrand has a singularity at z = i inside y where the
residue is

iz iz 1
Res —— € = [e—} = —.

7R
21

— 0

=i 72+ 1 22, e
Therefore,
] et gz 1 T
5 =27l X — = —
y 2o+ 1 2ie e

Hence we have

/R e* dx ] et dz ] etdz ] et dz T ] et dz T
- T - = — —
_pxi+1 m 2t +1 y2r+1 mtt+l e w i+l 2

as R — oo, from which it follows that

% cosxdx T
—5——— converges = —.
e X541 e

‘We therefore deduce that
% cosx dx 00 X gy T
2.1 Re 21
A | N | e
‘We can also deduce that
% ginx dx 0O iX
T —Tm —— =0,
o X241 o X241
though this is of course immediate from the fact that the integrand is odd in this
case.

6.5 Roots of unity

Suppose we want to evaluate the integral

/OO dx
Ceo X1

by considering the contour integral

] daz
AR
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g

o
0
@S @’

Figure 6.2

where y = y1 +y» as in Section 6.2. The integrand has singularities at the solutions
of the equation z* 4+ 1 = O which are @, &°, a)S, w’ (Figure 6.2) where @ = eim/4
is the primitive 8th root of unity (see Section 1.10).

Differentiating the denominator we find the residues of the integrand at z =

w, o are 1 / 4ar, 1/ 4a)?, respectively. Therefore,

dz 11 wi mi(l—1) w41
,[V A1 (4(93 + 4@9) 2w? @ +1) 2w 2w

since @® = —i. But @ = (1 +£)/+/2 so we get
j dz 7
y Z4 +1 B \/5
By the estimate lemma (4.4) we have
/ dz ‘ xR
< — 0
v 2t 41 R*—1
as R — oo. Therefore,
fR dx f dz f dz f dz T
—_— = _ J— % RS
_rxt4+1 S+l LA+l S 41 2

as R — oo, which shows that

foo dx converges — T
e | £ 7\/5

6.6 Singularities on the real axis

We cannot evaluate the integral

joo dx
0 x3 41
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¥
@R

Figure 6.3

by considering the contour integral

] dz
y 0 +1
round y as in Section 6.2 since the integrand has a singularity at z — —1 which is

on y . Instead we use the pizza slice contour y = 1 + y2 + y3 shown in Figure 6.3.

Here @ — /3 is the primitive cube root of unity (see Section 1.10).

Ony, Wehavez = (0 <t < R). Therefore,

] dz _jR dt
y123-|—1_ 0 Ig—l-l'

Onys Wehave z = wf (R > ¢ = 0). Therefore,

dz R wdt R gy
/J%ZS-I-IL ccﬁﬁHw]o syl @D

On > We have

dz 2nR/3
< — 0
mt+1 R -1

as R — oo. .
The integrand has a singularity inside y at z = ¢™/3 = —@? (if R > 1) where
the residue is

1
Res == = ——
——a2 20+ 1 322, .2 3e' 3e

Therefore,

] daz 72m'
y23‘|-17 3(!)
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Y3i

Figure 6.4

Hence we have

i Ry dz
EOUE S R s
3w o F+1 » L +1

which shows that
f T_d CONVEerges = pad _ =
. P11 T l—w 33

since w(l — @) = @ — w? = /31 (see Figure 6.4).

6.7 Half residue theorem

To evaluate the integral

CO :
sin x
/ dx
o X

we would like to consider the contour integral

iz
~ 4z
‘}J Z

round the usual D-shaped contour as in Section 6.4 except that the integrand has a
singularity at z = 0. We use instead the indented contour y = 1 + 2 +v3 + »a
shown in Figure 6.5.

Onyr Wehavez =+ (7 <t < R). Therefore,

/ eiz p ]R eir 5
—dz = — dr.
n 2 ro f
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¥

-R - 0 r R

Figure 6.5

Onys Wehavez = —f (R = ¢ > r). Therefore,

i R _—it
alt e
—dz = —] dr.

» L roo I

Combining these two integrals we get

iz iz R it it R o
e e et —e . sin f
—dz + —dz:/ 7d1‘:2zf — dr.
¥ L ¥ L r r

On y»  We have (integrating by parts)

1z iz 13

e e e

—dz = |::| + ﬁdZ-
py L [ 34 % 1 12

The first term on the right-hand side

p— —_ —_— %_
—iR iR iR

|:eizi| eIk AR 2cos R
iz ¥z

as R — oo. Whilst the second term

z
2
2

as R — oc. Therefore,

TR T
e ~gr "

&'t
—dz =0
]/2 Z

as R — oo. .
On yy Wehave z = re''(m = ¢ > (). Therefore,

P az 1 &, G
—dz:]—+]—z(?dz.
L L 1 s

» £
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The first term on the right-hand side

dz Jrz'reir .Tl'l .
— = —df = — tdt = —mi.

As for the second term, we have

which gives

1 o (G2
— dz
[

1

ro
gm«(e ):n(er—l)+0
s

as r — 0. Therefore,
e'* ]
—dz — —mi
Y4 z

asr — 0.
This is a particular case of the half residue theorem. If y were a full circle centre
0, radius r, then
ig
£ dz = 2mi
ya L

for all ¥ > O, since the residue of the integrand at z = 0 is 1. The half residue
theorem states that if y is a semicircle then the integral converges to half this value
as r — 0 (see Appendix 2).

Piecing all this together we have

o7 (Rsing i RE:
0= —dz =2 —dt + —dz+ —dz
y @ P T v @ w2

which on letting R — oo, r — 0 gives

0o

, sin ¢ ,

0:2:] —dt —mi,
) H

and hence
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Example Consider the integral
]OO ( sinx ) 2
dx.
e \ X
To evaluate this integral we observe that

/00 sin x 24;;21]00 1 — cos2x dx:lRejoo 1 — g2ix ir.
e X 2 Jeo x2 2 R

and work with

1]1—e2=*%d
2/, 7z z

where ¥ — 1 + 2 + ¥3 + p4 as in Figure 6.5.
The Laurent expansion of the integrand at z = O is

11— 6% 111422+ )
2 222 z2

i
=4 ...,
zZ

which shows that z — 0 is a simple pole with residue —:. Therefore, the half
residue theorem applies and, continuing as in the first example, we obtain

/OO (sinx)2
dx = .
oo X

Examples

Evaluate the following integrals.
o
d
1. / B )
o X2+ 4
i dx
| ot @
—oo 7+ Dx*+4)
[ @
—— (7
-0 (x2 + 1)2
oo dx
4. - (27/v3
fOOXZHH (27/+/3)

[ee]

d

5. ] % (me lcos 1)
—C
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oo L2
6. f L NS |

oo Xt 41

O dx i
7. .[0 ST ((z/5) sin(m/3))

o) ; 3
8. / (Smx) dx  (3m/4)
oo A X
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Summation of series

7.1 Residues of cotz

Elementary theory of sequences and series only allows very few series to be
summed exactly. In most cases, one has to be content with knowing that a series
converges without knowing what the sum is. It is however possible to sum a wide
class of series by exploiting properties of the complex cotangent function cot z.

The singularities of cot z = cos z/sin z occur at the zeros of sin z which are at
z = nx for integral n (see Section 2.9). The residues at these singularities can be
obtained by differentiating the denominator rule, and are

Cos 7 Cos z
Res cotz = Res — = = 1.
I=nm z=n7 §inz COSZ |, yx

7.2 Laurent expansion of cotz

We can either divide the Maclaurin expansions of cosz, sinz (as we did in
Section 3.6 for tan z) or use the expansion of tan z to obtain

1 1
cotz = =
ST tanz 2+ 2/3+20/15+ -

1 2 2, 2 2, :
2(1(?+EZ +...)+(?+BZ +) —

7.3 The method

We demonstrate the method by summing the series

|
La
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Vi

0| Nz [(N+D)x

Figure 7.1

We let y5 be the square centre O with half side (¥ 4 1/2)x (Figure 7.1), and
consider the integral

cotz
f —2 dZ.
v L

The integrand has singularities at z = nw where the residues are

cotz 1
Res —— = ——
I=HT 7 neT

for n # 0. At z = 0 the Laurent expansion is

cotz_l 1 =z 2 _1 1 z
=zl 3 5 )5 ..

showing that there is a triple pole at z = 0 with residue —1/3.
Therefore by the residue theorem (see Section 4.7) we have

cotz N 1 1
——dz =271 (2 —_ — .

If we can show the integral — 0 as N — oo, then we get
N
1 1
22

and hence

Y=
1

n? 6
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7.4 Boundedness of cotz

From Section 2.8 we have
cosz |? _ cos®x +sinh® y

sin® x + sinh? y

| cot z|* =

sin z

where z = x 4 iy.
For y fixed we have

cos? x + sinh? y - 1+ sinh? y B cosh?® y

= = = coth? y,
sin’ x 4 sinh? y sinh? y sinh?® y

which shows that | cot z| < cothm/2 = 1.090331411. .. for all z  the horizontal
sides of vy forall N = 1.
For x fixed = (N + 1/2)m we have

cos? x + sinh? y sinh? ¥

= < 1,
sinx 4 sinh?y 1 +4sinh?y ~

which shows that |cot z| < 1 for all z < the vertical sides of yy forall N = 1.
Hence we have |cotz| < M = coth w/2 forall z € yy forall N = 1.
We can now show

cotz
A dZ — 0
z
vy

as N — oo. For z € yy we have |z| = (N + 1/2)m > Nwn, and the length of
vy 18 BN 4+ 1/ < ONm for N = 4. Therefore by the estimate lemma (4.4)
we have

cotz
s—dz) =
Y z

as N — oo as required.

OMNm 9M

= — 0
Nig? Nm -

7.5 Use of cosec 7

Having shown that

1+1+1+1+ .
22 32 42 6

we can obtain the sum of
1 1 1

172_2+3_2fﬂ+...:5'
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by observing that

An alternative way to sum this second series is to use cosec z. The singularities
of cosec z — 1/ sinz are at z — nr where the residues are

1 1
Res cosecz — Res —— — = (1.
z=nm z=nx §in z COSZ |,—pn

The Laurent expansion of cosecz at z = 0 is

1 1
cosecy = —— =

sing z—23/31+5/51—

And cosec z is bounded on ypx as in Section 7.3 since

5 1 1 1
|cosec z]“ = = =< <

1
(sinz|?  sin®x 4+ sinh®y  sinh®y  y?

I A

for |y| =n/2, andforx = (N + 1/2x

1 1
\cos.ecz\2 = 5 = 5 = 1.
sin“ x + sinh“ y 1+ sinh* ¥

It follows (see Section 7.4) that

cosec z
] s—dz) =
YN <

as N — oo, But

cosecz (1)”
f st ()

ONmT 9
Vil Na
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Hence we obtain

i vt a2’
1 nt 127
equivalently,
1 1 1 2
Trtmoet T n
as before.

7.6 Use oftanz
‘We can sum the series

1 1 1

1+?+572+ﬁ+,,,
given that
1-|-1-|-1+1-|- _3:2
22 732 42 67
by observing that
1 1 1 1 1 1
1+?+5—2+ﬁ—|—'~: 1+§+3—2+E+“‘

Alternatively, we can use the integral

tan z
f - 95
w %

where y is the square centre at O with half side Nz (Figure 7.2).

The singularities of tan z are at z = (n 4+ 1/2)7 with residues —1. Therefore

the residue of tanz/zZ at z = (n + 1/2)7 is

t 1 4
Res anz = =

=k yx 22 (4 1/22x 0 (2n+ 1)2RY
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N

Figure 7.2

There is also a singularity of tan z/z” at z = 0 where the Laurent expansion is
(see Section 3.6)

2 2 3 15 7z 3 15 '

Therefore the residue atz = 018 1.
It follows that

tan z — 4
P wmi (Y ———— 1),
[ m( §(2n+1)2n2+)

which gives

2

Z _JT
e @Qn 1?2 47

s 1

equivalently,

1+1+1+1+ _a?
52 C o8

provided we can show
tan
f ~Cdz 0

as N — oo,
For this it is sufficient as previously to show tan z is bounded on yy for all N.
Which it is since

2 12 12
sin“ x + sinh 1 + sinh“ 7

= - 2y < — = coth’
cos?x + sinh® y sinh® 7

sinz 2

'tanz|? =
cos z
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for |y| = 7. And for x = N7 we have

12
sinh“ y <1

tanzf? = S22 <
1+ sinh* ¥

Hence | tan z| < cothsr for all z € all yy.

7.7 Use of cotrnz

Consider the series
A
21: n?4+ 1
The integral

t
] ZOZ dz,
vy £ ‘I'l

where yy is the square centre O with half side (N + 1/2)7 will sum the series

o

R
n win? +1
which is not quite what we want. Instead we use

cotmz
f 5 dz,
w21

where yy is the square centre O with half side (N + 1/2) (Figure 7.3).
The singularifies of cotr z occur at z = n with residues

Rescotrz = Res — =
z=n z=n sinmz

COSTTZ |: COSTTZ ] 1
TCOSTZ |y,

Vi

Figure 7.3
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Therefore,

cotmz 1 1

€8 = — .
=nz24 1 mn?il

The integrand also has singularities at z = +i where the residues are

cotmz cotmz cot i cothm cotmz

Res 5 = = — = — = Res — .

=i 7+ 1 2z =i 2i 2 =—izc+1
Therefore,

cotmz 1 o 1
/ 5 dz = 2mi (Z 5 cothzr),
v T +1 T +1

which gives

=1
Z 3 = 7r coth 7,
~n +1

provided the integral — 0 as N — co. Which it does sinee | cothrz| < cothz/2
on yy, and the length of yx is 8(N + 1/2), therefore

f cotmz gl < S8(N 4+ 1/2)cothm/2
AL N1

as N — oo,

7.8 Use of secy
It might be thought that the integral

S€C
[ =
yn <

where yy is the square centre O with half side N7 (see Figure 7.2) will sum the
series

1 1 1

1
However it turns out that it doesn’t. The problem is that it sums the series
i co
Cn+ 17

which is true but not very helpful.
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In fact, no closed form is known for the sum of the series

1 1 1

Examples
1. Find the sum of the series

111
+ =+

BT TR

by integrating cot z/z* round a large square contour.
2. Use your answer to Question 1 to find the sums of the following series.

1 1 1
bt a
1 1 1
1+3—4+5—4+ﬁ+"'-
3. Find the sum of
1 1 1
brytmamt

by integrating cosec z/z* round a large square contour. Compare your answer
with the answer you got in Question 2.
4, TFind the sum of

1 1 1
1+ 3 + 54 + = +--
by integrating tan z/z? round a large square contour. Compare with the answer
you got in Question 2.
5. Find the sum of

1 1 1
1+ 31 + 5 + = + -
by integrating cot wz/(2z 4+ 1)* round a large square contour. Compare with
Questions 2 and 4.
6. Find the sum of

il 1

Z:m(n—l— 1D

1
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by writing the nth term as
1 1 1

n(n—l—l):n nt+1

7. Find the sum of
> 1

Zn(n+1)

1

by integrating cotrz/z(z + 1) round a large square contour. Compare with
Question 6.



Chapter 8

Fundamental theorem of
algebra

8.1 Zeros

We call the point ¢ a zerp of the function f(z) if f(c) = 0. For example, the zeros
ofsinzareatz = nm forn =0, £1, £2, .. ..

We define the order or multiplicity of a zero as follows. Suppose f(z) has Taylor
expansion

- R AN .
@ =) ama—oy =) o)
0 0
atz =c Wesaycisazeroofordernifag =a; =--- = a1 =0, but g, # 0.
Equivalently, if f(c) = f/(¢) =+ = f@D(e) = 0,but f™(c) £ 0. A zero of

order 1 is called a simple zero, a zero of order 2 is called a double zero, etc. For
example, the zeros of f(z) — sinz are all simple since f'(z) — cosz — +1 at
z = n7z. However, for example, g(z) = zsinz has a double zero at z = 0 since
the Maclaurin expansion is

. _ 23 2 Z4
Z8INnz =17z Z_§+ _Z_§_|_

Theorem 1 (Fundamental theorem of algebra)y Every polynomial of degree
n with complex coefficients has » zeros in the complex plane taking account of
multiplicity.

Case n =2 Bvery quadratic polynomial p(z) with complex coefficients has
2 roots, possibly coincident. The case of coincident roots is when p(z) is a perfect
square taking the form

p(z) = Az — B)?,

therefore p(z) has a double zero at z — B.
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8.2 Argument principle

We can count the number of zeros a function has inside a closed contour by means
of the following theorem.

Theorem 2 (Argument principle) If f(z) is differentiable inside and on the
closed contour y, and if £(z) # 0 anywhere on y, then the number N of zeros of
f(z) inside y is given by the formula

AR
N=oa f}, o

Geometrical inferpretation  Observe that

1 [

|
27 ), £ dz = 5 5 llog f @],

since log f(z) is a primitive of f7'(z)/ £ (z). But (see Section 2.12)

log f(z) = log | f(z)| + iarg f(z),
and log | £ (z)] is single valued. Therefore,

1

2l

1
[log £@)], = 5 [arg F)],,-
So Theorem 2 says that the number of zeros of f(z) inside y is equal tothe number
of times f(z) circulates the origin as z goes round y.

Example Suppose f(z) =z — 1.

Case 1 1y = circle centre 0, radius 1/2.

We can parametrise 3 as z = /2 (0 < r = 2m). Therefore, the image
contour f(y1) parametrises as w = f(z) = z°> — 1 = e%*/4 — 1 which is the
circle centre — 1, radius 1/4 described twice. Observe that £(y1) does not circulate
the origin at all, corresponding to the fact that there are no zeros of f(z) inside y;
(Figure 8.1).

Figure 8.1
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Case 2 1y = circle centre 0, radius 2.

We can parametrise y» as z = 2¢''(0 < ¢ < 2m). Therefore, the image contour
f(y2) parametrisesas w = f(z) = z2—1 = 4¢%* —1 whichis the circle centre —1,
radius 4 described twice. Hence in this case the image contour f () circulates
the origin twice, reflecting the fact that £(z) has 2 zeros inside y» (Figure 8.2).

Case3 y3 — circle centre 1, radius 1.

Onyswehavez = 1 + &#(0 < r < 27). Therefore on f(y3) we have
w = f(Z) — (1 + ez.fi)z - 1= efi(e*iifz + 853/2)2 1= 4efi COSZ I/Q. -1

which shows w + 1 = re'® where r = 4 cos? t/2, 68 — t. Hence in this case the
image contour is the cardioid illustrated in Figure 8.3 which circulates the origin
once, in agreement with the fact that z> — 1 has one zero inside y at z = 1.

@ A
f(yg)

¥

| /2 2 3
Figure 8.2
@ @ A

f(yg)
Y3
0 2 20 o 1 2 3

Figure 8.3



78 Fundamental theorem of algebra

Proof of the argument principle The singularities of f'(z)/ f(z) oceur at the
zeros of f(z). If f(z) has a zero of order n at z = ¢, then the Taylor expansion is

F@) = ay(z— V" + aper1(z — )4,
where @, # 0. Therefore,

F'@  maz—e '+ @+ Dagnc—o) +---
fz) an(z — ) +ap1(z — )l 4+
1 nay+ (m+ Dagpz—c)+ -+
Cz—c¢  antapplz—o+ -

has a simple pole at z = ¢ with residue # by the cover up rule (see Section 4.8).
The result follows.

8.3 Rouché’s theorem

The following theorem due to Rouché (1862) enables us to say something about the
distribution of the zeros of a given function by comparing it with ancther function
whose zeros are knowr.

Theorem 3 (Rouché’s theorem) If 7(z), g(z) are differentiable inside and on
the closed contour y, and if | £(z)| = |g(z)| forall z € y, then f(z), f(z) + g(z)
have the same number of zeros inside y.

Proof Informally, we can add any ‘smaller” function g(z) to f(z) without
changing the number of zeros inside the contour.
By the argument principle it will be sufficient to prove that

] [z +¢' (@ o — f(@
y Fl2)+g@) y f@)
Observe that

ffa+¢@ f@
f@+gz  fl2)

dz.

d d
= —log(f(z) +g(z)) — = log f(z)

dz

40 (f(z)+g(z))
iz S\ f@

d g(z)
d—zl‘)g(”m)

d
= " logh
iz ogh(z)

K@)
- hiz)
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Figure 8.4

where

g(z)
h =14 ==,
@=1% 70

The condition | f(z)| > |g(z)| implies that A(z) must satisfy the inequality
|h(z) — 1] = 1forall z € y. It Tollows that £(z) cannot circulate the origin as z
goes round y (Figure 8.4). Therefore by the argument principle we must have

hi
] (z) dz =0
y h(@)
as required.
Application 'We canuse Rouché’s theorem to show, for example, that the zeros

of the polynomial p(z) = z° + 22 + 3 all lie in the annulus 1 < |z] < 2. If we take
f(2) =2°, g(z) = 2% + 3, then for |z| = 2 we have

gD = 12243 < |2 +3=423=T <8 =12 = | £ (2|

Therefore by Rouché’s theorem p(z) — f(z) + g(z) and f(z) have the same
number of zeros inside |z| = 2. But £(z) = z° has 3 zeros inside |z| = 2 in the
form of a triple zero at z = 0. Hence also p(z) has 3 zeros inside |z| = 2.

If instead we take f(z) =3, g(z) = z° + z2, then for |z| = 1 we have

g =12+ < |2+ =1+1=2<3=|Ff@)

Therefore by Rouché’s theorem p(z) = f(z) + g(z) and f(z) = 3 have the same
number of zeros inside |z] = 1. But f(z) has no zeros inside |z| = 1. Hence
neither has p(z) (Figure 8.5).
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A

Q.-
7

Figure 8.5

8.4 Proof of the fundamental theorem of algebra

Suppose that
P =ayd + au 1+ + @iz + ao,
where a, # 0, is a polynomial of degree n. Let
f(2) = apz”,
2(2) =a, 12" '+ + @z + ao,

and let yg be the contour |z] = R. Then on yr we have

g |a 12"+ +azta
£ anZ"
12" + - + |arz] + laol
o e, 2|
_lap 1R+ o+ |ag| R + |ao
B |y | R?

— 0

as R — oo. Therefore, we can choose R such that | f(z)| > |g(z)| forall 7 € yg.

It follows by Rouché’s theorem that p(z) = f(z) + g{z) and f(z) have the
same number of zeros inside yg for this R. But f(z) — a,z" has n zeros inside
Vr, all at z = 0. Hence also p(z) has n zeros inside yg, as required.

Examples

1. Prove that all the zeros of the polynomial z° + 9z + 9z + 9 lie inside the
circle |z] = 10.
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Prove that exactly two zeros of the polynomial z° + 922 + 9z + 9 lie inside
the circle |z| = 2.

Prove that none of the zeros of the polynomial z% 4+ 922 + 9z + 9 lie inside
the circle |z| = 1/2.

Prove that all the zeros of the polynomial 22 1+ 67 | 8 lie between the two
circles [z] = 1, |z| = 3.

Prove that the polynomial z* + z 4+ 1 has one zero in each quadrant.



Solutions to examples

I Complex numbers

1. )6+ 10i. @) —4 — 4i. i) —16 + 22i. (iv) (13/37) + @/37i.
V) £+ ). vi)log~/2 + in/4 (PV).

I2 11 I2 -1 .
2. JS1ti=+ “f; + fz = +./2e7/8,

Since arg +/1 + i = 7/8 (PV), we have

21
tan 7/8 = V2 =21 =0.4142135624 . ..
V241

3. IfC =cosh, § =sind, then

cos30 = C2 —3C5*=C* —3C(1 - CcH =4c? -3¢,
§in30 =3C%5 — §2 =3(1 - 5§55 — §° =35 — 452

4, IfC = cos30°, then
0 = cos90° =4C% — 3C = C4C? - 3).

Therefore € = 0 or ++/3/2. What do the other values of C represent?
5. (ef‘g + e_i‘g)3 =3 1 36 1 3718 1 o3¢ — 2008360 + Geosh.

/2 /2
6. f cos’0 4o = ] sin’0 40 = 2/3.
0 0

7. (¥ — 1)/10.
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2 Complex functions

8.

To find the maximum of | sin z| on the disc |z| = 1 we use the infinite form of
the triangle inequality which states that

[e4]
<Yzl
1

for any sequence of complex numbers (z,; )y>1.
In particular,

jee)

>

1

|sinz| =

2P 1z gzl
§|ZH‘?+?+?+'”

<1 1 1 1
=< +§+§+ﬁ+'“
=sginh 1
for |z] < 1.
Also for z = i we have | sini| — |{ sinh 1| — sinh 1.

Therefore, | sin z| is maximum on |z| < 1 at z — i with maximum value
equal to sinh 1.

If z=x +iythen

z+1
=2
z+4‘

is equivalent to
iy + 1P =4l 4 iy + 4P
@+ D+ =4+ D>+ )
2 14y =4GT 4 8+ 164 )7
0 = 3x% 4+ 3y +30x + 63
0=ux%+y*+10x + 21
4=x2+10x + 254+ y' = (x + 57 + )7
4=x+5+iy*
2=[z+5]

which is the equation of a circle centre —35, radius 2.
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3 Derivatives
1. Ifz =re? =x + iy, then

log 7z — logr +i0 — Llog(x? + y?) + i tan~! %

-1
uix, y) = zlogr® + 57, wlx,y) =tan”' —.

du  dv X du v ¥

ax dy x4y dy  dax  x2iy?

£ 8u+,3v X —1y 1 1

= — 11— = _= = —.

z dx ox x4 2 xX+1iy z

2. |z]* = x* + y2. Therefore u(x, y) = x* + y%, v(x, y) = 0. The Cauchy—
Riemann equations hold only at x = y = 0. The derivative at z = 0is 0.

3. I flm) =2z~ 2) = (x —in)@? + y* — 2), then

u(x,y) =x(x* 4+ 3>~ 2), vix,y) =y ry 2.

du 5 5 du dv v 5 2
— =3x"+y -2, —=2xy, — =-2xy, — =-—x"-3y"+2
ax ay ax ady

J d

o _ for all x, v.

ay ax

d d

—u:—vonlywhen

dx  dy

3x2+y2—2:—x2—3y2+2,
which simplifies to
%2 + y2 =1.

Far |z| = 1 we have

d v
fli()= ﬁ—l_iE = 3x 1y 2 2ixy = x*—y P 2ixy = (x—iy)* = 2%

4. If f(z)isreal valued, then v(x, y) = 0. Therefore,

3u_3v_0 du 31)_0
dx ov 3y  ax

Therefore u(x, y) = constant.

5. &° sinz:z+z2+z3/3—z5/30+~~.
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6. (OPut:r=z— 2 Thenz =1 + 2. Therefore,

11 111 L 2

: rr2 211:2 20\ 2tT owt
G-+ a2
= 5 4 z 2 z e

The range of validity of the geometric series is |¢/2| < 1. Therefore the

range of validity of the Taylor series is |z — 2| < 2.

(i) Putt = z —i. Then z = ¢ + . Therefore,

2

. . . I‘
ezzet‘l'i:ejet:ef(1+t+§+‘.>)

i i : ¢ 2
=e +e(z—z)+5(z—z) +-

Range of validity is all ¢, therefore all z.
(iii) Putf =z — 1. Then z = ¢ + 1. Therefore,
2P

logz=logt + )=t —— + - —---
ogz =log(r + 1) 713

1 1
—z—-D—=E@-D*+=Gz-1* =,
z—1 2(2 )+3(z )
Valid for |f] < 1, therefore |z — 1| < 1.

N z? 11 11
. (Dm—zﬁ +Z‘|‘E‘|‘“‘ —Zﬁ+z—9+“‘+ag+“‘—
Pole of order 10 with residue 1/9!

Losinz 1 z’ 111 11 1
Pole of order 14 with residue 0.
(iii) To find the Laurent expansion at z = 1 put# = z — 1. Then

1 1 111
21 Gt D1 224+ 2%  2l+t/2

Simple pole with residue 1/2.
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To find the Laurent expansion at z = —1 put = z + 1. Then
1 1 1 11

21 (G-—12—1 -2  21—1/2

Simple pole with residue —1/2.
8. Using the geometric series expansion we have

3z4+1 1 2 11 2 2
3

= —I— = — —
(z4+2(z—3) z+2 z-3 21+z/2 1—-2z/3

1 |z 7 2 e 72
“allT2ta ) sttt )
The first bracket is valid for |z/2| < 1, that is, |z] < 2, the second for
|z/3| < 1, thatis, |z| < 3. Therefore both are valid for |z| < 2.

4 Integrals

2
1. (i)fRe Zdzj (cosPie' dt = 7.
Ve 0
! 8§ 5
i) [1ePdz= [(@vihaaina = 2
¥y 0 15 6

(iii) y parametrises as z = (1 + i)t (0 < r < 1). Therefore dz = (1 + i) dr,
and hence

1 1
fzdz:f (1-5):(1+5)d::2f rdr = 1.
¥ 0 0

2. () |ef] =eRe? < & forz e y. Length of y is 2.
(i) |sinz| <sinh 1, |z +i| = v/2forz € y. Length of y is =.
(i) |z — 2| = +/10, |z — 3| = 2 for z € y. Length of y is 8.
3. (i) Singularity at 1. Residue 2.
(ii) Singularities at 77 Residues F1/271.
(iii) Singularities at 2,4. Residues +1/2.
4. D4si. [ —1. (i) —mi.
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f@)

z—a

Residue of atz — ais fla).

The integral vanishes for a outside y by Cauchy’s theorem.

Evaluation of finite real integrals

We have

]ZH 2 ] dz o
0 24cost 1J,z%4+4z+1 /3
by the residue theorem. The integrand has one singularity inside y at z =

\/_ — 2, where the residue is 1/ 2\/5 {differentiate the denominator).
We have

fsz dr f dz 2
o 3+2sinr  J,z243iz-1 /5
The integrand has one singularity inside y at z = (+/5 — 3)i/2, where the
residue is 1/\/33'.
We have

fsz dt f zdz
_ =4 — =7
o 4—3cos?t p 324 — 1022 + 3

The integrand has two singularities inside y at z = £1/+/3, where the
residues are both equal to —1/16.

We have

/h si115rdt_jz51/z5 dz_jzlol dz
o sinr J, z—1/z iz J, 22-1i

_[ 1+22+20+ 28+ 2°
v

dz

= 1'35

1 1 1 1
:Tf(—5+—3+—+z+z3) dz =2m.
1 Jy\z z z
We have

fZE 6 1 f( 1)6d2
cos  Fdf = — I+ - —
0 64 ¥ Z 1z
6 l)dz_Sjr

1 6 4 2 15
=— 6 15 204+ —+ 4+
64fy(z—|—z—|— "+ +22+z4+6
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6

L.

Evaluation of infinite real integrals

has singularities at z = +21.
713 g z i

The residue at z — 27 is 1/4¢ (differentiate the denominator).

] dz . 7R (R>72) 0 R
P44 R4 > 2) — as R — co.

1
(24+ D2+ 4

has singularities at z — 41, +2i.

The residue at z =i is 1/6i. Theresidue at z = 27 is —1/121.

dz 7R
/m <z2+1)(z2+4)‘ =R DR 4 B0 sk

1
W has a double pole at z = i.

To get the residue we have to compute the Laurent expansion. Puts = z—1.
Then we have

S SRS B SR -2
(224+ 102 (24202 42 2%

_ 1 -ty _ ! +1 +
T 42 P T A Ty T

(using the binomial theorem with exponent —2). Therefore the residue is 1/4:.

@ TR 10 R
> 1) — as R — oo.
y P T (R 1P
—— has singularities at z = @, @?, where o = 1.
24+z41
Th idue at i ! :
eresidue at 7z = w 18 = —.
2w+1 /3

] o TR h 0 sk
V2Z2-|_Z-|_]_ _Rz—R—]_ - — as — 0.

Observe first that

/oo Cosx dx —Re/oo er dx
_oox2—|—2x—|—2_ oo X2 4 2%+ 27
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Second that |e'?| = |&/&TW)| = |657¥| = |e¥e¥| = &7 < 1 on .
Therefore

etdz R
2 = (R>3)—0 asR— oo
w22 4+12 R2_2R_ D
e’
21222 has singularities at z — —1 L 7.

The residue atz = —1 fiise 17 /2i. Therefore,

oo ez’xdx )
t[ I
o X2 4 2x 2

Now take real parts.

2

Z+]~ 3 5

m has singularities at z = w, &”, @”, @’ where o® = 1.
z

The residue at z = w is

S U 7. N
4> 44 2/

The residue at z = o is
w6+17w6+17w5+w77 ﬁii )

400 T 4o 4 T4 T a/3

2 2

z=+1 7R(R“+ 1)
V/V2Z4+1dZ§}e4_1(R>1)—>’0 aSR—%OO.

Use a pizza slice contour with angle 27/5.

Observe that for x real

sinx\®  3sinx — sin3x I 3ei* — ¥
_ —Im
X 4x3 4x3 ’

and that for z complex

3¢t — & 31 +iz— 220+ ) — (14 3iz—922/21 4+ )

423 423
2432240 1 3
T4 w8 4

(See N.B. at the end of Appendix 2.)
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7 Summation of series

1. 7#/90.
2. Ta*/720, w/96.
6. Observe that

O

1 = /1 1
len(n“) le(nn—l—l)

(e (i)

7. I y is the square with centre O, and half side ¥ 4 1/2, then

cotmz 4 8(N+ 1/2)cothm/2  16cothn/2
| =
y 2z + 1) (N +1/2(N+3/2) 2N+3

as N — co. Forn # 0, —1 we have

cotmrz 1

es = .
=n z(z +1) =mn@m+1)

Atz = 0 we have

cot 2 :l(L_E_ﬁ_“.)(1_Z_|_22_Z3+u.)
2(z+1) z\mwmz 3 45

11

2wz

which shows that z = 0 is a double pole with residue —1/7.
Atz = —1 we have, putting r = z + 1,

cotrz  cotm(sr —1)  cotsns
zz+ 1) G-Dr (- 1x

1(1 xt  w ) 2 3
- — - — - —— — ... (1+g+; +t +)

t \mt 3 45
1 1
w2 o
which shows that z = —1 is also a double pole with residue —1/7.

Therefore by the residue theorem we have

N—-1

cotmrz 1 N 1 2
[ Xt r D
y2z+1) n(n+1) T = n(n+1) 7T
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which, on letting N — oo, gives
p RGO 2

o=ty Lo 2
T4 nln+1) =

and hence

o0

b =1
Xlzn(nJrl) N

Fundamental theorem of algebra

If () =25, g(z) = 9z% + 9z + 9, then for all |z| = 10 we have
18(2)] = 927 + 92+ 9] < 9|z|* +9z| +9 =999 < 1000 = |2°| = | £ (2)|.

Therefore by Rouché’s theorem £ (z) = z°, f(2) +g(z) = 22+ 92249249
have the same number of zeros inside |z| = 10. But f(z) = z% has 3 zeros
inside |z| = 10, all at z = 0. Hence also z° + 9z% + 9z + 9 has 3 zeros inside
|z| = 10, as required.

If £(z) =9z%,g(z) =27 + 9z + 9, then for all |z| = 2 we have
lg(@)| = 122+ 92+ 9] < |zI° +91z] + 9 =35 < 36 = |92 = | f(2).

Therefore by Rouché’s theorem f(z) = 922, f(2)+g(z) = 22 +9z2+9249
have the same number of zeros inside |z| = 2, namely 2, since f(z) = 9z°
has 2 zeros inside [z| = 2, bothatz = 0.

If f(z) =9, g(z) = z° + 922 + 9z, then for all |z| = 1/2 we have
22| = 122 + 922 +9z] < |2 +9/z1% + 9]z| =55/8 < 9 = |f(z)].

Therefore by Rouché’s theorem f(z) =9, f(z)+g(z) = 22 +9z2+ 9249
have the same number of zeros inside |z| — 1/2, namely none, since f(z) =9
has no zeros inside |z] = 1/2.

On |z| = 1 we have
127 + 62 < |z]* + 6]z =7 < 8.

Therefore z° + 6z + 8 has no zeros inside |z| = 1.
On |z|] = 3 we have

62 + 8] < 6lz| +8 =26 < 27 = |’].

Therefore 73 + 6z | 8 has 3 zeros inside |z| = 3.
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5.

Take f(z) = z* + 1, g(z) = z. The zeros of f(z) are at @, &, &, @’
where w = €™ Let y = y1 + y» + 3, wWhere y; is the straight line z = x
(0<x=< R), yristhearc z = & (0 = r < 7/2), and y3 is the straight line
z=1iy (R>y=0).

Ony;r Wehavex* + 1 > x. (Clearly!)
Onys Wehave | f(z) =y'+1>vy=|g(2l
Ony: Wehave |f(z) =]z +1|=R*— 1> R =|g(@)|if R > 2.

Hence | f(z)| > |g(z)| on y if R = 2. Therefore f(z) = z* + 1,
F(2) + g(z) = z* + z + 1 have the same number of zeros inside y if R = 2,
namely 1. Argue similarly for the other quadrants.



Appendix |: Cauchy’s theorem

If y is a closed contour, and if £ (z) is differentiable inside ¥ and on y, then
[ rraz=o
Y

Proof

Case 1y = Unitsquare Writingy = y1 + y2 +y3+ ¥4 where yq, 12, v3, vy are
the four sides taken in anti-clockwise order starting from 0, and writing f (x+iy) =
u(x, y) +iv(x, y), we have

1
f(ZJdZ=f (uix, 0) +iv(x, 0)) dx,
0

Y1

1
ff(z)dzz‘f w1, ¥) + iv(1, ) dy,
Y2 0
1
/f(z)dz] (m(x, 1) +ivix, 1) dx,
Va 0

1
) dz :—z'jo w0, y) + iv(0, y))dy.

Y4

Therefore,

F@dz+ f £@)dz
Y2

Y1

1 1
= ] (w(x, ) —uwlx, 1Ndx + z'] (vix,0) —vlx, 1)) dx
0 0

1 1 1 1
] d
—f f —”(x,ymwyif f —(x, y)dx dy.
o Jo Ay o Jo v



94 Appendix |: Cauchy’s theorem

Also

fzydz + F(2)dz

Yz Ya

1 1
f (v(o,y)v<1,y>>dy+i] (L, y) — u(0, y) dy
0 Q

1 13 1 13
] f ”(x,y>dxdy+z'] f O e, yydx dy.
0 0 8x 0 0 8x

But the Cauchy—Riemann equations

du ov du ov

ax ay ay  ox

hold everywhere inside and on y. Hence we have

]f(Z)dZZ f@de+ | flodz+ | f@dz+ | fz)dz=0.
¥ Y1

¢! Y3 e
Case 2: y = Any rectangle Similar.

Case 3: y — Any rectilinear contour Meaning y — Z‘iv ¥y, Where each y, is
a straight line parallel either to the real axis or to the imaginary axis.

By adding and subtracting further straight lines we can write y = Ziv f v, where
y,i are all rectangles. Therefore,

Nf
[ r@az=y [ saz-o
¥ 1 Y

Case 4: y = Any closed contour We can choose a sequence of rectilinear
contours ¥y, all lying inside y, such that

/nf(z.)dH ]Vf(z)dz

asn — OQ.



Appendix 2: Half residue theorem

If y, is the contour z = re? (0 < ¢ < m), and if £(z) has a simple pole at z = 0
with residue A, then

f(2)dz —» miA
¥

asr — 0.

Progf The Laurent expansion of f(z) at z — 0 must take the form
A o]
2)=—+ ) ayz"
OES ?

Therefore we must have

N co
fl)dz = —dz +/ Zanz” dz.
¥r W Z ¥r

0

The first integral evaluates to

A A : ®
dz—] .tire”dr—iA] di = wiA.
0 0

v L re

The second integral — O as r — 0, since for all z € y;

oQ

> a

0

o0 o0
= Z‘anzﬂ = Z|an|rna
0 0
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and therefore by the estimate lemma

o0 o0
] (Zanzn) dz Eﬂr2|an|r”
" 0

0
which — 0 as r — 0. The result follows.

N.B. We can allow multiple poles provided there are only odd negative powers
in the Laurent expansion, since these make no contribution to the integral round
the small semicircle.
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Index of symbols and abbreviations

il

Rez 3
Imz 3
z3

lz| 3,5
arg z 5
PV) 5
F™ixy 29
y 37

{, 39
Res 46
(CPV) 53



General index

Argand 1

Argand diagram 4
argument 5

argnment principle 76

boundedness of cotz 67

Cartesian form 6

Cauchy 1, 26

Caunchy principal value 53
Cauchy-Riemann equations 26
Cauchy’s integral formula 48
Cauchy’s theorem 42,43
closed contour 38

conformal mapping 22
conjugate 3

continnons function 25
contour 37

convergence of an infinite integral 53
cover uprule 406

de Moivre 1

de Moivre’s theorem ©

derivative 24

differentiable function 25
differentiating the denominator 47
double pole 33

donble zero 75

D-shaped contour 54

essential singularity 33

estimnate lemma 39

Euler 1

Euler’s formula 6

Euletr’s formulae for cos @, sind 7

fundamental theorem: of algebra 75, of

calcilus 36
Ganss 1

half residue theorem 95
hyperbolic functions 17

imaginary axis 4
imaginary part 3
indented contour 61
inequalities 9
iniegrable function 37

Lanrent expansion 32
length of a contour 39
logarithm 21

Maclaurin coefficient 29
Maclaurin expansion 29
modulus 3,5

nthroot 8, 9

order of a pole 33
order of a zero 75
orientation of a contour 38

parallelogram law of addition 3
parametrisation of a contour 37
pizza slice contour 59

polar form 6

pole 33

polynomial 14

primitive of a function 37
primitive nth root of unity 9
principal part 33
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principal value: of argz 5, oflogz 8; of simple zero 75
n g singularity 14, 33
pute imaginary 4 straight line 38
substituting the parametric function 39
rational function 14

real axis 4 Taylor coefficient 32

real part 3 Taylor expansion 32
residue 33 triangle inequality 9
residue theorem 44 trigonometric function 17
Riemann 1,26

roots of unity 9 unit circle 38

Rouché’s theorem 78 unit square 38

simple pole 33 7ero 75



