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Preface

Before revising Fundamentals of College Geometry, extensive questionnaires
were sent to users of the earlier edition. A conscious effort has been made
in this edition to incorporate the many fine suggestions given the respondents
to the questionnaire. At the same time, I have attempted to preserve the
features that made the earlier edition so popular.

The postulational structure of the text has been strengthened. Some
definitions have been improved, making possible greater rigor in the develop-
ment of the theoréms. Particular stress has been continued in observing the
distinction between equality and congruence. Symbols used for segments,
intervals, rays, and half-lines have been changed in order that the symbols
for the more common segment and ray will be easier to write. However, a
symbol for the interval and half-line is introduced, which will still logically
show their relations to the segment and ray.

Fundamental space concepts are introduced throughout the text in order
to preserve continuity. However, the postulates and theorems on space
geometry are kept to a minimum until Chapter 14. In this chapter, partic-
ular attention is given to mensuration problems dealing with geometric solids.

Greater emphasis has been placed on utilizing the principles of deductive
logic covered in Chapter 2 in deriving geometric truths in subsequent

chapters. Venn diagrams and truth tables have been expanded at a number
of points throughout the text.
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There is a wide variance throughout the United Statcs in the time spent in
geometry classes. Approximately two fifths of the classes meet three days a
week.  Another two fifths meet five days each week. The student who
studies the first nine chapters of this text will have completed a well-rounded
minimum course, including all of the fundamental concepts of plane and
Space geometry.

Each subsequent chapter in the book is written as a complete package,
none of which is essential to the study of any of the other last five chapters,
vet each will broaden the total background of the student. This will permit
the instructor considerable latitude in adjusting his course to the time avail-
able and to the needs of his students.

. Each chapter contains several sets of summary tests. These vary in type to
Include true-false tests, completion tests, problems tests, and proofs tests. A
key for these tests and the problem sets throughout the text is available.

January 1969 Edwin M. Hemmerling




Preface to First Edition

During the past decade the entire approach to the teaching of geometry has
been undergoing serious study by various nationally recognized professional
groups. This book reflects many of their recommendations.

The style and objectives of this book are the same as those of my College
Plane Geometry, out of which it has grown. Because I have added a signifi-
cant amount of new material, however, and have increased the rigor em-
ployed, it has seemed desirable to give the book a new title. In Funda-
mentals of College Geometry, the presentation of the subject has been strength-
encd by the early introduction and continued use of the language and
symbolism of sets as a unifying concept.

This book is designed for a semester’s work. The student is introduced to
the basic structure of geometry and is prepared to relate it to everyday
experience as well as to subsequent study of mathematics.

The value of the precise use of language in stating definitions and hypo-
theses and in developing proofs is demonstrated. The student is helped
to acquire an understanding of deductive thinking and a skill in applying it
to mathematical situations. He is also given experience in the use of induc-
tion, analogy, and indirect methods of reasoning.

Abstract materials of geometry are related to experiences of daily life of
the student. He learns to search for undefined terms and axioms in such
arcas of thinking as politics, sodiology, and advertising.  Examples of circular
reasoning are studied.

In addition to providing for the promotion of proper attitudes, under-
standings, and appreciations, the book aids the student in learning to be
critical in his listening, reading, and thinking. He is taught not to accept
statements blindly but to think clearly before forming conclusions.

The chapter on coordinate geometry relates geometry and algebra.
Properties of geometric figures are then determined analytically with the aid
of algebra and the concept of one-to-one correspondence. A short chapter
on trigonometry is given to relate ratio, similar polygons, and coordinate
geometry.

Ilustrative examples which aid in solving subsequent exercises are used
liberally throughout the book. The student is able to learn a great deal of
the material without the assistance of an instructor. Throughout the book he
18 afforded frequent opportunities for original and creative thinking. Many
of the generous supply of exercises include developments which prepare
for theorems that appear later in the text. The student is led to discover for
himself proofs that follow.

vii




The summary tests placed at the end of the book include completion, true-

false, multiple-choice items, and problems.

They afford the student and the

instructor a ready means of measuring progress in the course.

Bakersfield, C alifornia, 1964

Edwin M. Hemmerling
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Basic Elements of Geometry

L.1. Historical background of geometry. Geometry is a study of the pro-
perties and measurements of figures composed of points and lines. It is a
very old science and grew out of the needs of the people. The word geo-
metry is derived from the Greek words geo, meaning “earth,” and metrein,
meaning “to measure.” The early Egyptians and Babylonians (4000-3000
B.C.) were able to develop a collection of practical rules for measuring simple
geometric figures and for determining their properties.

These rules were obtained inductively over a period of centuries of trial
aud error. They were not supported by any evidence of logical proof.
Applications of these principles were found in the building of the Pyramids
and the great Sphinx.

The irrigation systems devised by the early Egyptians indicate that they had
an adequate knowledge of geometry as it may be applied in land surveying.
The Babylonians were using geometric figures in tiles, walls, and decorations
of their temples.

From Egypt and Babylonia the knowledge of geometry was taken to
Greece. From the Greek people we have gained some of the greatest con-
Uributions to the advancement of mathematics. The Greek philosophers
studied geometry not only for utilitarian benefits derived but for the esthetic
and cultural advantages gained. The early Greeks thrived on a prosperous
sea trade. This sea trade brought them not only wealth but also knowledge
from other lands. These wealthy citizens of Greece had considerable time
for fashionable debates and study on various topics of cultural interest be-
Cause they had slaves to do most of their routine work. Usually theories and
toncepts brought back by returning seafarers from foreign lands made topics
for lengthy and spirited debate by the Greeks.
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in a room, pupils enrolled in a geometry class, words in the English language,
grains of sand on a beach, etc. These objects may also be distinguishable
objects of our intuition or intellect, such as points, lines, numbers, and logical
possibilities. The important feature of the set concept is that the collection
of objects is to be regarded as a single entity. It is to be treated as a whole.
Other words that convey the concept of set are “group,” “bunch,” “class,”
“aggregate,” “covey,” and “flock.”

There are three ways of specifying a set. One is to give a rule by which it
can be determined whether or not a given object is a member of the set; that
is, the set is described. This method of specifying a set is called the rule
method. The second method is to give a complete list of the members of the
set. This is called the roster method. A third method frequently used for
sets of real numbers is to graph the set on the number line. The members of
a set are called its elements. Thus “members” and “elements” can be used
interchangeably.

It is customary to use braces { } to surround the elements of a set. For
example, {1, 8,5, 7} means the set whose members are the odd numbers 1, 3,
5,and 7. {Tom, Dick, Harry, Bill} might represent the members of a vocal

quartet. A capital letter is often used to name or refer to a set. Thus, we
could write 4 = {1, 3,5, 7} and B = {Tom, Dick, Harry, Bill}.

A set may contain a finite number of elements, or an infinite number of
elements. A finite set which contains no members is the empty or null set.
The symbol for a null set is ¢f or { }. Thus, {even numbers ending in 5} =
9. A set with a definite number* of members is a Jimite set.  Thus, {5} is a
finite set of which 5 is the only element. When the set contains many ele-
ments, it is customary to place inside the braces a description of the members
of the set, e.g. {citizens of the United States}. A set with an infinite number
of elements is termed an wmnfinite set. The natural numbers 1,2,3,.... form

aninfinite set. {0, 2,4,6, ...} means the set of all nonnegative even numbers.
It, too, is an infinite set.

In mathematics we use three dots (..

. in two different ways in listing the
clements of aset.  For example

Rule

1. {integers greater than 10 and less than 100}
Here the dots . . . mean ““and so on up to
and including.”

2. {integers greater than 10}
Here the dots . . . mean “and so on indefinitely.”

Roster
{11,12,18,...,99}

{11,12,18,.. .}

*Zero is a definite number.,
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To symbolize the notion that 5 is an element of set 4, we shall write 5 € 4.
If 6 is not 2 member of set 4, we write 6 € A, read “6 is not an element of set

A 39
Exercises

In exercises 1-12 it is given:

O
Il

,2,8,4,5}. B={
=1{1,92,3,...,10}. D={
c=¢. F={
G=1{53,21,4}. H={

ey
I

I

How many elements are in C? in E?

. Give a rule describing H.

Do E and F contain the same elements?

Do A4 and G contain the same elements?

. What elements are common to set 4 and set C?

What elements are common to set B and set D?

. Which of the sets are finite?

. Which of the sets are infinite?

. What elements are common to 4 and B?

. What elements are either in 4 or C or in both?

. Insert in the following blank spaces the correct symbol € or Z.
(@) 34 b 5_.D (¢) 0 F
d) 0 E (e) 3 H (f) 1002 __D

12. Give arule describing F. .

18-20. Use the roster method to describe each of the following sets.

Example. {whole numbers greater than 3 and less than 9}

Solution. {4,5,6,7,8}

13. {days of the week whose names begin with the letter T}
14. {even numbers between 29 and 39} N

15. {whole numbers that are neither negative or positive}
16. {positive whole numbers}

17. {integers greater than 9}

18. {integers less than 1}

19. {months of the year beginning with the letter J}

20. {positive integers divisible by 3}

RTINS R

_— —

91-28. Use the rule method to describe each of the following sets.
Example. {California, Colorado, Connecticut} .
Solution. {member states of the United States whose names begin

with the letter C}
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91. {a,e,i,0, u} 22, {a,b,c,...,z}

23. {red, orange, yellow, green, blue, violet} 24. { }

95. {2,4,6,8,10} 26. {3,4,5,...,50}

27. {—2,—4,—6,...} 28. {—6,—4,—-2,0,2,4, 6}

1.4. Relationships between sets. Two sets are equal if and only if they have
the same elements. The equality between sets A and B is written 4 = B.
The inequality of two sets is written 4 # B. For example, let set A4 be
{whole numbers between 13 and 63} and let set B be {whole numbers between

§ and 63}. Then 4 = B because the elements of both sets are the same:
2,3,4,5,and 6. Here, then, is an example of two equal sets being described
in two different ways. We could write {days of the week} or {Sunday, Mon-
day, Tuesday, Wednesday, Thursday, Friday, Saturday} as two ways of
describing equal sets.

Often several sets are parts of a larger set. The set from which all other
scts are drawn in a given discussion is called the universal set. The universal
set, which may change from discussion to discussion, is often denoted by the
letter U. In talking about the set of girls in a given geometry class, the
universal set U might be all the students in the class, or it could be all the
members of the student body of the given school, or all students in all schools,
and so on.

Schematic representations to help illustrate properties of and operations
with sets can be formed by drawing Venn diagrams (see Figs. 1.1a and 1.15).

Here, points within a rectangle represent the elements of the universal set.
Sets within the universal set are represented by points inside circles enclosed
by the rectangle.

We shall frequently be interested in relationships between two or more
sets.  Consider the sets 4 and B where

A=1{2,4, 6} and B=1{1,2,3,4,5,6}.

U U
All books All people

@ ®
Fig.1.1.




6 FUNDAMENTALS OF COLLEGE GEOMETRY

Definition: The set A4 is a subset of set B if, an_d only %f, every element V(};f
set A is an element of set B. Thus, in the above 1ll.ustrat10.n A is a subset of B.
We write this relationship4 C BorB D 4. Inthe 1llustrat1.0n there are mofe
elements in B than in A.  This can be shown by the Venn 'dlagran? of Fig. 1.2.
Notice, however, that our definition of subset does not stipulate it must con-
tain fewer elements than does the given set. The subset can have exactly the
same elements as the given set. In such a case, the two sets are equal and
each is a subset of the other. Thus, any setis a subset of itself.

Illustrations
(a) Given 4 = {1,2,3} and B={1,2}. ThenB C 4. S cr
51 = {i y = {odd integers}. Then$§ C R.
(b) Given R = {integers} and § {o
(¢) Given C= {positive integers} and D= {1,2,3,4,...}. Then C CD
andD C C,and C = D.

S s 7
Fig. 1.2. A C B. Fig.1.3.
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When two sets have no elements in common they are said to be disjoint
sets or mutually exclusive sets.

oIf F=1{0,1,2,8,...}and G = {0,—2,—4,—6, . . .}, then F N G = {0}.
(d) Given A4 is the set of all bachelors and B is the set of all males. Then
4 N B=A. HereAisasubsetof B,

Care should be taken to distinguish between the set whose sole member is
the number zero and the null set (see b and ¢ above). They have quite distinct
and different meanings. Thus {0} # #. The null set is empty of any ele-
ments. Zero is a number and can be a member of a set. The null set is a
subset of all sets.

The intersection of two sets can be illustrated by a Venn diagram. The
shaded area of Fig. 1.4 represents 4 N B.

Fig.14. AN B. Fig.15. A U B.

When A4 is a subset of a universal set U, it is natural to tbink of the set com-
posed of all elements of U that are not in A. This set 1s Calleq the comple-
ment of A and is denoted by 4’. Thus, if U represents the set of integers and
A the set of negative integers, then A" is the set of nonnegative integers,
te,A' =1{0,1,2,3,...}. Theshaded area of Fig. 1.3 illustrates A".

1.5. Operations on sets. We shall next discuss two methods for generating
new sets from given sets.

Definition: The intersection of two sets P and Q is the set of all elements
that belong to both P and Q.

The intersection of sets P and Q is symbolized by P N Q and is read “P

intersection Q”’ or “P cap Q.”

Illustrations:
(@) If4=1{1,2,3,4,6} and B= {2,4,6, 8, 10}, then4 N B = {2,4}.
(b)) IfD=1{1,3,5,...}and E = {2,4,6,...},thenD N E=4.

Definition: The union of two sets P and Q is the set of all elements that
belong to either P or Q or that belong to both P and Q.

"The union of sets P and Q is symbolized by P U Q and is read *“P union Q"
or “P cup Q.” The shaded area of Fig. 1.5 represents the Venn diagram of
4 U B.

Illustrations:
(@) If4={1,2,8} and B={1,3,5,7},then4 U B={1,2,3,5,7}.
Note. Individual elements of the union are listed only once.
(b) 1f A= {whole even numbers between 2 and 5} and B = {whole numbers
between 3% and 63}, then4 U B = {4,5,6} and 4 N B = {4}.
(¢) 1f P = {all bachelors} and Q = {all men},then P U Q = Q.
Example. Draw a Venn diagram to illustrate (R’ N §')’ in the figure.
Solution
(@) Shade R'.
(b) Add ashade for §’.

R' N §'isrepresented by the region common to the area slashed up to the
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U U
)
(a) R’
U U
R S
rs 50 \ S :E
' (b)R'NS’ (c) (R°N 8")’

right and the area slashed down to theright. (R" N §")" isall the area in
UthatisnotinR' N §".

(¢) The solution is shaded in the last figure.
Wenotethat (R 1 S)'=R U S.

Exercises

1. LetAd={2,3,5,6,7,9} and B={3,4,6,8,9, 10}.
(@) Whatis A4 N B? () WhatisA4 U B?
9 LetR=1{1,3,57,..} andS=1{0,2,4,6,...}.
(@) WhatisR N §? (b)) WhatisR U S?
3. LetP=1{1,2,3,4,...}andQ = {3,6,9,12,...}.
(@) WhatisP N Q? () Whatis P U @Q?
4. ({1,8,5,7,9} N {2,3,4,5}) U {2,4,6,8} =7
. Simplify: {4,7,8,9} U ({1,2,8,.. 3N {2,4,6,...}).
6. Consider the following sets.
A = {students in your geometry class}.
B = {male students in your geometry class}.
C = {female students in your geometry class}.
D = {members of student body of your school}. ‘
What are (@) 4 NB; (b)) 4 UB; (¢) BNC; (d) BU C; (e) A N D;
(f) 4 U D?

ot
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7. In the following statements P and Q represent sets. Indicate which of the
following statements are true and which ones are false.
{a) P N Qisalways contained in P,
(6) P U Qisalways contained in Q.
(¢) Pisalways containedin P U Q.

(d) Qisalways con

tainedin P U Q.

(¢) P U Qisalways contained in P.
(f) P N Qisalways contained in Q.

{(g) Pisalwayscon

tained in P N Q.

(h) Qisalways containedin P N Q.
@ IfP D Q,thenP N Q=P.
(j) IftP D Q,thenP N Q= Q.
(k) IfP C Q,thenP U Q=P.
(/) ItP C Q,thenP U Q=0Q.

8. What is the solutic

n set for the statement a+2 =2, i.e., the set of all

solutions, of statement a + 2 = 2?

9. What is the solution set for the statementa+ 2 = a+ 4?

10. Let D be the set of ordered pairs (x, y) for which x+y =5, and let E be the
set of ordered pairs (x, y) for whichx—y=1. WhatisD N E?

11-30. Copy figures an

d use shading to illustrate the following sets.

1. R U S. 12. R N S.
13. (R N S). 14. (R U S)". U
15. R'. 16. §'.
17. (R')". 18. R" U §".
19, R Y §°. 20. (R' 1Y §')'.
2. R U S. 22. R N §.
22.R"NS. 24. R" U §'.
2. RUS. 26. R N S.
27. R" N §". 28. R' U §'.
29. R" U S. 30. R U S". Exs. 11-20.
U U
R
Exs. 21-24. Exs. 25-30.
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1.6. Need for definitions. In studying geometry we learn to prove state-
ments by a process of deductive reasoning. We learn to analyze a problem in
terms of what data are given, what laws and principles may be accepted as
true and, by careful, logical, and accurate thinking, we learn to select a solu-
tion to the problem. But before a statement in geometry can be proved, we
must agree on certain definitions and properties of‘ geometric figures. It
is necessary that the terms we use in geometric proofs have exactly the same

meaning to each of us. .

Most of us do not reflect on the meanings of words we hear or read during
the course of a day. Yet, often, a more critical reflection might cause us to
wonder what really we have heard or read. '

A common cause for misunderstanding and argument, not only in geometry |
but in all walks of life, is the fact that the same word may have different
meanings to different people. ’

What characteristics does a good definition have? When can we be certain
the definition is a good one? No one person can establish.that his definition
for a given word is a correct one. What is important is that the peop.le
participating in a given discussion agree on the meanings of thF word 1n
question and, once they have reached an understand.mg, no one of the group
may change the definition of the word without notifying the others. o

This will especially be true in this course. Once we agree on a definition
stated in this text, we cannot change it to suit ourselves. On the other hgnd,
there is nothing sacred about the definitions that will f(.)llow.. They might |
well be improved on, as long as everyone who uses them in this text agrees to
it. , o

A good definition in geometry has two important properties:

1. The words in the definition must be simpler than the word being de-
fined and must be clearly understood.

9. The definition must be a reversible statement.

Thus, for example, if “right angle” is defined as “‘an angle whose measure
is 90,” it is assumed that the meaning of each term in the definition is clear and
that:

1. If we have a right angle, we have an angle whose measure 1s 90.

2. Conversely, if we have an angle whose measure is 90, then we have a right,
angle. !

Thus, the converse of a good definition is always true, although the converse
of other statements are not necessarily true. The above statement and its
converse can be written, *“An angle is a right angle if, and only if, its measure

b
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is 90. The expression “if and only if”” will be used so frequently in this text
that we will use the abbreviation “iff”” to stand for the entire phrase.

1.7. Need for undefined terms. There are many words in use today that are
difficult to define. They can only be defined in terms of other equally un-
definable concepts. For example, a “straight line” is often defined as a line
“no part of which is curved.” This definition will become clear if we can
define the word curved. However, if the word curved is then defined as a
line “no part of which is straight,” we have no true understanding of the
definition of the word “straight.” Such definitions are called “circular
definitions.” If we define a straight line as one extending without change in
direction, the word “direction” must be understood. In defining mathe-
matical terms, we start with undefined terms and employ as few as possible of
those terms that are in daily use and have a common meaning to the reader.

In using an undefined term, it is assumed that the word is so elementary
that its meaning is known to all. Since there are no easier words to define
the term, no effort is made to define it. The dictionary must often resort to
“defining” a word by either listing other words, called synonyms, which have
the same (or almost the same) meaning as the word being defined or by
describing the word.

We will use three undefined geometric terms in this book. They are:
point, straight line, and plane. We will resort to synonyms and descriptions
of these words in helping the student to understand them.

1.8. Points and lines. Before we can discuss the various geometric figures
as sets ol points, we will need to consider the nature of a point.  What is a
point? Everyone has some understanding of the term. Although we can
represent a point by marking a small dot on a sheet of paper or on a black-
board, it certainly is not a point. If it were possible to subdivide the marker,
then subdivide again the smaller dots, and so on indefinitely, we still would
not have a point. We would, however, approach a condition which most of
us assign to that of a point. Euclid attempted to do this by defining a point
as that which has position but no dimension. However, the words “position”
and “dimension” are also basic concepts and can only be described by using
trcular definitions.

We name a point by a capital letter printed beside it, as point “A " in Fig. 1.6.
Other geometric figures can be defined in terms of sets of points which satisfy
certain restricting conditions.

We are all tamiliar with lines, but no one has seen one. Just as we can
1‘?present a point by a marker or dot, we can represent a line by moving the
Up of a sharpened pencil across a piece of paper. This will produce an
dpproximation for the meaning given to the word “line.” Euclid attempted
to define a line as that which has only one dimension. Here, again, he used
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Fig. 1.7.

Fig. 1.6.

the undefined word “dimension” in his definition. Although we cannot
define the word ““line,” we recognize it as a set of points.

On page 11, we discussed a “straight line” as one no part of which is “curved,”
or as one which extends without change in directions. The failures of these
attempts should be evident. However, the word “straight” is an abstraction
that is generally used and commonly understood as a result of many observa-
tions of physical objects. The line is named by labeling two points on it with
capital letters or by one lower case letter near it. 'The str'il_ight line in Fig. 1.7
is read “line AB” or “line . Line AB is often written “AB.” In this book,
unless otherwise stated, when we use the term “line,” we will have in mind the
concept of a straight line.

ItBE€l,A € l,and A # B, we say that [ is the line which contains 4 and B.
Two points determine a line (see Fig. 1.7). Thus 4B = BA.

"Two straight lines can intersect in only one point. In Fig. 1.6, AB N AC=
{4}. Whatis.JJB N BC?

If X_x_'gmalr_k) three points R, S, and T (Fig. 1.8) all on the same line, we see
that RS = ST . Three or more points are collinear iff they belong to the
same line.

Fig. 1.8.

1.9. Solids and planes. Common examples of solids are shown in Fig. 1.9.

The geometric solid shown in Fig. 1.10 has six faces which are smooth and
flat. These faces are subsets of plane surfaces or simply planes. The surface
of a blackboard or of a table top is an example of a plane surface. A plane
can be thought of as a set of points.

Definition. A set of points, all of which lie in the same plane, are said
to be coplanar. Points D, C, and E of Fig. 1.10 are coplanar. A plane can be
named by using two points or a single point in the plane. Thus, Fig. 1.11

BASIC ELEMENTS OF GEOMETRY 3

s

Cube Sphere
<
M~ ]
Cylinder Cone Pyramid
Fig. 1.9.

represents plane MN or plane M. We can think of the plane as being made
up of an infinite number of points to form a surface possessing no thickness
but having infinite length and width. o . - )
Two lines lying in the same plane whose intersection is the null set are said
t‘()_)b.e parallel lines. 1f line lis parallel to line m, then ! N m =4. InFig. 1.10
ABis parallel to DC and AD is parallel to BC. o

'.I‘he (%rawings of Fig. 1.12 and Fig. 1.13 illustrate various combinations of
points, lines, and planes.

Fig. 1.10.
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Fig. 1.12.

Line r intersects plane R.

Plane R contains line | and m.

Plane R passes through lines | and m.
Plane R does not pass through line r.

Plane MN and plane RS intersect in AB.

Plane MN and plane RS both pass through AB.
AB lies in both planes.

AB is contained in planes MN and RS.

L. How many points does a line contain?
2. How many lines can pass through a given point?
3. How many lines can be passed through two distinct points?

' Exercises
t 4. How many planes can be passed through two distinct points?

\
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Passed through any three distine, points?
gh any three distinct points?

9. Plane 4B intersects Plane CD in lipe /.
10. Plane 4B passes through line /.
I1. Plane 4B passes through EF.
I2. Plane CD passes through ET.
13. P € plane CD.
14. (plan&AB) N (plane CD) = E7.
151N EF=¢.
16. (plane CDy N /= ¢,
17. (plane AB) N EF = kR

18-38. Draw pictures (if possible) that illustrate the situations described.

18. land m are two linesand ! N m = {r}.

19. land{r_n_)are two lines, P & LRe S e mand RS = PR.
20. C & A(ﬁiandA # B,
2. R € 8T

e

Fig. 1.13.

Exs. 9-17.
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99 yand s are two lines,andr N s =§.

9. rand s are two lines,and r N s # @ .

94, pg KI,P € Landl N KL =9 o

95. R.S,and T are three pointsand T € (RT N 8T).

96. rand s are two lines, 4 # B, and {A,I};}> cC (rnN s).‘_’

97. P,Q, R, and S are four points, Q € PR, and R € ()S. -

98. P,Q, R, and S are four noncollinear points, Q@ &€ iTR', and Q € PS. .

99. A. B, and C are three noncollinear points, 4, B, and D are three collinear
points, and 4, C, and D are three collinear points.

30. 1, m, and n are three lines, and P € (mOn) NL

31. 1, m, and n are three lines, 4 # B,and {4,B} C ({ N m) N n.

39. [, m, and n are three lines, 4 # B, and {A,B}y= (N m) U (n N m).

33. A, B, and (C are three collinear points, C, D, and E are three noncollinear
points, and E € 4B, .

34. (plane RS) N (plane MN) = AB.

35. (plane AB) N (plane CD) = @.

36. line! C plane 4B. linem C planeCD. [ N m= {P}.

37. (plane AB) N (plane CD) = L. linem € planeCD. (N m=4§.

38. (plane AB) N (plane CD) = L. linem € planeCD. [N m # 4.

1.10. Real numbers and the number line. The first numbers a child
learns are the counting or natural numbers, e.g., {1,2,3,...}. Thg natural
numbers are infinite; that is, given any number, however large, there is always
another number larger (add 1 to the given number). These numbers can be
represented by points on a line. Place a point O on the line X'X (.Fig. 1.14%).
The point O will divide the line into two parts.  Next, let 4 be a point on X'X
to the right of O. Then, to the right of 4, mark off equally spaced pomts.B,
C,D,.... For every positive whole number there will be exactly one point
to the right of point O. Conversely, each of these points will represent only
one positive whole number. 4

In like manner, points R, S, T, .. . can be marked off to the left of point O to
represent negative whole numbers.

The distance between points representing consecutive integers can be
divided into halves, thirds, fourths, and so on, indefinitely. Repeated
division would make it possible to represent all positive and negative frz'icti(ms
with points on the line. Note Fig. 1.15 for a few of the numbers that might be
assigned to points on the line.
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Fig. 1.15.

We have now expanded the points on the line to represent all real rational
numbers.

Definition: A rational number is one that can be expressed as a quotient of
integers.

It can be shown that every quotient of two integers can be expressed as a
repeating decimal or decimal that terminates, and every such decimal can be
written as an equivalent indicated quotient of two integers. For example,
13/27 = 0.481481. . . and 1.571428571428. . . = 11/7 are rational numbers.

The rational numbers form a very large set, for between any two rational
numbers there is a third one. Therefore, there are an infinite number of
points representing rational numbers on any given scaled line. However,
the rational numbers still do not completely fill the scaled line.

Definition: An irrational number is one that cannot be expressed as the
quotient of two integers (or as a repeating or terminating decimal).

Examples of irrational numbers are \/2_, —\/3_, \3/3, and . Approximate
locations of some rational and irrational numbers on a scaled line are shown in
Fig. 1.16.

The union of the sets of rational and irrational numbers form the set of
real numbers. 'The line that represents all the real numbers is called the real
number line. The number that is paired with a point on the number line is
called the coordinate of that point.

We summarize by stating that the real number line is made up of an infinite
set of points that have the following characteristics.

1. Every point on the line is paired with exactly one real number.
2. Every real number can be paired with exactly one point on the line.

When, given two sets, it is possible to pair each element of each set with
exactly one element of the other, the two sets are said to have a one-to-one
correspondence. We have just shown that there is a one-to-one correspon-
dence between the set of real numbers and the set of points on a line.

V=8 -3 RV R N

L, o Lo Lo 1 o 1 o 14 le |

-4 -3 -2 -1 0 1 2 3 4

w
N b
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VR S Ty
4 °23 2 -1 o0 1b 2 3c4 5

oe

|
-5
Fig.1.17.
1.11. Order and the number line. All of us at one time or another engage in

comparing sizes of real numbers. Symbols are often used to indicate the
relative sizes of real numbers. Consider the following.

Symbol Meaning

a=b a equals b

a#b a is not equal to b

a>b ais greater than b

a<b aisless than b

a=b a is either greater than b or ¢ is equal to b
a<b ais either less than bor ais equal to b

It should be noted that @ > b and b < a have exactly the same meaning;
that is, if @ is more than b, then b is less than a.

The number line is a convenient device for visualizing the ordering of real
numbers. If b > q, the point representing the number b will be located to Ehe
right of the point on the number line repr@sel?ting the number a (see Fig.
1.17). Conversely, if point S is to the right of point R, then the number which
is assigned to S must be larger than that assigned to R. In the figure, b < ¢
and¢ > a. ‘

When we write or state ¢ = b we mean simply that ¢ and b arc different
names for the same number. Thus, points which represent the same number
on a number line must be identical.

1.12. Distance between points. Often in the study of geometry, we will be
concerned with the “distance between two points.” Consider the pumber
line of Fig. 1.18 where points 4, P, B, C, respectively represent the integers
—3,0.3,6. We note that 4 and B are the same distance from P, namely 3.
Next consider the distance between B and C. While the coordinates differ
in these and the previous two cases, it is evident that the distance between the
points is represented by the number 3. .
How can we arrive at a rule for determining distance between two points?
We could find the distance between two points on a scaled line by subtracting

B C
Loy 4 P

-8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8
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Fig. 1.19.

the smaller number represented by these two points from the larger. Thus,
in Fig. 1.19: . ]

The distance from T toV =5— (—1) = 6.

The distance fromSto T = (—1) — (—3) = 2.

The distance from Qto R = 3— (—5) = 8.

Another way we could state the above rule could be: “Subtract the co-
ordinate of the left point from that of the point to the right.”” However, this
rule would be difficult to apply if the coordinates were expressed by place
holders a and b.  We will need to find some way of always arriving at a num-
ber that is positive and is associated with the difference of the coordinates of
the point. To do this we use the symbol | |. The symbol |x| is called the

absolute value of x. In the study of algebra the absolute value of any number
x is defined as follows.

x| =xifx = 0
lx] =—xifx < 0

Consider the following illustrations of the previous examples.

Column 1 Column 2

13| =3 =3[ =3
b—(=D|=16l=6 =) —(+5)=|-6]=6
=)= (=3)|=j2|=2 [(=3)—(=D)|=[|-2|=2
[3—(=5)| =18/ =38 [(=5) —(+3)|=|-8| =8

Thus, we note that to find the distance between two points we need only to
subtract the coordinates in either order and then take the absolute value of

the difference. If a and b are the coordinates of two points, the distance between the
points can be expressed either by ja— b or |b—a.

Exercises

1. What is the coordinate of B? of D?
2. What point lies halfway between B and D?
3. What is the coordinate of the point 7 units to the left of D?

A B C P D E F
] ] | | | | | | | J |

-5 =4 -3 =2 = 0 1 2 3 4 5
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What is the coordinate of the point 3 units to the right of C?

What is the coordinate of the point midway between C and F?
What is the coordinate of the point midway between D and F?
_ What is the coordinate of the point midway between CandE?
What is the coordinate of the point midway between A and C?

% N DT

9-16. Let a, b, ¢, d, e, f, p represent the coordinates of points 4, B, C, D,E,F,
P, respectively. Determine the values of the following.

9. ¢e—p 10. b—p 11. b—c‘

12. |d—b| 13. je—d| 14. |d—f]

15, jc—d] 16. |a—c| 17. ja—eé
18-96. Evaluate the following.

18. |—11+12] 19. |-3|+ [—4] 20. |—8|—1|-3|
91. |—4|—|-6| 29. |—3| x |3| 23. 2|—4| ‘
24. |—4|? 95. 1212+ 2|2 26. |2]2— -2/

1.13. Segments. Half-lines. Rays. Let us next consider that part of the
line between two points on a line.

Definitions: The part of line AB between A4 and B, together with points
A and B, is called segment AB (¥ig. 1.19a). Syin_bolical]y it is written AB.
The points 4 and B are called the endpoints of AB. The number tha.t tells
how far it is from A to B is called the measure (or length) of AB. In this text
we will use the symbol mAB to mean the length of AB.

A B
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| _

Fig.1.21. mAB = mBC.

A line or a segment which passes through the midpoint of a second se?nent

bisects the segment. If, in Fig. 1.22, M is the midpoint of 4B, then CD bi-
sects AB.
C

M

A \ B
D

Fig. 1.22.

Definition: The set consisting of the points between 4 and B'is called an
Oofiin segment or the interval joining 4 and B. It is designated by the symbol
AB.

Definition: For any two distinct points 4 and B, the figure {4} U {AB} is
called a half-open segment. It is designated by the symbol AB. Open seg-
ments and half-open segments are illustrated in Fig. 1.23.

Every point on a line divides that line into two parts. Consider the line !

Fig.1.19a. Segment AB.

The student should be careful to recognize the differences between the
meanings of the symbols AB and mAB. The first refers to a geometric
figure; the second to a number.

Definition: B is between A and C (see Fig. 1.20) if, and only if, 4, B,and C
are distinct points on the same line and mAB +mBC =__mAC._Using the equal
sign implies simply that the name used on the left (mAB +mBC) and the name
used on the right of the equality sign (mAC) are but two different names for
the same number.

L L |
A B c

Fig.1.20. mAB+mBC = mAC.

Definition: A point B is the midpoint of ACiff B is between A and C
and mAB = mBC. The midpoint is said to bisect the segment (see Fig. 1.21).

through points 4 and B (Fig. 1.24q).
B

A
\ A o B

(a) (b) (c)

Fig.123. (@ dB° (h)AB (c) AB.

Definition: If 4 and B are points of line [, then the set of points of [ which
are on the same side of 4 as is B is the half-line from A through B (Fig. 1.24b).

~ The symbol for the half-line from 4 through B is AB and is read “half-
line AB The arrowhead indicates that the half-line includes all points of
the line on the same side of 4 as is B. The symbol for the half-line from B

through A4 (Fig. 1.240)01.2 BA. Note that 4 is not an element of B.  Similarly,
B does not belong to BA.
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A B

(a)

e O

(b)

Definition: 1f A and B are points of line [, then the set of points consisting
of A and all the points which are on the same side of 4 as is B is the ray from A
through B. The point 4 is called the endpoint of ray AB.

The symbol for the ray from 4 through B is AB (Fig. 1.25a) and is read ga

A B
o e
(c)
Fig.1.24. (a)Line AB. (b) Half-line AB. Half-line BA.
} “ray AB.” The symbol for the ray from B through 4 (Fig. 1.25b) is BA.
\
\

A B

(a)

(b

Fig.1.25. (a)RayAB. (b)RayBA.

Definition: B4 and BC are called opposite rays iff A, B, and C are collinear |

points and B is between 4 and C (Fig. 1.26).

It will be seen that points 4 and B of Fig. 1.26 determine nine geometric |

ﬁ(rures AB, AB, 4B, 1373) AB, BA BA, the ray o opposite AB, and the ray opposite

BA. The union of BA and BC is BC (or AC). The intersection of BA and

AB is AB.

Fig. 1.26.
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Exercises

1-12. Given: A, B, C, D are collinear and C is the midpoint of AD.
1. Does C bisect AD?
9. Are B‘L and D collinear?
3. Does BC pass through 4?
4. Does mAB + mBC = mAC?
5. Is C between 4 and B?

A B Cc D
| | I I

Exs. 1-12.

6 Are CA and CD opposite rays?
. IsC € BD?

8. Whatis C4 N BD?

9. Whatis B4 N BD?

10. Whatis AB U BC?

11. Whatis AB U BC?

19. Whatis CB N AD?

13-32. Draw pictures (if possible) that illustrate the situations described in the

following exercises.

13. Bis between A and C, and C is between 4 and D.

14. A4, B, C, and D are four collinear points, 4 is between C and D, and D is
between 4 and B.

t5. # € ST and R & §T.

16. PO < RS.

17. 0P C RG.

18. B € AC and C is between B and D.

9. PQ=FR U P
‘)0 TERSdndSERY
=PR U PQ.

2" A N (D = {E}.
23. PO, PR, and PS are three half-lines, and QR NPS=4.
24, PQ, PR, and PS are three half-lines, and QR N PS=§.

2. PO = ﬁT%UP_Q’
2. PO =P U QR.
27. PQ F%UQR

28. P.Q, and R are three collinear points, P € QR andR & PQ.

29. I, m, and n are three distinctlines,l N m=@ ., m N n=@.

30. 1, m, and n are three distinctlines,l N m=@A, m N n=@B,l N n#§.
31. R e KT and L. € RI1.

32. D € JKand F € DK.
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1.14. Angles. The figure drawn in Fig. 1.27 is a representation of an angle.

Definitions: An angle is the union of two rays which.have the sarrclie
endpoint. The rays are called the sides of the angle, and their common end-

point is called the vertex of the angle.

Fig. 1.27.

The symbol for angle 1s Z; the plural, 4. There are three comr;l(?n wtages
of naming an angle: (1) by three capital letters, the middle letter ,emiBC.
vertex and the other two being points on _th_e sides ()f.the angle., as L ; ;
(2) by a single capital letter at the vertex if it is clear which angle is r(rlleanr 1,( ?n
£ B: and (3) by a small letter in the interior of the angk.?. In adv’ance ]\:f(l) t
mathematics, the small letter used to name an angle 1s usually. a Gre'e et(;r,
as . The student will find the letters of the Greek alphabet in the appendiX
Of;hfiil;?:l)(ll(em should note that the sides of an angle are infinitely long in two
directions. This is because the sides of an angle are rays, NOt S€ZMCNHILS. -
In Fig. 1.28, LAOD, £BOE, and ZCOF all refer to the same angle, 20.

A point separates 2 line into two half-lines. |

i f lane. . :
T e ammer think of a line separating a plane U into two

In a similar manner, we can
‘ A

Fig. 1.28.
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H I

H,

Fig. 1.29. Fig. 1.30.

half-planes H; and H, (Fig. 1.29). The two sets of points H, and H, are
called sides (or half-planes) of line I. The line [ is called the edge of each
half-plane. Notice that a half-plane does not contain points of its edge; that
is, [ does not lie in either of the two half-planes. We can write this fact
asH, Ni{=Pand H, N I=§. A half-plane together with its edge is called
a closed half-plane. 'The plane U=H, U [ U H,.

If two points P and Q of plane U lie in the same half-plane, they are said
to lie on the same side of the line { which divides the plane into the half-planes.
In this case PQ N [=@. If P lies in one half-plane of U and R in the other
(Fig. 1.30), they lie on opposite sides of I.  Here PR N [ # @,

1.16. Interior and exterior of an angle. Consider Z4BC (Fig. 1.31) lying in
plane U. Line AB separates the plane into two half-planes, one of which
contains C. Line BC also separates the plane into two half-planes, one of

which contains 4. The intersection of these two half-planes is the interior of
the £ABC.

Definitions: Consider an £A4BC lying in plane U. The interior of the
angle is the set of all points of the plane on the same side of AB as C and on
the same side of BC as 4. The exterior of ZABC is the set of all points of
U that do not lie on the interior of the angle or on the angle itself.

A check of the definitions will show that in Fig. 1.31, point P is in the
interior of £ABC; points Q, R, and § are in the exterior of the angle.

1.17. Measures of angles. We will now need to express the “size” of an
angle in some way. Angles are usually measured in terms of the degree unit.
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' Just als a ruler is used to estimate the measures of segments, the measure of
an angle can be found roughly with the aid of a protractor. (Fig. 1.33)

7z
s
I S S S

>

&
e .
e
e A

e e s 5
s Ao 2

Fig. 1.33. A protractor.

Definition: To each angle there corresponds exactly one real number r
between 0 and 180. The number 7 1s called the measure or degree measure
of the angle.

While we will discuss circles, radii, and arcs at length in Chapter 7, 1t is
assumed that the student has at least an intuitive understanding of the terms.
Thus. to help the student better to comprehend the meaning of the term we
will state that if a circle is divided into 360 equal arcs and radii are drawn o
any two consecutive points of division, the angle formed at the center by these
radii has a measure of one degree. Itisa one-degree angle. The symbol
for degree is °. The degree is quite small. We gain a rough idea of the
“size”” of a one-degree angle when we realize that, if in Fig. 1.32 (not drawn
to scale), BA and BC are each 57 inches long and AC is one inch long, then
2 ABC has a measure of approximately one.

We can describe the measure of angle ABC three ways:

The measure of ZABCis 1.
m/ABC = 1.
£ ABC is a one-degree angle.

Thus, in Fig. 1.34, we indicate the angle measures as:

ms AOB = 2(? m/COD = |86 — 50| or |50 — 86| = 36
mLAO]? = Sf) m/DOF = |150—86] or |86 — 150] = 64
mZ AOF = 150 m/ZBOE = |110—20] or [20—110] = 90

0
Fig. 1.34.

The re: .
value ¢ fed}(jer §11f)uld note that the measure of an angle is merely the absolute
anele ) I; e difference between numbers corresponding to the sides of the
gle. ence, as such, it is merely a number and no more. We should not

B ///’/////:/’,/:l

Fig. 1.32.
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express the measure of an angle as, let us say,

30 degrees. However, we will always indicate

in a diagram the measure of an angle by

inserting the number with a degree sign

in the interior of the angle (see Fig. 1.35).

The number 45 is the number of degrees

in the angle. The number itself is

called the measure of the angle. By defin- 25°
ing the measure of the angle as a number, B A
we make it unnecessary to use the word

degree or to use the symbol for degree in Fig.135. m.ZABC=45.
expressing the measure of the angle.

In using the protractor, we restrict ourselves to angles whose measures are
no greater than 180. This will exclude the measures of a figure such as
/ ABC illustrated in Fig. 1.36. While we know that angles can occur whose
measures are greater than 180, they will not arise in this text. Hence £Z4BC
in such a figure will refer to the angle with the smaller measure. The study
of angles whose measures are greater than 180 will be left to the more ad-

Exs. 1-10.

4. Name the two sides of 2 FBC,
5. Whatis ZABD N /DBC?
6. Whatis ZAMD N £BMGC?
7. Name three angles whose sides are pairs of o i
re osite rays.

8. Whatis AC N BD? P pposte T
9. Whatis MA U MD?
! 10. Whatis MA U MbD?
vanced courses in mathematics. What's M/-1 o
11-20. Draw (‘1f possible) pictures that illustrate the situations described in

each of the following.
1. lisaline. PQ N (=4§.
12, lisaline. PQ N[+ 0.
18. lisaline. PQ Ni# 0. PGNiI=

=

16. lisaline. PQ N (= #. ORNI=P. PRNI#9.

17. lisaline. PQNi=@. QRNI=F. PRNI=g.

18. lis a line which separates plane U into half-planes H, and Hz.j)—Q Nni=4¢
PEH,QE H, ,

Fig. 1.36.
£ 19. !l determines the two half-planes 4, and h,. R € [,SE LRS C i
20. ! determines the two half-planes 2, and h,. R € l:S & 1:1?3 C hi:
'The student may wonder about the existence of an angle whose measure is |
0. We will assume that such an angle exists when the two sides of the angle | Exercises (B)
coincide.  You will note that the interior of such an angle is the empty set, a. t 21. Draw two angles whose interiors
have no points in common. E
) 22. Indicate the measure of the angle
Exercises (A) in three different ways.
1. Name the angle formed by MDand MC in three different ways. 23. By using a protractor, draw an 28 D
2. Name Za in four additional ways. angle whose measure is 55. ¢
3. Give three additional ways to name DM. Label the angle ~KTR. Ex. 22.
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% > value llowing:

94. Find the value of each of the fo ‘ o
(a) mZAJC. (d) m£DJB. (@ mLH]C%—mZ.I:]?).
by msCJE. (¢) msLBJF. (h) mLH]l?—le‘] ).
(¢) mLH]C. (f) mLCJD+ m/GJD. (@) meDJG—mLBJC.

J
Ex. 24.

[N
(&2

Draw AB C [ such that mg_B)leinches. At A draw AC such tha:
m/ BAC = 63%. At B draw BD such thaLrnLAED = 48. Lal:.)e}l1 ti}]elp(c)lmf
where the rays intersectas K. Thatis, 4C 1 BD = {K}. Withtheaido
a protractor find mZAKB.

26. Complete:

(@) mZKPL+mZILPM=mZL. P

(b) mLMPN+msLPM =m/.

(¢) m{KPM—m/LPM =m/.

(d) ms KPN—m/MPN =m/L.
27. With the aid of a protractor

draw an angle whose measure is N

70. Call it £RST. Locate a K

point P in the interior of ZRST e 2

such  that  m(SP U ST) = 25. 0

Thatis m£ PSR? ) ,

28. yVith the aid of a protractor draw ZABC such that n(z)_éﬁBC': 12}(1). rlioc‘it(;

a point P in the exterior of ZABC such that B € PC. Find the value o

m(BP U BA).

1.18. Kinds of angles. Two angles are said to be ad]’ace.nt angles iff th(?y haYe
the same vertex, a common side, and the other two s¥des are cpntamed n
opposite closed half-planes determined by the line which contains thg;om;
mon side. The rays not common to both angles are called exterior sides o
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the two adjacent angles. In Fig. 1.7 £ A0B and 2BOC are adjacent angles.
08 lies in the interior of £A40C.

Fig. 1.37. Adjacent /.S.

The pairs of nonadjacent angles formed when two lines intersect are

termed vertical angles. In Fig. 1.38 La and 2« are vertical angles and so are
ZBand £8'.

Fig. 138, Zoand Lo arevertical £.S.

As the measure of an angle increases from 0 to 180 the tollowing kinds of

angles are formed: acute angle, right angle, obruse angle, and straight angle
(see Fig. 1.39).

Definitions: An angle is an acute angle iff it has a measure less than 90.
An angle is a right angle iff it has a measure of 90. A
i its measure is more than 90 and less
iff its measure is equal to 180.

n angle is an obtuse angle
than 180.  An angle is a straight angle

Actually, our definition for the straight angle lacks rigor. Since we
defined an angle as the “union of two rays which have a common endpoint,”
we know that the definition should be a reversible statement. Therefore, we
would have to conclude that every union of two rays which have the same

endpoint would produce an angle. Yet we know that BC U BA is AC. We

are, in effect, then saying thata straight angle is a straight line. This we know
Isnottrue.  Anangle is not a line.
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C
/
o 90°
5 40 sl

A A
Acute /. Right /.
(a) b)
C

180°
130° :

B A C B A

Obtuse L Straight £

(c) (d)
Fig. 1.39.

However, since the term “straight angle” is quite commonly used o
represent such a figure as illustrated in Fig. 1.89d, we will follow that practice
in this book. Some texts call the figure a linear pair.*

Definition: If 4, B, and C are colligar argl’{l
¢ and C arec on opposite sides of B, then BA U BC s

B called a straight angle with B its vertex and BA and 2

BC the sides.

Definition: A dihedral angle is formed by the
union of two half-planes with the same edge.
Each half-plane is called a face of the angle (see

Chapter 14.

T A common concept in daily life 1s that of size

F “congruent” is used in geometry to define what
Fig. 1.40. Dihedral angle.

*Many textbooks, also, will define an angle as a reflex angle iff its measure 1s more than 180 bu

less than 360.  We will have no occasion to use such an angle in this text.

Fig. 1.40). Dihedral angles will be studied in

1.19. Congruent angles. Congruent segments. i

and comparative sizes. We frequently speak of |
two things having the same size. The word |

we intuitively speak of as “having the same size §
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and the same shape.” Congruent figures can be thought of as being
duplicates of eack other.

Definitions: Plane angles are congruent iff they have the same measure.
Segments are congruent iff they have the same measure. Thus, if we know
that,_r_nA—E = mCD, we say that 4B and CD are congruent, that AB is congruent
to CD or that CD is congruent to AB. Again, if we know that mZABC =
m/ RST, we can say that LABC and £RST are congruent angles, ZABC is
congruent to ZRST, or that ZRST is congruent to LABC.

The symbols we have used thus far in expressing the equality of measures
between line segments or between angles is rather cumbersome. To over-
come this, mathematicians have invented a new symbol for congruence. The

svmmbol for “is congruent to” is =. Thus, the following are equivalent
statements.*

mAB = mCD AB = CD
mlABC =m/RST ~ £ABC = LRST

1]

Definition: The bisector of an angle is the ray whose endpoint is the
vertex of the angle and which divides the angle into two congruent angles.
The ray BD of Fig. 1.41 bisects, or is the angle bisecior of, 2 ABC iff D is in the
interior of £4ABC and £LABD = £/ DBC.

1.20. Perpendicular lines and right angles. Consider the four figures

shown in Fig. 1.42.  They are examples of representations of right angles
and perpendicular lines.

Definition: I'wo lines are perpendicular ift they intersect to form a right
angle. Rays and segments are said to be perpendicular to each other iff
the lines of which they are subsets are perpendicular to each other.

A
Fig. 1.41.  Angle bisector.

—_

*Many texts will also use the symbol AB = CD to mean that the measures of the segments are
equal.  Your instructor may permit this symbolism. However, in this text, we will not use this
symbolism for congruence of segments until Chapter 8. By that time, surely, the student
will not confuse a geometric figure with that of its measure.
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B
’_AL’/ C
B C A
C
A
‘A
B
B C

Fig.142. Perpendicular lines.

The symbol for perpendicular is L. The symbol may also be read “per-
pendicular to.” A right angle of a figure is usually designated by placing a
square corner mark b where the two sides of the angle meet. The foot of the
_perpendicular o a line is the point where the perpendicular meets the line.
Thus, B is the foot of the perpendicutars g t42—————————— -

A line, ray, or segment is perpendicular to a plane if it s perpendicular{_ti)
every line in the plane that passes through its foot. In Fig. 1.43, PQ L AQ,
PO 1 AQ,PQ L QB.

1.21. Distance from a point to a line. The distance from a point to a line
is the measure of the perpendicular segment from the point to the line.

P

M
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A B
M

Fig. 1.44.  Distance from point to line

Thus, in Fig. 1.44, the measure of PM is the distance from point P to AB.

n Chapter 9, WCE Wlll I)] ove tllal the ?bé" ] . .
~ endlculd dlstance [A) th h(” )
f ” : ) p ¥ A € S test dlStanCe

1.22. Complementary and supplementary angles. Two angles are called
complementary angles iff the sum of their measures is 90. Complementar
angles could also be defined as two angles the sum of whose measures e ual}s/
the measure of a right angle. In Fig. 1.45 Za and 28 are Complemegtary

angles. Each is the complement of the other. A i g
¢ | . ngle ais the ¢
ZB3; and £ B is the complement of Z . i i thecomplemento!

4L

Fig. 1.45. Complementary LS.

‘ Alngles are supplementary angles iff the sum of their measures is 180. We
.cf)u d also say supplementary angles are two angles the sum of whose measures
1s equal to the measure of a straight angle. In Fig. 1.46 La and /8 are

supplementary angles. Angle « is th 1 ) !
supplement of Za. & e supplement of Z8; and £ is the

a

Fig. 1.46.  Supplementary LS.
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1.23. Trigangles. Kinds of triangles. The union of the three segments
AB, BC, and AC is called a triangle iff A, B, and C are three noncollinear points.
The symbol for triangle is A (plural A). Thus, in Fig. 1.47, NABC = AB U

BC U AC.

Exterior

epP

Interior

Fig. 147.

Each of the noncollinear points is called a vertex of the triangle, and each
of the line segments is a side of the triangle. Angle ABC, £ ACB, and LCAB
are called the interior angles or simply the angles of the triangle. In Fig.
1.47, A, B, and C are vertices of AABC; AB, BC, and CA are sides of AABC.
Angle C is opposite side 4B; AB is opposite £C. The sides 4C and BC are

said to include £C. Angle C and £4 include side CA.
A point P lies in the interior of a triangle iff it lies in the interior of each of

the angles of the triangle. Every triangle separates the points of 2 plane into

of the triangle. The exterior of a triangle is the set of points of the plane of
the triangle thatare neither elements of the triangle nor of its interior.  Thus,
exterior of AABC = [ (interior of A4BC) U NABCY'.

The set of triangles may be classified into three subsets by comparing the
sides of the A (Fig. 1.48). A triangle is scalene iff it has no two sides that
are congruent. A triangle is isosceles iff it has two sides that are congruent.

N A

Scalene A Isosceles A Equilateral A

Fig. 1.48.

e he interior of the triangle and the exterior
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A triangle is equilateral iff it has three congruent sides. The parts of an

isosceles triangle are labeled in Fig. 1.49. In the fi AC = BC
times, the congruent sides are called legs of gure A¢ = BC. Some-

the triangle. Angle A4, opposite BC, and
angle B, opposite AC,are called the base
angles of the isosceles triangle.  Side AB is the
base of the triangle. Angle C, opposite the
base, is the vertex angle.

The set of triangles may also be classified

into four subsets, according to the kind of fpant >
angles the A contain (Fig. 1.50). A triangle Base angle  Base angle’
is an acute triangle iff it has three acute angles. Fig.1.49. Isosceles triangle.

A triangle is an obtuse triangle iff it has one

A4

Acute A Obtuse A
Right A Equiangular A
Fig. 1.50.

obtuse angle. A triangle i ' i iff i i

> . gle is a right triangle iff it has one right !

sides that form the right angle of the tghe angle: The
Frlangle are termed legs of the triangle; ¢
and the side opposite the right angle is

called the hypotenuse. In Fig. 1.51, AB S
and BC are th iC i ’ 5
are the legs and AC is the hypot- W g
¢nuse of the right triangle. A triangle is
unzimgular iff it has three congruent 4 Leg B
ngles. ‘
g Fig. 1.51. Rught triangle.
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Exercises

1.Using a protractor and ruler, construct a triangle 4BC with mAB = 4",

msA=110, and msB =25. c
Give two names for this kind

BASIC ELEMENTS OF GEOMEJTRY 39
14-16. Name a pair of complementary angles in each of the following
diagrams.
17. Tellwhy Za and £ 8 are complementary angles.

zZ
of triangle. R ¢
9. In the figure for Ex. 2, what a0°
side is common to A ADC and 31°
BDC? What vertices are com- A B
mon to the two A? D 59 42° 48°
. . Ex.2. X Y A B
3-12. State the kind of triangle
each of the following seems to be (@) according to the sides and (b) accord- Ex. 14. Ex. 15.
ing to the angles of the triangles. (If necessary, use a ruler to compare
the length of the sides and the square corner of a sheet of paper to c
compare the angles. T U
€a°
560/ w
3. ARST. =
4. AMNT. T " 38° 52° a 3
| A D B R 8 T
| Ex. 16. Ex. 17.
K S M N i
18-20. Name a pair of supplementary angles in each of the following dia-
Exs. 3,4. ! orams
e = 2 . . .
N F ' 21-23. Name two pairs of adjacentangles in each of the following figures.
5. AABC. ‘ F
6. ADEF. 144°
] C
E D
A B D E
Exs.5,6. o
K ] 34
7. AGHK. C | 36°
8. AABC. A B
9. AADC. E Ex. 18.
10. ABDC. |
11. AJEC. ?
A B T
12. AABE. G H D o 3
Ex.7. Exs. 8-13.
70° P
. R
13. In the figure for Exs. 8 through 13, indicate two pairs of perpendicular A w
lines. Ex. 20. Ex.2].




40) FUNDAMENTALS OF COLLEGE GEOMETRY

Fx. 22 Ex.23.

i : hose measure is
94. Find the measure of the complement of each angle w

2) 30, (b)4b, ()80, (d)e. -
25 %iiqd the measure of the supplement of each angle whose measure 18
a) 30, (b)45, (c)90, (d) a. ' ‘

In( exercises 26-31, what conclusions about congruence can be drawn from

the data given?

C
| _ M
96. M is the midpoint ot AC.
A B
Ex. 26.
B
97. BD bisects £ABC.
A D
Ex.27.

AN
98. OC bisects LACB. “"

Ex. 28.
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D c
99. AC and BD bisect each other.
E
A B
Ex. 29.
C
D
30. DE bisects 2 ADB.
A E B
Ex. 30.
B
31. Dis themidpoimofB—(,‘T. A D
C
Ex. 31,

1.24. Basing conclusions on observations or measurements. Ancient
mathematicians often tested the truth or falsity of a statement by direct
observation or measurement. Although this is an important method of
acquiring knowledge, it is not always a reliable one. Let us in the following
examples attempt to form certain conclusions by the method of observation
OT measurement.

I. Draw several triangles. By using a protractor, determine the measure of
each angle of the triangles. Find the sum of the measures of the three
angles of each triangle. What conclusion do you think you might draw
about the sum of the measures of the three angles of' any given triangle?
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Fig.1.52. Fig. 1.53.

2. In Fig. 1.52, £ABD and £(BD are supplementary adjacent angles. Draw
BF bisecting ZABD and BE bisecting ZCBD. Determine the measure of
/ EBF. 'What conclusion might you draw from this experiment? .
3 Draw two intersecting lines as in Fig. 1.53.  Measure /a and £B. Also
measure 20 and Z¢. Give possible conclusions about vertical angles.

If the angles of the triangles of Example 1 were measured carefully, the
student will discover that the sum of the measures of the three angles of any
triangle will always be near 180. Is the student, as a result of such measure-
ments, justified in stating unequivocally that the sum of the measures of the
three angles of any triangle is 1807

Let us consider the implications of making such a conclusion. First the
triangles had to be drawn in order to measure the angles. The width of the
lines representing the sides of these triangles will vary depending upon the
fineness of the drawing instrument. The protractor with which the angles
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Unreliable conclusions based upon limited or inaccurate observations or
measurlements. are common also in nonmathematical situations. For
exanllp e, .L()HSIdCI‘ the teildency to associate sadism with the people of a
\\liog nat}llon because their. leaders are guilty of sadistic characteristics or
;)n the otf erl.hzincii, to attribute glamour to the women of a given nation
yecause of a lmited number of celebrated beautif 1 1

. eautiful women in th
that nation. ¢ hstory of

‘Prcquently, the athletic prowess of a whole nation is judged by the record
of a very small group of athletes belonging to that nation.

The student can add many more examples to this list.

'1.25. The inductive method of reasoning. In the past examples the reason-
ing which was used in arriving at conclusions is known as inductive reasonin

A gcneral conclusion is drawn by investigating a number of particular cas g
Ii is the .m.e.thod of research. Inductive reasoning has made a large contribes'
tion to civilization. In it one observes, measures, studies relation;g comput .
aiid (iraws conclusions. These tentative conclusions are calleci h port)heseei,
We will use many hypotheses in this text. The hypothesis indicateg a staté~
ment that is possibly true based on observation of a limited number of cases_
I'he finer the measuring instruments and the more careful the ()bSCI‘Va[i;)IiS'
ail(i. measurements, the greater the possibility that the hypothesis is correcti
National Pre—election polls are conducted by (il)serx’ing a g()()d ré iresemati e
cross section of the various regions of the nation. Experts have Eeeii able ‘t((i
make very accurate predictions by observing less than 15 percent of all the

are measured i1s roughly divided nto degrees onty.—Thus the protra
show a di nee of L of adegree that ni shit exist between the sum

eligible voters in a national election.

of the measures ol the angles of two triangles. No matter how fine the sides
of the triangle may be drawn or how accurate the measuring instrument,
there will always be a possibility that, if the accuracy of the measurements
were increased, a slight error in the angle sum might be detected.

A second fallacy in stating as an absolute truth the sum of the measures of
the angles of any triangle is 180 is the assumption that what may be true for a
limited number of cases must be true for all cases. This is an unreliable
practice. We would be safer in stating that the results of our experience lead
us 10 believe that probably the angle sum of any triangle equals 180.

In like manner we would be justified in stating in Example 2 that it appears
that the angle bisectors of two adjacent supplementary angles are perpen-
dicular to each other. In Example 3, we could state that it appears that the
pairs of the nonadjacent angles formed, when two lines intersect, are con-
gruent.

In subsequent study in this text we will prove that each of the above apparent
conclusions are truths in fact, but, until we do prove them, we can only state
what seems to be true.

[l“??)b;[:f, :eiu:tw?ﬁmeth()d of reasoning. Iridiictive reasoning proceeds
C({)ndudin [ghat t{})fu ¢ common property in a limited number of cases and
o SPedﬁ% t.o " is pr()plerty is general for all cases. Thus, it proceeds from
aepecttic (0 f;lgene;a . However, a theory may hold for several thousand
s . il on the very next one. We can never be absolutely certain
A, (,()nclusu)ns. baised upon inductive reasoning are always true.
dgducr;;(,):er;;;;;;cmg\;ﬁd p()werfu.l method ().f drawing conclusions is called
onmpms Teasons g. . eg rezisomng .deduc'r.iv.ely, one proceeds from the
e baqic. assw};e(t:i 1C. dne srtart§ VYI[h a limited number of generally ac-
e THUS s ;bmwnsbaiildby a building process of logical steps proves other
i o mar;ner th;ty ,-]in 'll)ilpon these accepted assumptions and derived
Tl NS will enable us eventually to prove the desired conclusion.
Nl proved fac s aire iernied theorems.
ment (o lefg;:r:nierats()ni‘nlgl involves accepi.ance of ihe truth of a certain state-
Ot 1 e re ids), called an assumption. This assumption need not be
bo pons [ﬂi . eader Iior need it be. a generally accepted fact, but it must
epted for the purpose of proving a particular argument. Changing
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the basic assumptions will generally alter the r?s.llltant conclusions.  In
attempting (0 prove a particular argument, the originally ac.cepted assumhp—
tion may lead to a contradiction of other accepte.d.assumptlons.or of other
proved facts. In this event, the truth of the original assumption must be
questioned; or possibly, the truth of the accepted assumptions may then be
doubted. . . o

When a certain assumption is accepted, certain conclusions inevitably
follow. These conclusions may be false if the assumptions on which they are
based are false. It is imperative, then, that we distinguish between valzdz(ty
and truth. Consider the following statements: (1) All men are br'ave. (.2)
Francis Jones is a man. (3) Francis Jones is brave. Statement 3 is a valid
conclusion of assumptions 1 and 2, but it need not be true. If either state-
ment 1 or statement 2 is false, it is possible that statement 3 1s also not true.
It is necessary in seeking the truth of conqusions that the truth of the basic
premises upon which they are based be considered carefully. o

Both induction and deduction are valuable methods of reasoning n t.he
study of geometry. New geometric truths can be dlscovereq by mducjm"ﬁ
_reasoning. Deductive reasoning can then be used In proving "Fl}at suc
discoveries are true. ' . .

After trying, in the next exercise, our skill at de.ductlve re.asogmg, we .w1ll
study at greater length in Chapter 2 what constitutes “logical” reasoning.
We will then be better prepared to recognize when we have prf)ved our
theorems. The student should not be too concerned at this stage if he fails
to give correct answers to the following exercise.
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Mr. Smith was born in the city of Carpenteria. Carpenteria is in the
United States.
. All quadrilaterals have four sides. A rhombus has four sides.
9. Only students who study regularly will pass geometry. Bill Smith does
not study regularly.
10. Mary is in an English class.  All freshmen in college are enrolled in some
English class.
11. Baseball players eat Zeppo cereal and are alert on the diamond. 1 eat
Zeppo cereal.
12. The first- and third-period geometry classes were given the same test.
Students in the first-period class did better than those in the third-

period class. Dick was enrolled in the first-period class and Stan was in
the third-period class.

o}

13-22. Answer the following questions to check your reading and reason-
ing ability.

13. Why can’t a man, living in Winston-Salem, be buried west of the Missis-
sipp? River?

14.” Some -months have 30 days, some have 31 days.  How many have 28 days?

15. 1 have in my hand two U.S. coins which total 55 cents. One is not a
nickel. Place thatin mind. What are the two coins?

16. A farmer had 17 sheep. Allbut9died. How many did he have left?

17. Two men play checkers. They play five games and each man wins the
same number of games. How do you figure that out?

18, If you had only one match and entered a room where there was a lamp,

Exercises (A)

In the following exercises supply a valid conclusion if one can be supplied.
If no conclusion is evident, explain why.

1. Mrs. Jones’ dog barks whenever a stranger enters her yard. Mrs. Jones’
dog is barking. . ]
9. Water in the fish pond freezes whenever the temperature 1s .below 32 !
Fahrenheit. The temperature by the fish pond is 30° Fahrenhelt.
3. All college freshman students must take an orientation class. Mary i
Smith is a freshman college student. ]
4. All members of the basketball team are more than 6 feet tall.  Pat Black §
is more than 6 feet tall. ) ]
5. College students will be admitted to the baseball game free. Henry }
Brown was admitted to the baseball game free. ]
6. Tim’s dad always buys candy when he goes to the drug store. Today i
Tim’s dad bought some candy. ' !
7. Any person born in the United States is a citizen of the United States. }

an oil heater, and some kindling wood, which would you light first?

19. Take two apples from three apples and what do you have?

20. Isitlegal in North Carolina for a man to marry his widow’s sister?

21. The archaeologist who said he found a gold coin marked 46 B.c. was
either lying or kidding. Why?

22. A woman gives a beggar 50 cents. The woman is the beggar’s sister,
but the beggar is not the woman’s brother. How is this possible?

Exercises (B)

Each of the following exercises include a false assumption. Disregard the

falsity of the assumption and write the conclusion which you are then forced
o accept.

1. Given two men, the taller man is the heavier. Bobis taller than Jack.

2. Barking dogs do not bite. My dog barks.

3. When a person walks under a ladder, misfortune will befall him. Mr.
Grimes walked under a ladder yesterday.




4. All women are poor drivers. Jerry Wallace isa woman.

5. Anyone handling a toad will get warts on his hand. 1 handled a toad
today.

6. Of two packages, the more expensive is the smaller. Mary’s Christmas
present was larger than Ruth’s.

In the following exercise, indicate which of the following conclusions
logically follow from the given assumptions.

7. Assumption: All members of the Ooga tribe are dark-skinned. No
dark-skinned person has blue eyes.
Conclusion:
(a) No Ooga tribesman has blue eyes.
(b) Some dark-skinned tribesmen are members of the Qoga tribe.
(¢) Some people with blue eyes are not dark-skinned.
(d) Some Ooga tribesmen have blue eyes.
8. Assumption: Only outstanding students get scholarships. All out-
standing students get publicity.
Conclusion:
(a) All students who get publicity get scholarships.
(b) All students who get scholarships get publicity.
(¢) Only students with publicity get scholarships.
(d) Some students who do not get publicity get scholarships.
9. Assumption: Some cooked vegetables are tasty. All cooked vegetables
are nourishing.
Conclusion:
(a) Some vegetables are tasty.
(b) If a vegetable is not nourishing, itis not a cooked vegetable.
(¢) Some tasty vegetables are not cooked..
(d) 1f a vegetable is not a cooked vegetable, it is not nourishing.
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Summary Tests

Test 1

Indicgtc the one word or number that will make the following statements
rue.

I. The sides of a rightangleare ____ to each other.

2. The pairs of nonadjacent angles formed when two lines intersect are
called

3. An____ angleis larger than its supplement.

4. The side opposite the right angle of a triangle is called the

5. A triangle with no two sides congruentiscalleda _ triangle.

6. If the sum of the measures of two angles is 180, the angles are

7. A triangle with two congruent sidesiscalleda - triangle.

8. V3is a(n) _____ real number. (

9. The _____ of an angle divides the angle into two angles with equal
measures.

10. Complementary angles are two angles the sum of whose measures is

equal to

11. The difference between the measures of the complement and the supple-
ment of an angle is always

¢ . . . ’ . .
12, isthe non-negative integer that is not a counting number.
13. The sum of the measures of the angles about a point is equal to
14. The angle whose measure equals that of its supplementisa____ angle.

-

15. An angle with a measure less than 90 is

16. Angles with the same measures are .

17. The intersection of two distinct planes is either a null set or a

18. Anangle is the _ of two rays which have a common end point.

47
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19. The only point of a line equally distant from two of its points is the

of the segment with these points as its end points. e iC
90. For each three noncollinear points 4, B, and C and for each ,

ms/ADB+m/BDC=______.
91-80. Given: A =1{1,2,3,4},B={3,4,5},and C = {5,6,7,8,9}.
91. 4 U B={ }. 22. 4 0 B ={ }.
93. A U C={ }. 2. AN C={ }.
95. (4 U B) U C={ }. 26. (4N B) N C={ }.
97. (A UB) N C={ }. 98. (AnB)chz{ }.
99. A U (BU C)={ }. 30. AN (BN C)={ 3.

31-36. If x is a place holder for a real number, replace the “?” by the correct
symbol >, <or=to make the statement true.

31. x—3 P x—4 32. x+2 ?ox—2

33. 3(x+2) ? 6+ 3x 3. x__?  x+1

35. x—1 ? X 36. 2x—3 ? 2x+1
37. |—T7|+ [+3| = 38. \—il| +|—6| =

39. |--6|—|+4| = 40. |—=5|— -7 =
Test 2

In each of the following indicate whether the statement is always true
(mark T) or not always true (mark F).

1. If RS = AB, then mRS = mAB.

9. 1t RS = 4B, then RS = AB. .

3. An obtuse angle has a greater measure than a right angle.

4. A straight line has a fixed length. . .

5. If an obtuse angle is bisected, two acute angles will l?e f(?rme .

6. The measure of an angle depends on the length of its sides. . "
7. Complementary angles are angles the sum of whose measures is equal to

aright angle. .
8. A definition should be a reversible statement.
9. A straight angle is a straight line. ‘
10. Itis possible to define any word in terms of other dehnz.lble terms. '
11. The early Greeks studied the truths of geometry in order to obtain
practical applications from them.
12. Allisosceles A are equilateral.

13. When the measure of an acute angle is doubled, an obtuse angle 1is

formed. ' . .
14. Inductive reasoning can be relied upon to give conc.luswe results.
15. Valid conclusions can result from false (untrue) basic assumptions.
16. For any real number x, [x| = |—x].
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17. Ifa+b < 0, then {a+ 5| < 0.

18. The union of two sets can never be an empty set.

19. The supplement of an angle is always obtuse.

20. Adjacent angles are always supplementary.

21. IfAB N I=¢ and BC N [=¢,thenAC N [ = ¢.

92. If AB N (=¢and BC N [ # ¢,then AC N | # .

93. If AB N | = ¢, then A and B must be on opposite sides of /.

9. AR N I = ¢, then 4 and B must be on opposite sides of /.

25. If P € half-plane h, and Q € half-plane #,, then PQ C ,.

26. 1f 4 € land B € hy, then . JE C k.

97. If C € AB, then m(AC) is less than m(AB).

28. If mL KLN = 32, m/ NLM = 28, then m 2 KLM = 60.

29. 1f mRS + mRT = m8T, then § is between R and T.

30. IfAB=CD,thenA =CandB = D.

31. A ray has two endpoints.

32. tmsABC = m/ RST, then £ ABC = /s RST.

33. The union of two half-planes is a whole plane.

34. FG = JK and FG = ]? are equivalent statements.

35. The intersection of two sets is the set of all elements that belong to one or
both of them.

36. ‘The sides of an angle are rays.

37. If S is not between R and T, then T is between R and S.

38. A collinear set of points is a line.

39. If G is a point in the interior of ZDEF, then mZDEG + m/ FEG = m/ DEF.

4. If two lines intersect to form vertical angles that are supplementary, the
vertical angles are right angles.

41. 4 € {3,7,4,5,9}.

42.{1,8,5,7} N {1,2,3,4} = {1, 3).

43.{1,3,5,7} U {1,2,3,4,7} = {1,2,3,4,5, 7).

4. {2,5,6} N {6,5,3} = {2,3}.

45. {2,4,6} N {1,3,5} = 0.

46. There is a number n such that n € {1,2,3}

47. There is a number n such that n € {1,2,3}

48. {3,4} C {1,2.3.4,5}.

49. {1.3,4} C {1,8,5,7}.

50. {3.5} C {5,3}.

Test 3

PROBLEMS

1-8. Given the scaled line with points and their corresponding coordinates as
indicated. Complete the following.




P ep % re @
| | .
—l -—% -1 0 % 1 2
Probs. 1-8.
1. mDH = 2. m(}:B = 3. sz‘I
4. mHB = 5. mCG = 6. mCF =

7. The coordinate of the midpoint ofll-l is

8. The coordinate of the midpoint of DH is . ‘

9 1f mz.A is 40, what is the measure of the complement of ‘/_A?
10. 1f m£B is 110, what is the measure of the supplement of £B?

11-16. Given: mZAOC = 40; mLCOE =170; OB bisects £AOC and OD bi-
sects ZCOE. Complete the following.

11. m£AOB = 12. m£COD =
13. m£BOD = 14. m£/EOB =
15. mZ AOE = 16. m/BOE =
Probs. 11-16. (0] A

- 17. AB and (D are straight lines intersecting at E. - What must the measures

of angles « and ¢ be? .
' 18. The measure of angle 8 is three times the measure of £¢. What is the

measure of Z¢p?

Prob. 17. Prob. 18.
c

19. CM bisects LACB; m/ACB = 110.

Thenm/BCM =
20. Angle a is the complement of an

angle whose measure is 38; 28 is B

the supplement of Za. Then M

meB=___ . Prob. 19.

2

Elementary Logic

2.1. Logical reasoning. We have all heard the words “logic” and “logical”
used.  We speak of a person’s action as being “logical,” or of a “logical”
solution to a problem A ““logical” behavior is a “‘reasonable” behavior. The
“illogical” conclusion is an ‘“‘unreasonable” conclusion. When a person
cngages in “clear thinking” or “rigorous thinking,” he is employing the
discipline of logical reasoning.

In this chapter we will discuss the meanings of a few words and symbols used
in present-day logic and mathematics. We will then introduce some of the
methods and principles used indistinguishing correct from incorrectargument.
We will systematize some of the simpler principles of valid reasoning.

Although the method of deductive logic permeates all fields of human
knowledge, it is probably found in its sharpest and clearest form in the study
of mathematics.

2.2. Statements. A discourse is carried on by using sentences. Some of
these sentences are in the form of statements.

Definition: A statement is a sentence which is either true or false, but not
both.

It should be noted here that the words “true” and “‘false” are undefined
elements. Every statement is a sentence; but not every sentence is a state-
ment. A statement is said to have a truth value T if it is true and F if it is false.
Such things as affirmations, denials, reports, opinions, remarks, comments,
and judgments are statements. Every statement 1s an assertion.

The sentence “San Francisco is in California” is a statement with a truth

value T. The sentence “Every number is odd” is a statement with a truth
value F.
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All statements in the field of logic are either simple ser'ztences or compilunci
ntences. The simple sentence contains one grammatically mdzp;:nt enA‘
ratement. It does not contain connecting words such as and, or, ag U d ;u
mpound sentence is formed by two or more clauses that act_as independe y
ntences and are joined by connectives such as and, or, but, if .. . then, if an
ly if, either . . . or, and neither . . . nor.

Examples

. Every natural number is odd or even. .

. 1 am going to cash this check and buy myself a new suit.
_ The wind is blowing and I am cold.

. 1 will go to the show if John asks me.

. People who do not work should not eat.

It is customary in logic to represent simple statements by .letters as ;t?: g, 3
tc. Hence if we let p indicate the statement, “The wind is blowing” an
indicate, “I am cold,” we can abbreviate Statement 3 above as p and q.

%xercises (A)

Consider the following sentences. Which are statements?

1. How many are there?

2. 3 plus 2 equals 5.

3. 3 X2 equals 5.
4. Give me the text.

5. Tom is older than Bill.

6. All right angles have the same measure.

7. She is hungry.

8. Mrs. Jones isill.

9. He is the most popular boy in school.
10. If I do not study, I will fail this course.

11. If 1 live in Los Angeles, 1 live in California.
12. x plus 3 equals 5.

13. Go away!

14. The window is not closed.

15. 3 X 2 does not equal 5.

16. How much do you weigh?

Exercises (B)

In each of the following exercises there Is a compound statement or one
that can be interpreted asone.  State the simple components of each sentence.
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Itis hot and I am tired.

Baseball players eat Zeppo cereal and are alert on the diamond.
His action was either deliberate or careless.

The composer was either Chopin or Brahms.

The figure is neither a square nor a rectangle.

Either Jones is innocent or he is lying.

He is clever and I am not.

Sue and Kay are pretty.

Sue and Kay dislike each other.

. That animal is either dead or alive.

11. Two lines either intersect or they are parallel.

12. If this object is neither a male nor a female, it is not an animal.
15. Every animal is either a male or a female.

14. The cost is neither cheap nor expensive.

15. 1 would buy the car, but it costs too much.

16. A square is a rectangle.

QU b OO N —

coxag

2.3. Conjunction. We have seen how two statements can be connected to
make another statement. Some of these forms occur repeatedly in logical
discourse and are indispensable for purposes of analysis. We will define and
discuss some of the more common ones in this chapter.

Definition: If p and g are statements, the statement of the form p and ¢ is
called the conjunction of pand q. 'I'he symbol for pand ¢qis “p A ¢.”

There are many other words in ordinary speech besides “‘and,” that are
used as conjunctives; e.g., “but,” “although,” “however,” “nevertheless.”

Examples
. 1tis daytime; however, I cannot see the sun.
I am starved, but he is well fed.
. Mary is going with George and Ruth is going with Bill.
- Some roses are red and some roses are blue.
- Some roses are red and today is Tuesday.

O A U N —

Although the definition for conjunction seems simple enough, we should
not accept it blindly.  You will note that our definition takes for granted that
“p and ¢ will always be a statement. Remember a sentence is not a statement
unless it is either true or false, but not both. It becomes necessary, then, to
formulate some rule which we can use to determine when “pand ¢” is true and
when itis false. Without such a rule, our definition will have no meaning.

Each of the following statements is in the form of “p and ¢.” Check
which ones are true and which ones are false, and then try to formulate a
general rule for deciding upon the truths of a conjunction.
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. 24+3=5and2X3=5.

9. 2is an even number and 3 is an odd number.

3. 2isan even number and 4 is an even number.

4. 2is an odd number and 4 is an odd number.

5. A circle has ten sides and a triangle has three sides.
6. JB U {4} = AB and .TB U {4, B} = 4B.

In studying the foregoing examples, you should have discovered that
“p and ¢ is considered true only when both p and ¢ are true. If either p is
false or ¢ is false (or both are false), then “p and ¢” is false. This is some-
times shown most clearly by the truth table below.

P q pAg
T T T
T F F
F T F
F F F

“p and ¢ is true (T) in only one case and false (F) in all others. It should
be emphasized that truth tables cannot be proved. They represent agree-
ments in truth values of statements that have proved useful to mathematicians
and logicians.

2.4. Disjunction. Another way to combine statements is by using the
connective “or” between them. Consider the following sentences:

1. I plan to go to the game or to the show.
2. I expect to see John or Tom at the party.
3. The music teacher told my son that he could do well as a student of the

piano or the flute.

In the first sentence it is clear that the speaker will go either to the game or
to the show but that ke will not do both. It is not clear in the second sentence
if the speaker will see only John or only Tom at the party. It might mean
that he will see both. In the third sentence, it should be clear that the son
should do well with either or both instruments.

Thus we see that the common use of the word “or” often leads to ambiguity
and not uniform meaning. Sometimes it indicates only one of the statements

which make up the disjunction is true. Sometimes it is used to mean at least

one of the statements and possibly both are true. In logic we cannot tolerate
such varied meanings. We must agree on precisely what we mean when we
say “p or ¢.” Mathematicians have agreed that, unless it is explicitly stated
to the contrary, the connective “‘or”” should be used in the inclusive sense.
Thus statements of the form “p or ¢” are true in all cases except when p and

ELEMENTARY LOGIC

q are l.)oth false. .I't will be recalled that we interpreted “or’ in the incly,
sense in our definition of the union of sets. |

Deﬁniti‘(‘)n: The disjynglion of two statements p and ¢ is the compot
sentence “p or ¢.” It is false when both p and ¢ are false and true in
other cases.  The symbol for the inclusive p or g s “pVog”

The truth table for the disjunction “porq” tollows:

p q PV

m NN
N TN
= NNy

Exercises

In each of the following exercises there are two statements. Join th
statements first to for.m a conjunction and then to form a disjunction. Det
mine the truth or falsity of each of the compound sentences.

1. The diamond is hard. Putty is soft.
. The statement is true. The statement is false.
- The two lines intersect. The lines are parallel.
- Arayisahalf-line. A ray contains a vertex.
- There are 30 days in February. Five is less than 4.
(3 ,I\TO triangle has four sides. A square has four sidcs.
/. Threepluszero equals 3. Three times zero equals 3.
8. Some animals are dogs. Some dogs bark.
9. Aisin the interior of ZABC. Cison side 4B of Z ABC
10." All women are poor drivers. My name is Mudd .
Il The sunis hot. Dogs can fly. ‘
;3 ~bislessthan2. 4is more than 3.
3. Anangle is formed by two rays.  An interval i i i
14 AABC N 24BC = LZBC. yAABC Ljnie/;};‘z lickjgs(fl.ts endpoines
15. The sides qf an angle is not a subset of the interior of the angle. Chri
mas occurs in December. ‘
- The supplement of an angle is larger than the complement of the ang

T ) :
| he1 measure of an acute angle is greater than the measure of an obtu
angle.

(S0 N}

3OO0 s

[2}]5e Negatlon. Statements can be made‘ about other statements. One
Slymplest and most useful statement of this type has the form “p is false

SOmry()ne has probably .made a statement.that he believed true only to ha
eone else show his disagreement by saying, ‘““I'hat is not true.”

Eve
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Definition: The negation of a statement “p” is the statement “not-p.” It
means ‘‘pis false”; or “itis not true that p.””  The symbol for not-pis “~p.”

The negation of a statement, however, is not usually formed by placing a
“not” in front of it. This usually would make the sentence sound awkward.
Thus where p symbolizes the statement, “All misers are selfish,” the various
statements, “It is false that all misers are selfish,” “Not all misers are selfish,”
“Some misers are not selfish,” “It is not true that all misers are selfish” are
symbolized ‘“not-p.” The negation of any true statement is false, and the
negation of any false statement is true. This fact can be expressed by the

truth table.

p ~p
T F
F T

In developing logical proofs, it is frequently necessary to state the negation
of statements like “All fat people are happy” and “Some fat people are
happy.” It should be clear that, if we can find one unhappy fat person, we
will have proved the first statement to be false. Thus we could form the
negation by stating “Some fat people are not happy” or “There is at least
one fat person who is not happy.” But we could not form the negation by
the statement “No fat person is happy.” This is a common error made by
the loose thinker. The negation of “all are” is “some are not” or “not all

LH]

are .
The word “‘some” in common usage means “‘more than one.” However,

in logic it will be more convenient if we agree it to mean “‘one or more.” This
we will do in this text. Thus the negation of the second statement above
would be “No fat person is happy” or “Every fat person is unhappy.” The
negation of “some are” is “‘none are’’ or “it is not true that some are.”

Exercises
In each of the following form the negation of the statement.

Gold is not heavy.

Fido never barks.

Anyone who wants a good grade in this course must study hard.
Aspirin relieves pain.

A hexagon has seven sides.

Itis false that a triangle has four sides.

Not every banker is rich.

N Otk 0D —
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8. Itis not true that 2 plus four equals 6.
9. Two plus 4 equals 8.
10. Perpendicular lines form right angles.
11. All equilateral triangles are equiangular.
12. All blind men cannot see.
13. Some blind men carry white canes.
14. All squares are rectangles.
15. All these cookies are delicious.
16. Some of the students are smarter than others.
17. Every European lives in Europe.
18. For every question there is an answer.
19. There 1s at least one girl in the class.
20. Every player is 6 feet tall.
2]1. Some questions cannot be answered.
22. Some dogs are green.
23. Every ZEP is a ZOP.
24. Some pillows are soft.
25. A null set is a subset of itself.
26. Not every angle is acute.

2.6. Negations of conjunctions and disjunctions. In determining the
of the negation of a conjunction or a disjunction we should first recall t
what conditions the compound sentences are true. To form the negati
“A chicken is a fowl and a cat is a feline,” we must say the statement is
We can do this by stating that at least one of the simple statements is
We can do this by stating “A chicken is not a fowl or a cat is not a fel
The negation of "I will study both Spanish and French” could be ““I wi
study Spanish or I will not study French.”

It should be clear that the negation of “p and ¢” is the statement ““not
not-¢.”  In truth table form:

p @ pANg ~(pNg  ~p  ~q ~pV ~g
T T 7 F F F F
T F F T F T T
F T F T T F T
F F F T T T T

- l'o form the negation of the disjunction, “We are going to win o1
mformation is incorrect” we write, “We are not going to win and my info:

e
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tion is correct.”  Thus the negation of “p or ¢ is “not-(p or ¢),” and this
means “‘not p and not¢.” In truth table form:

p 9 PVg ~GBVg ~p ~q ~pA-—~y
T T T F F F F
T F T F F T F
F T T F T F F
F F F T T T T

Exercises

Give the negation of each statement below and determine if it is true or
false.

1. Anapricotis a fruit and a carrot is a vegetable.

Lincoln was assassinated or Douglass was assassinated.

Some men like to hunt, others like to fish.

Some numbers are odd and some are even.

No numbers are odd and all numbers are even.

. Alllines are sets of points or all angles are right angles.

The sides of a right angle are perpendicular and all right angles are
congruent.

The intersection of two parallel lines is a null set or each pair of straight
lines has a point common to the two lines.

9. Every triangle has a right angle and an acute angle.
10. Every triangle has a right angle and an obtuse angle.
1. Every triangle has a right angle or an obtuse angle.
12. No triangle has two obtuse angles or two right angles.
13. Some triangles have three acute angles and some have only two acute

angles.
14. AB designates a line and AB designates a ray.
15. A ray has one end-point or a segment has two end-points.

NS G w0

*

2.7. Logical implication. The most common connective in logical deduc-
tion is “if-then.”  All mathematical proofs employ conditional statements of
this type.  The if clause, called hypothesis or premise or given is a set of one or
more statements which will form the basis for a conclusion. The then clause
which follows necessarily from the premises is called the conclusion. The
statement immediately following the “if” is also called the antecedent, and the
statement immediately following the “then” is the consequent.
Here are some simple examples of such conditional sentences:

ELEMENTARY LOGIC
1. If 5x = 20, then x = 4.
2. Ifthis figureis a rectangle, then it is a parallelogram.

A hypothetical statement asserts that its antecedent implies its conseque;
The statement does not assert that the antecedent 1 true, but only that t
consequent s true if the antecedent is true.,

[t is customary in logic to répresent statements by letters.  Thus, we mj
let p represent the statement, “The figure is a rectangle” and g the statemeg1
“Th? figure is a parallelogram.” We could then state, “If p, then ¢” or
impllC§ q-”  We shall find it useful to use an arrow for “implies.” We th
can write “p—4¢.” Suchastatement is called an implication.

The “if”” statement does not have to come at the beginning of the cor

pound' Statement. It may come last. In other cases, the premise will n
start with the word “if.” For example:

I. A good scout is trustworthy.
2. Apples are not vegetables.
3. The student in this class who does not study may expect to fail,

Fach of the above can be arranged to the “if-then” form as follows:

1. If he is a good scout, then he is trustworthy.

2. Ifthis is an apple, then it is not a vegetable.

3. If the student in this class does not study, then he will fail.

) cher idioms that have the same meaning as “‘if p, then ¢ are: “ponlyifg,
“/) 1s a sufficient condition for q." “q,if p,” “g,1s a necessary condition for p,’

whenever p, then g, “‘suppose p, then ¢.” ’

Suppose your instructor made the statement, “If you hand in all you

homework, you will pass this course.” Here we can let p represent the state
ment, “You hand in all your homework,” and ¢ the statement, “You will pas:
lh.e course.” If both p and ¢ are true, then p —q is certainly true. Suppose
ﬁ IS true and g is false; i.e.,, you hand in all your homework but still fail the
(ouTrse. Obviously, then, p — qis false.

fal?:::rt];upp(t)se p is false. How shall we complete the truth table? If p is
ot quls ‘ru;:,lyou do not hand in all your homework but you still pass the
o VO-u “ ﬁ 1[5 ’ase ;md q 1s false, you do not hand in all your homework
vl o ([)) pass the c9urse. At first thought one might feel that no truth
I we i € given to .such compound statement under those conditions.
" 1d 50, we would violate the property that a statement must be either

ue or false.

Logici: . .
Ogicians have made the completely arbitrary decision that p — q is true
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when p is false, regardless of the truth value of g¢. Thus, p = ¢1s considered
false only if pis true and g is false. The truth table for p — ¢qis:

p q p—q
T T T
T F F
F 1 T
F F T

Exercises

In each of the following compound sentences indicate the premise and the
conclusion.

The train will be late if it snows.

A person lives in California if he lives in San Francisco.
Only citizens over 21 have the right to vote.

Four is larger than three.

All students must take a physical examination.

1 know he was there because I saw him.

Two lines which are not parallel intersect.

All right angles are congruent.

. Natural numbers are either even or odd.

10. He will be punished if he is caught.

o o
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In applying the Rule of Inference, it does not matter what the content of the
statements p and g are.  So long as “p implies ¢” is true and p is true, we logic-

ally must conclude that ¢ is true. This is shown by forming the genera
structure: |

1. p—y¢ or 1. p—=q. 2. p
2. p 3. o.q
3. ..¢

The symbol - means ‘“‘then” or “therefore.” The three-step form is callec
a syllogism.  Steps 1 and 2 are called the assumptions or premises, and step
is called the conclusion. The order of the steps 1 and 2 can be reversed anc

not change the validity of the syllogism. Thus the syllogism could also be
written:

L. p or l.p. 2. p—>gq
2. p—>gq 3. .q
3. g

A common type of invalid reasoning is that of affirming the consequent. It
structure follows:

1. p
Nl

J.

%

f

11. Every parallelogramis a quadrilateral.

12. Good scouts obey the laws.

13. Birds do not have four feet.

14. Diamonds are expensive.

15. Those who study will pass this course.

16. The sides of an equilateral triangle are congruent to each other.
17. The person who steals will surely be caught.

18. To be successful, one must work.

19. The worker will be a success.

20. You must be satisfied or your money will be refunded.
21. With your looks, I'd be a movie star.

2.8. Modus ponens. An implication by itself is of little value. However, if
we know *“p implies ¢ and that p is also true, we must accept g as true. This
is known as the Fundamental Rule of Inference. This rule of reasoning is called
modus ponens. For example, consider the implication: (a) “1f it is raining, it is
cloudy.” Also, with the implication consider the statement (b) ““Itis raining.”
If we accept (a) and (b) together, we must conclude that (¢) “Itis cloudy.”

2.9. Modus tollens. A second syllogism denies the consequent of an in
ference and then concludes the antecedent of the conditional sentence mus

be depied. This mode of reasoning is called modus tollens. Modus tollen.
reasoning can be structured:

l. p—>¢q
2. not~q
3. ~.not-p

\ C(?nsider. the cond‘itional sentence (a) “If it is raining, it is cloudy.” Ther
consider with the inference the statement (b) “It is not cloudy.” If premise:
(a)' a.nd (b) hold, we must conclude by modus tollens reasoning that (¢) “Itis no
raining.”

‘The method of modus tollens is a logical result of the interpretation tha

P = g means “q i it .
i ¢ is a necessary condition for p.”  Thus, if we don’t have ¢, w¢
can’t have p.
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when p is false, regardless of the truth value of g. Thus, p —> qis considered
false only if pis true and g is false. The truth table for p = qis:

b q p—q
T T T
T F F
F T T
F F T

Exercises
in each of the following compound sentences indicate the premise and the
conclusion.

' 1. The train will be late if it snows.
9. A person lives in California if he lives in San Francisco.
3. Only citizens over 91 have the right to vote.
4. Four is larger than three.
5. All students must take a physical examination.
6. 1 know he was there because I saw him.
7. Two lines which are not parallel intersect.
8. All right angles are congruent.
9. Natural numbers are either even or odd.
- 10. He will be punished if he is caught.
11. Every parallelogramis a quadrilateral.
12. Good scouts obey the laws.
1%. Birds do not have four feet.
14. Diamonds are expensive.
15. Those who study will pass this course.
16. The sides of an equilateral triangle are congruent to each other.
17. The person who steals will surely be caught.
18. To be successful, one must work.
19. The worker will be a success.
90. You must be satisfied or your money will be refunded.
21. With your looks, I'd be a movie star.

2.8. Modus ponens. An implication by itself is of little value. However, if
we know “p implies ¢” and that p is also true, we must accept g as true. This
is known as the Fundamental Rule of Inference. This rule of reasoning is called
modus ponens. For example, consider the implication: (a) “If it is raining, it is
cloudy.” Also, with the implication consider the statement (b) “Itis raining.”
If we accept (a) and (b) together, we must conclude that (¢) “Itis cloudy.”
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taItn applying the Rule of Inference, it does not matter what the content of the
?11 vements p ar¥d gare. So .long as “pimplies ¢ is true and p is true, we logic-
ally must conclude that ¢ is true. This is shown by forming the general

structure:
L. p—=yq or l.p—=gq. 2. p
g. p 3. ¢
. g

,I“h(ellsymbol . means “then” or “therefore.” The three-step form is called
a sy' l;)gzsm. Steps 1 and 2 are called the assumptions or premises, and step 3
is called the conclusion. The order of the steps 1 and 2 can be reversed and

not change the validit . !
written: 8¢ validity of the syllogism. Thus the syllogism could also be

1. p or l.p. 2. p—>yq
2. p—gq 3. g
3. .q

A common type of invalid r ing I ;
easoning 1s that of affirmin
structure follows: § I § the consequent. s

Ly X
20
a. 0 p
2.9. Modus tollens. A second syllogism denies the consequent of an in-

fe
rence and then concludes the antecedent of the conditional sentence must

be denied. This m o

- ode of reasoning is called modus ¢
. . ollens. M
reasoning can be structured: odus. tollens

Conci . .
C(m:?r;SIder' the copdltlonal sentence (a) “If it is raining, it is cloudy.” Then
o dI11( ‘el(‘b\)/v;lthl(tihe inference the statement (b) “It is not cloudy.” If premises
and old, we must concl 1 ' “Iti
raiming. ude by modus tollens reasoning that (¢) “Itis not
The m i i
ethod of modus tollens is a logical result of the interpretation that

/) {I .

S q y Qa

n
ca mean 18 a necessan COl [(lll 10 I()] p I huS, lf we d()ll t }la\/e we
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Another common type of invalid reasoning is that of denying the antecedent.

1ts structure follows:

I p @
é;\rﬁs\’-p
. ..not-g

Two other principles of logic should be mentioned here. The Law of the
Excluded Middle asserts “p or not p”" as a logical statement. The “or”” in this
instance is used in the limited or exclusive sense. For example, “A number
is either an odd number or it is not an odd number.” Another example,
“Silver is heavier than gold or silver is not heavier than gold. It cannot be

both.”
The symbol for the “exclusive or” is “V.” The truth table for the “exclu-

sive or’”’ follows.

<
3>
1<
<

mMTmNN
m N TN

The Rule for Denying the Alternative is expressed schematically by:

1. porg 1. porg
2. not-q 2. not-p
3. p 3. 0.¢q

As an example, if we accept the statements (a) ““The number kis odd or the §
number % is even,” and (b) “The number & is not even,”” we must then conclude
that (¢) “The number k& i1s odd.” ;

We will use these two principles in developing proofs for theorems later in

this book.

Exercises

In the following exercises supply a valid conclusion, if one can be supplied i
by the method of modus ponens or modus tollens. Assume the “or” in the }
following exercises to be the exclusive or. (Note. You are not asked to deter-
mine whether the premises or conclusions are true.) g
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The taller of two men is always the heavier. Bobis taller than Jack

All quadrilaterals have four sides. A rhombus has four sides. .
Barking dogs do not bite. My dog barks.

Triangle AliClis equilateral. Equilateral triangles are isosceles.

Every parallelogram is a quadrilateral. Fi i

Every P thel;gm/ﬁg s m(éTg d MA_C.al . Felg;%e. ABCD is a parallelogram.
Ifa=bthena+c=b+c¢c. a=5b.

Ifa=b,thenc=d. ¢=d.

Parallel lines do not meet. Lines / and m do not meet.

All women are poor drivers or I am mistaken. I am not mistaken.
Agyone handling a toad will get warts on his hand. T handled a toad
today.

12. Allgoons are loons. Thisis a loon.

13. Jones lives in Dallas or he lives in Houston. Jones does not live in Dallas
14. Allsquares are rectangles. This is not a rectangle. .
15. If a = b, then ac = be. ac #~ be.

16. IfR € 8T, thenR € ST R & §T°

17. If B € AC,thenB € AC. B € AC.

I

Each of the following gives the pattern for arriving at a conclusion. Write
the statements which complete the pattern.
(1) If B € 4C, then B € 4C. (2)
3) Then B & AC.
(1) If{c=4,theny= 4. (2) x=4.
(3) Then
9. (1) Itx=y, thenx # 2. (2) x=1.

(3) Then

(1
21. 2 1 —
R Tr— (2) Ifa # b, thena=.
99 (1) Thisis an acute or an obtuse triangle. (2)
(3) Then this is an obtuse triangle.
93, 1) S € RTors € RT. (2
() Thens € RT
(1)
24, !
R e S ; (2) lis parallel to m.
95 1) lis not parallel to m. (2)
G inm=g.

=g >
26. 1) 4B 1 BC or ms ABC # 90. (2) 4B is not 1 BC.
) Then
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2.10. Converse of an implication. Many statements can be expressed in
converse form. This is done by interchanging the “if” and the “then”
of the statement.

Definition: The converse of p — gis g — p.

Frequently we are prone to accept a statement and, then without realizing
it, infer the converse of the statement. The converse of a statement does not
always have the same truth value as the statement. An obvious example is
the true statement “All horses are animals,” and the false converse “All
animals are horses.”  Broken into parts, the “if’’ of the statement is, “This is
a horse,” whereas the conclusion is, “This is an animal.”

The converse of the statement “All Huftons are good radios” is “If a radio
is a good one, it is a Hufton.” In geometry, the converse of the statement
“Perpendicular lines form right angles” is “If lines form right angles, they
are perpendicular.” In this case, both the statement and its converse are
true. However, note the following syllogism.

S
3 p
Exercises

In the following exercises determine, if possible, the truth or falsity of the
given statement. Then write the converse of each statement and determine
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17. If a man lives in Los Angeles, he lives in California.
18. Parallel lines in a plane do not intersect.

19. If x =5, then x? = 25,

20. If Bis between 4 and C, then mAC = mAB + mBC.

2.11. Logical equivalence. We have seen that the converse of a true implic:
tion does not have to have the same truth value as that of the statement bu
of course, it may. If two statements mutually imply each other, they an
said to be logically equivalent. Logically equivalent statements presen
the same information.

Definition: The statements p and q are equivalent if p and ¢ have the sam
truth values and may be substituted for each other.

If p and g are equivalent statements, we indicate this by writing p < ¢
This means p — ¢ and ¢— p. The truth table for equivalence can b
developed as follows:

p q P=>q q—p pey
T T T T T
T F F T F
F T T F F
F F T T T

(if possible) the truth or falsity of the converse, el

Carrots are vegetables.

Every U.S. citizen over 21 years of age has the right to vote.
Fords are cars.

Half-lines are rays.

No journalists are poor spellers.

If two angles are each a right angle, they are congruent.
Only a moron would accept your offer.

Only parallel lines do not meet.

'To succeed in school one must study.

Only perpendicular lines form right angles.

- Diamonds are hard.

12. A geometric figure is a set of points.

13. An equilateral triangle has three congruent sides.

14. If ais less than b, then b is larger than a.

15, If x—y =1, then x is larger thany.

16. Equilateral triangles are isosceles.

o ho =

LT ok

—_—
— e

The f()llowinrgﬂafe equivalent statements.

p: Line lis parallel to line m.
q: Line mis parallel to line /.

Logically equivalent sentences are often put in the form “if and only if.”
Thus we have, “/is parallel to m if and only if m is parallel to [.”
. An.other obvious equivalence is the double negation, since a double nega-
ton 1s equivalent to the corresponding positive statement. Thus, for every
Statement p, we have

[not (not-p)] < p.

As an example, if p means “Three is a prime number,” then the double
egation of p is stated “It is false that three is not a prime number.”” The
tWo statements are equivalent.
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Exercises

In the following exercises determine which pairs are equivalent. ;
in some exercises p and ¢ are simple statements; in others, p and g are implica- }

Note that
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19. p: If today is Saturday, then tomorrow is Sunday.
g: Tomorrow 1s not Sunday; hence today is not Saturday.
90. p: Ma< b, then a—b is negative. ’
. If u—b1s positive, then a > b.

tions. q )
. 91. p: land maretwolinesand ! N m = ¢.
1. p: 5 Is greater than 3. g: Lines{and m are parallel to each other.
g: 3isless than b. 92. p: Ifr, then not-s.
2. p: a+2b=4. g: 1fs, then not-r.
q: 2a+4b=8. 23. p- If not-r, thens.
3. p: Line lis perpendicular to line m. ¢: If not-s, then r.
q: Li.ne m is perpendicular to line /. 24. p: The figure is a triangle.
4. p: Lines land m are not parallel. g- The figure is that formed by the union of three line segments
g: Lines [ and m intersect. 9.12. Four rul £ .. . . ’
5. p- 1fitis a dog, it has four legs. b. ) b;)tliltutel(li efs ? C(;lntraﬁ)osnlon. Logically equ1v§lent Statements may
¢: If it does not have four legs, it is not a dog. ertsiuur e (;r eac lot er whenever they' occur in a discourse. One
6. p Perpendicular lines form right angles. particular type of equivalence has great value in the study of logic, namely,
g: Right angles form perpendicular lines. contraposition.
7. p: A diameter is a chord. Deﬁmtiog: The statement not-g — not-p is called the contrapositive of the
¢: A chord is a diameter. statement of p — ¢.
8. p: x=y. There are four common types of contraposition. A study of the followin
g y=x. four equivalences will r I that th LR . 8
b cveal that the contrapositive is the negation of the
9. p: Fornumbersa, b,c,a=0». clauses of the converse 11 h - ;
‘ . oconverse, as well as the converse of the negation of the clauses
¢: Fornumbersa, b,c,a+c=b+c. of the original implication.
10. p: The present was expensive. If p. then
g:_1tis not true that the present was expensive, 1 H : g s (p—= g) © (ot g— nott
11. p: If he is a native of Spain, he is a native of Europe. Ot-¢, then not-p ! ’
o q iffhe 1slpot a native (;f Eur(?pﬁ, he 1? notha native of Spa:jp. ) o M
- p: I two lines meet to form right angles, they are perpendicular. R ' If ¢, then i (not-p = not-g) © (¢ p).
g: If two lines are not perpendicular, they do not meet to form rightj ’ p
angles. 3. 1fp, then not-q
. . . . . \.
13. p: PointsR and S are on opposite sides of line [. If ¢, then not-p’ (¢ = not-g) & (¢ = not-p).
g: Line segment RS intersects line /. It
14. p: Bisbetween 4 and C. 4. %_
qg: B € AC,B # A,B # C. I not-g, then p’ (not-p — ¢) & (not-g — p).
15. p: land m are two linesand 4 € [ N m. The
. . . . stud .
¢: Line [and line m intersect at point 4. accept eithein:) Sh()ufld stu'dy the four types until he is satisfied that if you
16. p: R & ST. . other a5 trye al:e OTa pair of contrapositives as true, you must accept the
g: R lies on one side of $T. four types 0. The following examples illustrate the applications of the
17. p: £RSTis an acute angle and ZABC is an obtuse angle. 1 '
- If
q: mLABC > mLRST. hz canvote, then he'is over 21 years of age.
18. p: Vertical angles are congruent. ' lanlcsi not over 921 years of age, then he cannot vote,
g: If the angles are not vertical angles, then they are not congruent. ™ are not perpendicular, they do not intersect at right angles.
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The equivalence of contrapositive statements is shown by the following |

truth table. The numbers under each column indicates the order of each ‘

step.
p = @ © (~q—= ~p)
T T T T F T F
T F F T T F F
F T T T F T T
F T F T T T T
1 3 1 4 2 3 2
Exercises

Each exercise contains a conditional statement.
(b) its contrapositive, and (c) the converse of its contrapositive.

15
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If land m intersect at right angles, they are perpendicular.

If he drives, he should not drink.
If he drinks, he should not drive.
If the natural number is not even, it is odd.
If the natural number is not odd, it is even.

IfT e }E—Z(,thenT e @
IfT € RX,then T € RX.

Ifa+c=b+c¢ thena=b.
Ifa+b=0,thena=—b.

If a+b = ¢, then cis greater than a.
I will pass this course if I study.

If he is an alien, he is not a citizen.
Parallel lines will not meet.

. If thisis not a Zap, it is a Zop.

. Good citizens do not create disturbances.

In the following exercises determine which of the conclusions are valid.

Good citizens do not create disturbances.

MG € AB thenC € AB—

. If the figure is not a rectangle, it is not a square.
. If he is not a European, he is not a native Italian.
- If the triangle is equilateral, it is equiangular.

Form (a) its converse,;

21.

22.

23.

24.

If x = ¥, then x? = 42

CIfx?=1% thenx =4

1f 1 do not study, I will not pass this course.

" If I study, I will pass this course.

If this is rhombus, it is not a trapezoid.

" 1f this is a trapezoid, it is not a rhombus.

[fa # b thene # d; ¢ d
a#b :

Ifc+# d,thena # b; ¢ # d
a#b ’
IfC & AB,thenC & 48

IfC € AB,thenC € 4B
If lis not m, then I N m = a point

If1 N mis notapoint, then! || m
IfllminNm=#n

N m=0,1|m

Ifitis Thanksgiving Day, the month is November.
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It is not December

Itis Thanksgiving Day.

I do not create disturbances. 4

" Tam a good citizen.
If I study, I will pass this course.

I study.

" I will pass this course.




The converse of a true statement is always true.

Z(l) The negation of a false statement may result in a true statement.
99. “Janual v has 32 days or 4 is less than 5” is a true statement.
93. “‘not- not p”” has the same meaning as “p.”
94, If pis true, not -p is also true.
95. The Ilcg;d[lOIl of “NoAis B is “Every A is B.”
96. The negation of “Every Lak is a Luk” is “Not every Luk is a Lak.”
97. (P— Q) < (= 1D).
98. not (porq) < (not p or not g).
99. not (pand g) <> (notp and not g).
30. (p — g < (not p = notgq).
Summary Test 31. (notp = notg) < (p = q).
32. (p — notg) < (g = not p).
33. (notp = ¢) < (notq = p).
4. p ¢ 35. p—gq 36. p—yq
In each of the following indicate:whether the statement is always true (mar i - L - — notg
T) or not always true (mark F). b -~ ~.notp
1. Valid conclusions can result from false (untrue) basic assumptions. 3. 04 38. p—=yq 39.p—>q
.92. The converse of “In triangle RST, if m(RT) > m(RS), thenm/S$ > mL m : not _hotp
is “In triangle RST, if m£S > m/T, then m(RS) > m(RT).” 40 (—f S.notgq Joq
3. The converse of “If you eat toadstools, you'll get sick” is “You will -, ' 4. p—qorg—p 42. _notp —¢q
sick if you eat toadstools.” 3 Sp=qandg—>p pegq s.notq = p
4. “Close the door!” is a statement.
5. “Itis cold and I am freezing” is a statement.
6. Given pistrue, ¢gis false. Then “pand ¢ is false.
7. Given pis false, gis true. Then “pand ¢ is false.
8. Given pis true, ¢ is false. Then “porq” is false.
9. Given pis false, gis true. Then “por q” is false.
10. “por ¢ is called a conjunction of p and g.
11. If pis false, then not-p is true. 5
12. A negation of the statement “Not every student is smart” is “Not eVe,‘
student is stupid.”
13. A negation of the statement “a equals 2 and b equals 3” is *“a does not eq
2 and b does not equal 3.” |
14. A negatlon of “Some blind men can see” is “At least one blind man ¢4
see.’
15. The negation “not (p or ¢)” has the same meaning as “not p or not q.”
16. “Not (p and ¢)” means the same as *‘not (p or ¢).”
17. “Not p or not ¢”” means the same as “‘not (p and ¢).”
18. If an implication is true, its converse is also true.
19. The converse of “If a N t=¢, thena | ¢ is “Ifa | ¢, thena N ¢ # .
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Deductive Reasoning

3.1. Properties of real numbers. In your first course in algebr'a, you {‘
learned some basic facts about the real number system. Since you will have |
numerous occasions to refer to the properties of the real number system, we§
will present them in this section. The student is advised to thoroughly review
them.
In stating the following properties, we will let the letters a, b, ¢, gnd d re-s
present real numbers. Hereafter, you can refer to these properties el.ther;
bv name or by repeating the property when asked to support deductlonsu“ -~
made about-realnumbers.

Definition: A real number is positive iff it is greater than zero; it is negative
iff it is less than zero.

We say that a > b iff @ — b is a positive number.
anegative number.

The symbol for *‘is not greater than” is “*+* and for “is not less than” is
g

Similarly, e < biff a— b is

Order Properties

O-1  (trichotomy property). For every pair of real numbers, @ and b, exactly one

N of the following istrue:a < ba=b,a > b.
0-2  (addition property). (a < b) A (c< d) — (a+¢) < (b+d).
O-3  (subtraction property). (a < b) = (a—c) < (h—c);
o (a<b) = (c—a) > (c—b).
O-4  (multiplication property). (a < b) A (c> 0) = ac < bc;
{(a<b) A (c<0)—= ac> be.
O-5 (division property). (a < b) A (c> 0) = afc < blc N cla > c/b;
i N (a<b) N (c<0)= alc> blc A cla< clb.
O-6  (transitive property). (a < b) A (b<¢) = a< c.
O-7  (substitution property). Any expression may be substituted for an equi-
valent expression in an mnequality without chang-
ing the truth value of the inequality.

0-8 (partition property). (c=a+b) A (b > 0) = ¢>a.

Properties of a field

Equality Properties

E-1  (reflexive property).
E-2  (symmetric property).
E-3  (transitive property).
E-4  (addition property).
E-5  (subtraction property).
E-6  (multiplication property).

a=a.

a=b—b=a.

(@=b A@b=c—>a=c

(a=b) A (c=d) = (a+c) = (b+d).

(a=b) A (c=d) = (a—c) = (b=d).
(a=b) A (c=d)— ac=bd.

a_b
E-7 (division property). (a=1b) A (c=d #0) T d

E-8 (substitution property). Any expression may be replaced by an equi.valen
expression in an equation without changing the truth value of the cquation. 3

Y L

The symbol for “is greater than” is “>" and for “is less than” is “<.
Thus, @ > b is read “‘a is greater than b.” It should be noted th.at a>b an
b < a are two ways of writing the same fact. They can be used mterchang
ably. ‘
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) The following additional properties of the real number system are called
field properties.”

Operations of Addition

F-1 (closure property). a-+bis aunique real number.

F-? (associative property). (a+b)+c=a+ (b+c).
E; (commutative property). a—+b= b+ a.

(additive property of zero). 'There is a unique real number 0, the additive
P o wentity element, such thata+0=0+a = a.
20 (additive inverse property). For every real number a, there exists a real

number (—a), the additive inverse of a, such
thata+ (—a) = (—a) +a= 0.

Operations of Multiplication

(Closu-re property). - bisaunique real number.
@ssociative property). (a-b) -c=a- (b-c).

73
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F-8 (commutative property). a-b=1b-a.

F-9 (multiplicative property of I). There is a unique real number 1, the
multiplicative identity element, such thata-1=
l-a=a.

F-10  (multiplicative inverse property). For every real number a(a # 0) there
is a unique real number 1/a, the multi-
plicative inverse of a, such thata - (1/a) =
(1/a) -a=1.

F-11 (distributive property). a(b+c)=a-b+a-c.

Exercises

1-6. What property of the real number system is illustrated by each of the

following?
1. 4+3=3+4. 2. 5+ (=5) =0.
3. 6+0=06. 4.7-1=17.
5. 2(5+4) =25+2-4. 6. 5-2=2-5.

7-24. Name the property of the real number system which will support the |

indicated conclusion.

7. fx—2=5,thenx=17.
8. If 3x = 12, thenx = 4.
9. If 7=5—x,thenb—x=17.
10. Ifa+3="7,thena=4.
11. If 2a+5 =9, then 2¢ = 4.
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EQUATIONS REASONS
1. 8—3x=2(x—6). 1. Given.
2. 8—3x=2x—12. 2. Distributive property of equality.
3. —8x=2x—20. 3. Subtractive property of equality.
4, —bx = —20. 4. Subtraction property of equality.
5. x=4. 5. Division property of equality.
25. 1. 5x—7=2x+8. 26. 1. §=2(x—3).
2. bx=2x+15. 2. 8=2x—6.
3. 3x=15. 3. 14 =2x.
4. x=5. 4. 2x = 14.
5. x=1.
97. 1. 3(x—5) = 4(x—2). 28. 1. 5x—7 > 3x+9.
2. 3x—15=4x—8. 2. 5x > 3x+16.
3. dx=dx+7. 3. 2x > 16.
4. —x=1. 4. x> 8.
5. x=—17.
29. 1. 3x—9 < 7x+ 15. 30. 1. 2(x—3) > 5(x+7).
2. 3x < Tx+24. 2. 2x—6 > bx+35.
3. —dx < 24. 3. 2x > bx+4l.
4. x> —6 4. —3x > 41.
5,ox< — 4,

3.2. Initial postulates. In this course, we are interested in determining and
proving geometric facts. We have, with the aid of the undefined geometric

12. Ifa+b=10,and b =3, thena+3 = 10.

13. If 3x =7, thenx = 14.

4. 5-(3) =1

15. Ifa+3 < 8,thena < 5.

16. If x =yand y = 6, then x = 6.

17. Ifx > yand z > x, thenz > y.

18. Ifa—2 > 10, thena > 12.

19. If —3x < 15, thenx > —5.

20. 1/2+ V4 is a real number.

21 (5-9)-12=5-(§-12).

22, (17+18)+12=17+ (18+12).

23. Ifix > —4, thenx > —12.

24. 3(y+5) =3y+15. «

25-30. Name the property of real numbers which justify each of the numbered
steps in the following problems. ]
Illustrative Problem. 8—3x= 2(x+6).
Solution

concepts, dehned as clearly and as exactly as we could other geometric con-
cepts and terms. We will next agree on or assume certain properties that can
be assigned to these geometric figures. These agreed-upon properties we
will call postulates. They should seem almost obvious, even though they may
be difficult, if not impossible, to prove. The postulates are not made up at
random, but have been carefully chosen to develop the geometry we intend to
develop. With definitions, properties of the real number system, and postu-
lattjs as a foundation, we will establish many new geometric facts by giving
logical proofs.  When statements are to be logically proved, we will call them
theorems,

Once a theorem has been proved, it can be used with definitions and postu-
lates in proving other theorems.

It should be clear that the theorems which we can prove will, to a great
€Xtent, depend upon the postulates we agree to enumerate. Altering two
or Fhree postulates can completely change the theorems that can be proved in
a glVC.n geometry course. Hence, we should recognize the importance of the
selection of postulates to be used.
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The postulates we will agree on will in great part reflect the world about us.
Definition: A statement that is accepted as being true without proof is
called a postulate.

Postulate 1. A line contains at least two poinis; a plane contains at least three
poinis not all collinear; and space contains at least four points not all coplanar.
Postulate 2.  For every two distinct points, there is exactly one line that contains both
poinis.

Notice that this postulate states two things, sometimes called existence and
UNIGUENess:

1. There exists one line that contains the two given points.

9. This line is unique; that is, it is the only one that contains the two points.

Postulate 3. For every three distinct noncollinear points, there is exactly one plane
that contains the three points.

Postulate 4. If a plane contains two points of a straight line, then all points of the |
line are points of the plane. L

Postulate 5. If two distinct planes intersect, their intersection is one and only one |

line (see Fig. 3.1).

o~
~

Fig. 3.1.

With the above postulates we can start proving some theorems. These first}
theorems will state what to most of us will seem intuitively obvious. Un-§
fortunately, their formal proofs get tricky and not too meaningful to the]
geometry student beginning the study of proofs. Consequently, we will4
give informal proofs of the theorems. You will not be required to reproducey
them. However, you should understand clearly the statements of thC
theorems, since you will be using them later in proving other theorems. ¥
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Theorem 3.1

3.3. If two d'lstinct lines in a plane intersect, then their intersection is at
most, one point.

Supportmg argument. Let [ and m be two distinct lines that intersect at S
Using the law of the excluded middle, we know that either lines [ and m inter;
sect in more than one point or they do not
intersect 'in more than one point. If they !
intersect in more than one point, such as at
R and S, then line [ and line m must be the
same line (applying Postulate 2). This m
contradicts the given conditions that [ and m R
are distinct 'lines. Therefore, applying the
rule for denying the alternative, lines [ and m
intersect in, at most, one point.

S

Theorem 3.1.

Theorem 3.2

3.4. If a point P lies outside a line /, exactly one plane contains the line and
the point.

Supporting argument. By Postulate 1, line / contains at least two different
p()11.1t5, say A and B. Since P is a point not on /, we have three distinct non-
Col‘lmear points A, B, and P. Postulate 3, then, assures the existence and
uniqueness of a plane M through line / and point P.

M
Pe
(_/l..//fe/
A
Theorem 3.2.

Theorem 3.3

3.2u;;ZZ;dlStlnCt lines intersect, exactly one plane contains both lines.

Postae 15 crgument. - Let Q be the point where lines [ and m intersect.

there must bge nhees that a line must contain at least two points; hence,

be lettered R ?ngtper pont on [ and another point on m. Let these points

one plane thatdcn , TCSP?CIIVCIY. Postulate 3 tells us that there is exactly

Must Jie ; at contains points Q, R, and P. We also know that both /and m
le in this plane by postulate 4.
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Summarizing. A plane is determined by

1. Three noncollinear points.
9. A straight line and a point not on the line.
3. Two intersecting straight lines.

Exercises

1.

o o

11.
12.
13.

14.
15.

. Hold a pencil so that it will cast a shadow on a piece of paper. Will the §

. How many planes, in general, can contain a given straight line and a point 4

. How many planes are fixed by four points not all lying in the same plane? §

. Two points 4 and B lie in plane RS. What can be said about line AB? k
. If two points of a straight ruler touch a plane surface, how many other }

S ©®w =N
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Theorem 3.3.

How many planes can be passed () through two points? through three
points not in a straight line?
What figure is formed at the intersection of the front wall and the floor

of a classroom?
shadow be parallel to the pencil?

not on the line? 7
How many planes can contain a given straight line and a pointnotontheline? 3
Why is a tripod (three legs) used for mounting cameras and surveying 1

instruments?

Why will a four-legged table sometimes rock when placed on a level floor?

points of the ruler touch the surface? !
Can a straight line be perpendicular to a line in a plane without being §
perpendicular to the plane? ‘
Can two straight lines in space not be parallel and yet not meet? Explain. §
On a piece of paper draw a line AB. Place a point P on AB. In how
many positions can you hold a pencil and make the pencil appear per- 1
pendicular to AB at P? ‘
Are all triangles plane figures? Give reasons for your answer.
How andﬁ:rent planes are determined by pairs of the four different !
lines AP, BP, CP, and DP no three of which are coplanar?
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16. Explain how, with a straight edge, it is possible to determine whether
all points of the top of atable lie in one plane.

17. If in plane MN AB L line m, AC L line m, and 4 is on m, does i
. e > ’ ’ t -
sarily follow that AB = 1C? o neees

18. Is it possible for the intersection of two planes to be a line segment?
Explain your answer. '

19. Using the 'flccompanying diagram (a 3-dimensional figure), indicate which
sets of points are (1) collinear, (2) coplanar but not collinear, (3) not
coplanar.
(a) {4, C, D}
(b {D,4,F}
() {F,G, 4}

d) {F,D, G}

(e {F,B,C,E}

Ex. 19.

). Which of the following choices correctly completes the statement:
Three dlS[lI.]Ct planes cannot have in common (a) exactly one point, (b)
exactly two points, (c) exactly one line, (d) more than two points.

3. Additional pestulates.. In Chapter 1 we discussed the real number tine

e showed the correspondence between points on the number line and thf;

al numbers. In order that we may use in subsequent deductive proofs the
conclusions we arrived at, we will now restate them as postulates.

P .
. ostulate 6. (the rqler postulate). The points on a line can be placed in a one-to-
ne correspondence with real numbers in such a way that:

;- For every point of the line there corresponds exactly one real number;
- for every real number, there corresponds exactly one point of the line; and

3. t . . . .
b he distance between two points on a line is the absolute value of the difference
ween the corresponding numbers.

Postul ) . .
i, ate 7 .To each pair of distinct points there corresponds a unique positive
er, which is called the distance between the points.

The . .
the Coorfj‘?rrCSpondence between points on a line and real numbers is called
is call inate system for the line. The number corresponding to a given point
ed the coordinate of the point.

. . In Fig. 3.2, the coordinate of 4 is —4,
of B 15—=3,0fCis 0, of Eis 2, and so on.
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A B C D E F
! | S l D S G I G |
-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6

Fig. 3.2.

Postulate 8. For every three collinear points, one and only one is between the other
two. That s, if 4, B, and C are (distinct) collinear points, then one and only
one of the following statements is true: (a) A lies between B and C: (b) B lies
between 4 and C; (¢) C lies between A and B.

Postulate 9. If A and B are two distinct points, then there is at least one point C
such that C € AB. This is, in effect, saying that every line segment has at
least three points.

Postulate 10. If A and B are two distinct points, there is at least one point D such
that AB C AD.

Postulate 11. For every AB and every positive number n there is one and only one
point P of AB such that mAP = n. This is called the point plotting postulate.

Postulate 12. If AB is a ray on the edge of the half-plane h, then for every n be- :
tween O and 180 there 1s exactly one ray AP, with P in h, such that m/ PAB =n. {
This is called the angle construction postulate.

Postulate 13. (segment addition postulate). A set of points lying between the “
endpoints of a line segment divides the segment into a set of consecutive segments the |
sum of whose lengths equals the length of the given segment. A
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as “the measure of the whole is equal to the sum of the measures of its parts.”
Postulate 15. A segment has one and only one midpoint.

Postulate 16.  An angle has one and only one bisector.

Exercises

1. What point has a coordinate of —3?

2. What is the distance from B to E?

3. What is the mBD?

4. What is the mDA?

5. What is the coordinate of the midpoint of BE?

Exs. 1-10.

6. What is the coordinate of the endpoint of FA?

7. What is the mBC +mCD +mDE? Does this equal the mBE?

8. What is the mBA?

9. Is the coordinate of point 4 greater than the coordinate of point D?

0. Does mBD = mDB?>

L. a, b, ¢, are the coordinates of the corresponding points 4, B, C. Ifa > ¢
and ¢ > b, which point lies between the other two?

12. If T'is a point on RS, complete the following:

(a) mRT +mTS = (b) mRS —mTS =

Thus, in Fig. 3.3, if 4, B, C, D arc collinear, then mAB + mBC + mCD = \' -

Fig.33.

mAD. Using the symmetric property of equality we could also write mAD = !
mAB + mBC +mCD. This postulate is often stated as “the whole equals the ]
sum of its parts.” g

Postulate 14. (angle addition postulate). In a
given plane, rays from the vertex of an angle through
a set of points in the interior of the angle divide the
angle into consecutive angles the sum of whose
measures equals the measure of the given angle.

Thus, in Fig. 3.4, if D and E lie in the interior
of LABC, then m£ZABD +m/ DBE +m/ EBC =
mLABC. Using the symmetric property of
equality, we could also write mZ ABC = m/ ABD B A
+ms DBE +m/ EBC. This, too, is referred to Fig.34.

13. A4, B, and C are three collinear points, mBC = 15, mAB =11. Which point
cannot lie between the other two?

14. R, S, T are three collinear points. If mRS < mST, which point cannot lie
between the other two?

15-22. Given: mZAEB = 44, m/BED = 34, m/AEF = 120 EC bisects ZBED.
Complete the following:

15 mZ AEB+ ms BEC = ms.

16. m/ BED —m/ CED = m2.

17 m/DEC+m/ CEB+ m/BEA = ms

18. ms/BEC =

190 msAED =

20. mLARC = A
2l. m/DEF =

22, m/ BEF = FExs. 15-22.

B C D F

3.7. Formal proofs of theorems. A theorem is a statement or principle that is
dCcepted only after it has been proved by reasoning. Every theorem in
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geometry consists of two parts: a part which states what is given or known,
called the “given” or “‘hypothesis,” and a part which is to be proved, called the
“conclusion”” or ‘prove.”

Theorems can be written in either of two forms: (1) As a complex sen-
tence. In this form the given is a clause beginning with “if”” or “when” and
the conclusion is a clause beginning with “then.” For example, in the
theorem, “If two angles are right angles, then the angles are congruent,”
“Two angles are right angles” is the given, and “The angles are congruent”
is the conclusion. (2) As a declarative sentence. In this form the given and
the conclusion are not so readily evident. For example, the above theorem
could be written, “Two right angles are congruent.” Frequently the simplest
way to determine the given and conclusion of a declarative sentence is to
rewrite it in the if-then form.

The formal proof of a theorem consists of five parts: (1) a statement of the
theorem; (2) a general figure illustrating the theorem; (3) a statement of what
is given in terms of the figure, (4) a statement of what is to be proved in terms
of the figure, and (5) a logical series of statements substantiated by accepted
definitions, postulates, and previously proved theorems.

Of course, it is not necessary to present proofs in formal form as we will
do. The proofs could be given just as conclusively in paragraph form.

However, the beginning geometry student will likely find that by putting §

statements of the proof in one column and reasons justifying the statements

in a neighboring column, it will be easier for others, as well as himself, to |

follow his line of reasoning.

Most of the theorems in this text hereafter will be proved formally. The e
student will be expected to give the same type of proofs in the exercises that SN

follow.
Theorem 3.4

3.8. For any real numbers, a, b, and ¢, if a = ¢,and b = ¢, thena = b.

Given: a, b, and ¢ are real numbers. a=r¢;b=rc.
Prove: a=b.

Proof:

STATEMENTS REASONS

l.a=c¢b=c¢ 1. Given.

2. ¢c=b. 2. Symmetric property of equality.
3.a=0b. 3. Transitive property of equality §

(from Statements 1 and 2).
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Theorem 3.5
3.9. For any real numbers a, b, and ¢, if c = a, ¢ = b, then a = b.

Hypothesis: a, b, and ¢ are real numbers. ¢ = a; ¢ = b.
Conclusion: a = b.

Proof:

STATEMENTS REASONS

l.c=a;¢c=b. I. Given

2. a=cb=c. 2. Symmetric property of equality.
3. a=b 3. Theorem 3 4.

Theorem 3.6

3.10. For any real numbers a,b,c,and difc = a,d = b,and ¢ = d,thena=5
Hypothesis: a, b, ¢, and d are real numbers; c = a,d = b, c = d. )
Conclusion: a = b.

Proof:

STATEMENTS REASONS

~
!
8
&,
Il
™
™
I
au
—_

. Given.
Transitive property of equality.

(oY
Il
e

3. a= Theorem 35 (c=a Ac=b—>a
= b).
Theorem 3.7 7
311 All right angles are congruent.
Given: Lo and £ are right angles.
Conclusion: /o = LB g
Proof: :
Theorem 3.7.
STATEMENTS REASONS
. Zais aright angle. 1. Given.

4 1s a right angle.

2. = 990 -
mla = 90; msB8 = 90. 2. The measure of a right angle is

3 90.
4- ZLO(N: mLB. 3. fa=c¢,b=c,thena=05.
- La= /8, 4. La= Lb mla=mlb.
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Theorem 3.8

3.12. Complements of the same angle are congruent.
Given: /xand £6 are complementary angles.

£y and £ are complementary angles.
Prove: /x = Ly.

L[ =
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3.15. Corollary to Theorem 3.8. Complements of congruent angles are
cong‘ruent.

Corollary to Theorem 3.8.

Given: Zxis the complement of Za; £yis the complement of £b; La = 4.
Conclusion: £x = /y.

Theorem 3.8.
Proof:
Proof:
STATEMENTS REASONS
STATEMENTS REASONS i
1. Zxis the complement of Za. 1. Given.
1. Zxand /8 are complementary 4. 1. Given. Ly lithe complement of £b.
Zyand £8 are complementary 4. o g La :_Lb 2. Given.
2. msLx+msl = 90. 2. If two 4 are complementary, thé - mLa=mcLb. 3. La=Lbo mlLa=msLb.
mZy+ms60=90. sum of their measures equals 90.§ 4 omixtmla=90. 4. If two angles are complementary,
3. mix+mlO=mly+mlb. 3. Ifa=c¢,b=c,thena=b. 5. ms -t B the sum of their measures is 90.
4. mLx=moly. 4. Subtractive property of equalit O- mLx+mlb = 90. 5. A quantity may be substituted for
5. /x = /. B, /x= /[y mlx=mly. ! G i . o it§ equal in an equation.
e comptement of 20, 0. i the sum ol the measures of two
It is important that each statement in the proof be substantiated by a reas ol ;I;gnlfs =90, they are comple-
for its correctness. These reasons must be written in full, and only abbrevi‘ 7. Lx= Ly. 70 ary.
t . Complements of the same angle

tions that are clear and commonly accepted may be used. The reader wi
find in the appendix a list of the common abbreviations which we will use 1§

this book.
The student can easily prove the following theorems:

Theorem 3.9
3.13. All straight angles are congruent.

Theorem 3.10

3.14. Supplements of the same angle are congruent.

These theorems will subsequently be used in proving new theorems.
corollary of a geometric theorem is another theorem which is easily derivy
from the given theorem. Consider the following: "

are congruent.

In like manner the student can prove:
3.16. Coroll
congraar ary to Theorem 3.10. Supplements of congruent angles are
3-_17- Mustrative Example 1:

Wwen: Collines i
rove: mAR n:e:(%())mts 4, B, C, D as shown; mAC = mBD.
PrOQf-' .

]
-~ | |
A B C D
Hlustrative Example I .
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STATEMENTS REASONS

1. 4, B, C, D are collinear points as 1. Given
shown.

9. mAC = mBD 2. Given.

3. mAC = mAB + mBC.

4. mBD = mBC + mCD.
5. mAB +mBC = mBC + mCD.

6. mAB = mCD.

3. Definition of betweenness (also by}
postulate 13). '
4. Same as reason 3.
5. Substitution property (statementg
3 and 4 in statement 2). 1
6. Subtractive property of equality.
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A B
Hlustrative Example 3.

STATEMENTS REASONS
3.18. Illustrative Example 2: ¢ E L BB L AC 1. Given.
Given: £ ABC with BE and BD as 9. £AEB is aright angle. 2. Perpendicular lines form right
shown. 4, B, C, D, E are angles.
coplanar points. D 3. mLAEB = 90. 3. Definition of right angle.
msABD > m/ EBC. 4. LEBC s the complement 4. Given.
Prove: m/ABE > m£DBC. of LEBA.
Proof: 5. me EBC+mlEBA = 90. 5. Two angles are complementary
iff the sum of their measures is 90.
E 6. m  EBC+m/EBA = m/ABC. 6. Angle addition postulate.
lustrative Example 2. 7. mLABC = 90. 7. Substitution property of equality
(or Theorem 3.5).
STATEMENTS REASONS 8=m/ ABC = m/ AEB. B.{a=¢) N(b=c¢)—=>a=b.
. . _ 9. LABC = £/ AEB. 9. Angles with the same measure
1. BE and BD are rays drawn from 1. Given. are congruent.
from the vertex of ZABC as
shown. A4, B, C, D, E are co- Exerc;
planar. ses
2. m£LABD > m/LEBC. 2. Given. In the followin

3. m£ABD+ms DBE > m/EBC+
m/ DBE.

4. m£ABD+ m/DBE = m/ ABE;
ml EBC+ m/ DBE = m/ DBC.

5. m£ ABE > m/DBC.

3. Additive property of order.
4. Angle addition postulate.

5. Substitution property of order. ‘-

3.19. Illustrative Example 3:

Given: BD L AC. /EBCis the complement of ZEBA.

Prove: £ ABC = L AEB.
Proof‘

g exercises complete the proofs, using for reasons only the
. » properties of the real number system, postulates, theorems,
corollaries we have proved thus far.
L. Prove Theorem 3.9.

' PFOVC the corollary to Theorem 3.10.

" Utven: COEIlear points 4, B, C, D as shown; mAC = mBD.
Tove: mAB = mCD,

gven, definitions
and

Exs. 3-4.
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C
4. Given: Collinear points 4, B, C, D as shown; mAC > mBD.

. mAB > mCD. : :
Prove: mAB > mCD 10. Given: Points D and E lie on sides AC and

BC of AABC ass_hown; mAD =
mBE; mDC = mEC.
Prove: AABC is isosceles.

5. Given: LABC with BD and BE as shown.
4,B,C, D, E are coplanar; E

m/ ABD = m/ EBC.

Prove: m/£ ABE = m/ DBC.

6. Given: /ABC with BD and BE as shown.
A,B,C,D,E are coplanar;
mLABE = m/.DBC.

Prove: m/. ABD = m/ CBE.

Ex. 10.

11. Given: A, B, C, D are collinear points;
m/EBC =m/ECB.

7. Given: mPS = mPR: mTS = mOR.
roen:m et e Prove: m/ ABE = m/ DCE.

Prove: mPT = m@

Ex. 11.

2. Given: Points D and E on sides AC and BC
of AABC as shown; m/BAC =
msABC; m£ CAE = m/.CBD.
Prove: m/ EAB = m/ DBA.

8. Given: mZABC = m/ RST and / D :
m£ABD = m/ RSP. B T |4
Prove: m{ DBC = m/ PST. \ ’ '

Ex. 8.
Ex. 12.
9. Given: L ABC = LRST; £ = L6; La = LB.
Prove: £ ABD = /. RSP. D c
13. Given: B¢ L AB; /BAC and £CAD

P T are complementary.

Prove: w/DAB = m/ ABC.
N
R Ex. 13.

Ex. 9.
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14. Given: AD L AB;BC 1L AB; /B = /C.
Prove: 2.4 = C.

A

15. Given: BC 1 AB; £Cisthe complement
of LABD.
Prove: m£C=m/DBC.

Ex. 14.

Theorem 3.11

3.20. Two adjacent angles whose noncommon sides form a straight anj

are supplementary.

Given: /. ABD and 2 DBC are adjacent angles.
£ ABC is a straight angle.
Conclusion: £ ABD is a supplement of ZDBC.

Ex. I5.

Theorem 3.12

3.21. Vertical angles are congruent.

Given: AB and CD are straight lines
intersecting at E, forming
vertical angles Zx and 2y.

Conclusion: £x = Zy.

Proof:

STATEMEN'I‘S
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Theorem 3 12

REASONS

1. AB and CD are straight lines.
9. LCED and ZAEB are straight
angles.
‘3. Zxand Zr are supplementary
angles.
4. Zyand Zrare supplementary

1. Given.
2. Definition of straight angle.

3. Theorem 3.11.

4. Theorem 3.11.

angles.
b, Lx = Ly. 5. Supplements of the same angle
are congruent.
] C
heorem 3.13

Proof: e S
A B
Theorem 3.11.

STATEMENTS REASONS
1. £LABD and £DBC are adjacent 1. Given.

angles. !
9. £ABCis a straight angle. 2. Given. :
3. msABC = 180. 3. The measure of a straight arfg

is 180. 3

4. mLABD+msDBC = mZABC. 4. Angle addition postulate. |
5. mLABD+msDBC = 180. 5 a=bNb=c—>a=C¢c. )
6. £ABD is asupplement of ZDBC. 6. If the sum of the measures Oﬂ

angles is 180, the angles;

supplementary.

-~2. Perpendicular lines form four right angles.

Given: 65 1 .:IT;at 0.
Conclusion: 2 40¢C., £BOC, /BOD, and

LAOD i
Prooj: are right angles.

STATEMENTS

A 0

D

Theorem 3.13.

REASONS
LED | 5w
L iE. )
2 <BOC ifadlt-ol' 1. Given.
right ¢ . .
CMLBOC = 9§,lt angle. 2. 1 lines form a right angle.

3. The measure of a right angle is
90.
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4. LAOB is a straight angle. 4.
5. ZBOC and £AOC are adjacent 5.
angles.
6. £BOC and £AOC are supple- 6
mentary.
7. m{BOC+msA0C = 180. 7.
8. mLAOC = 90. 8
9. m£AOD = m/BOC; 9.
mLBOD = m/AOC.
10. m£AOD = 90; m£BOD = 90. 10.

11. £40C, £BOC, LBOD, £AOD 11.

are right angles.

. Theorem 3.11.

. Subtraction property of equality

Definition of a straight angle.
Definition of adjacent angles.

P
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o]
PQ

The sum of the measures of twg

supplementary angles is 180. D E

Vertical angles are congruent. /
Substitution property of equalit '
Statements 2, 8, 9, and definj
tion of right angle.

3.24. Illustrative Example:

Hlustrative Example.

)

2. m£AOC = m/BOC.

3. mLAOC+m/BOC = m/AOB. 3.
4. £AOB is a straight angle. 4.
5. m£AOB = 180. 5.
6. m/ AOC+ m/BOC = 180. 6.
7. m£BOC+m/BOC = 180. 7.
8. m/ZBOC = 90. 8.
9. L(_)BO(&;I right angle. 9.
10. CD 1 AB. 10.

2. Congruent 4 have equal

¢
Theorem 3.14 / - Gien: AC, DF and GH are straight lines. /GBC = /BEF.
3.23. If two lines meet to form congruent me:' 4ABG = LDEB.
adjacent angles, they are perpendicular. Proof
Given: CD and 4K intersect at O;
’ STATEMENTS
LA0C = £BOC. 4 g/? REASONS
II;”’W:' CD 1 A4B. . ACis a straight line. 1. Given.
roof: . LABC s a straight angle. 2. Definition of straight angle.
| . £4BG is the supplement of ZGBC. 8. Theorem 3.11.
- S R - —DFis a straighr tine 4 Given
{ Theorem 3.14. . LDEF is a straight angle. 5. Same as reason 2.
STATEMENTS REASONS D - LDEB is the supplement of ZBEF. 6. Theorem 3.11.
- LGBC = /BEF. 7. Given.
1. £240C = £BOC. 1. Given. - LABG = £ DEB. 8. Supplements of congruent angles

are congruent.

sures.
Angle addition postulate.
Definition of straight angle. |
The measure of a straight ang
is 180.

Exercises

a=bANb=c—>a=c.

Substitution property of equali4 1 G : :
Division property of equality. ) P’ve"-' CD and CE are straight lines.
Definition of right angle. 3 Tove: LBAD = L ABE.

Definition of perpendict

lines. ; of £BCF.

Prove: /DCB = / ABE.

givn the following exercises give formal proofs, using for reasons only the
€n statements, definitions, postulates, theorems, and corollaries.

£LCAB = £ CBA.

2. .G; < < .
Given: AC, DE, and DF as shown in the figure. £ABE is the supplement
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c 6. Given: AB, ?TD: and EF are c B
D straight lines;
La=/Lb o
Prove: EF bisects 2 BOD. £ ¢ db F
A D
B
, LB ¢ Ex.6
/ \F
E C
D ’ 7. Given: La = Lb;
Ex. 1 Ex.2. e = Ld;
LA= /B
Prove: La= /¢ y <
F A B
A a B Ex. 7.
3. Given: ;173), ((3_[3, and EF are b b c
straight lines; 2b = Zc. . . o B
Prove: La = Lc. c c D 8. Given: AD | AB; BC 1 A4B;
/BAC = /ABD.
E Prove: /. DAC = £CBD.
Ex.3. A B
Ex. 8.
€ C
9. Given: AABC; CD bisects 2 ACB;
4. Given: AB, EC, and CD are £ A4 is the complement of £ACD;
straight lines; Za = Zd. A f ) /B is the complement of ZBCD.
’ Prove: /A = /B
Prove: /b= Lc. y .
E
Ex. 4.
A D B
Ex.9
B
> > D
5. Given: AE and BD intersecting at G; 10. Givr. .
/A is the complement of £ZACB C ven: mAD = mBD;
£ E is the complement of ZDCE. A mAE = mED; .
mBC = mCD. ¢
Prove: /A= LE. P 6G CD
rove: mED = mCD. i
B
Ex 10

Ex.5.
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11.

14.

15.
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Given: mAD = mBD;
mAE = mBC.

Prove: mED = mCD.
Given: mAE = mBC;
- mED = mCD.
Prove: mAD = mBD.

. Given: mED = mCD;

mAE = mED;
mBC = mCD.
Prove: mAE = mBC.

Given: £LABCisastraight Z;
EB bisects £ ABD;
FB bisects (A_QBD.
Prove: EB is | to BE.

!

Exs. 11-13.

(Hint: mZx+miy+mlr+mls= ?;
mix=ml?, mir=ml?).

Given: AB L €D at 0;

msLBOE = m/ DOF.
Prove: m/EOD = m/AOF.
Proof:

STATEMENTS

REASONS

N N N

AB 1 CD.

. ZBOD and £AOD are right 4.

m/ BOE = m/DOF.
m/.BOD = m/AOD.

. mZEOD+m/BOE = m/BOD.
. mLAOF +m/DOF = m/ AOD.
. mLEOD+ m/BOE = m/AOF

+ m/DOF.
s.mZEOD = m/AOF.

N O Ot 00 DO

Why?
Why?
Why?
Why?
Why?
Why?
Why?

. Why?
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F D
16. Given: AB L ID at 0;
m/ BOE = m/ DOF.
Prove: OF 1 OE. A B
Proof: lo
C
Ex. 16.
STATEMENTS REASONS
1. 4B L CD. 1. Why?
2. £BODisaright £. 2. Why?
3. mZBOD = 90. 3. Why?
4. m£BOE+m/EOD = m/BOD. 4. Why?
5. m/BOE+m/EOD = 90. 5. Why?r
6. mLBOE = m/ DOF. 6. Why?
7. m/{DOF+m/EOD = 90. 7. Why?
8. m£LDOF+m/EOD = m/ EOF. 8. Why?
9. m£LEOF = 90. 9. Why?
10. ..OF L OF. 10. Why?
D
P
17. Given: AB L CD; OF L OF.
Prove: /BOE = £FOD.
Prooj." ]
A @] B
Ex. 17. C
STATEMENTS REASONS
(1/:1_B)J_ 1. Why?
?.OEL.... 2. Why?
3. ZBODisa...; LFOEisa. ... 3. Why?
il‘ mL{BOD=...;m/FOE=.... 4. Why?
V. mlP+ml?=mlBOD. 5. Why?
6. mZ BOE + m/ DOE = 90. 6. Why?
7. ms/?+ms? = mlFOE. 7. Why?
8. mL?+ms?=90. 8. Why?
9. LBOEisthe. .. of £DOE. 9. Why?
10. LFODis the . .. of 2DOE. 10. Why.>
11. 2BOE = LFOD. 11. WhV;r’




Summary Tests

Test 1

TRUE-FALSE STATEMENTS

13.

14.
15.
16.
17.
18.
19.

98

One plane and only one plane can contain a given line and a point not on
the line.

. The number % is a real number that is not rational.

Every angle is congruent to itself.
Two acute angles cannot be supplementary.

- e o el O R a3 grve ne
cre 1S €X4d v Sive O 2

. The distance between two points is a positive number.

A postulate is a statement that has been proved.

. Supplementary angles are congruent. -
. The bisectors of two adjacent supplementary angles are perpendicular

to each other.

. Vertical angles have equal measures. . N
. The absolute value of every nonzero real number is positive. o
. If two lines intersect, there are two and only two points that are containe

by both lines.

If two lines intersect to form vertical angles that are supplementary, the
vertical angles are right angles.

A corollary is a thcorem. .

If an obtuse angle is bisected, two acute angles will be formed.

Vertical angles cannot be supplementary.

Adjacent angles are supplementary.

A perpendicular to a line bisects the line.

Two adjacent angles are either complementary or supplementary.

. Itis not possible for vertical angles to be adjacent angles.
. 1tis possible for three lines to be mutually perpendicular.
. A perpendicular is a line running up and down.

93. If two angles are complementary, then each of them is acute.

24. 1t two angles are supplementary, then one of them is acute and the other
is obtuse.

25. 'Two angles are vertical angles if their union is the union of two inter-
secting lines.

Test2

COMPLETION STATEMENTS

1.
2.

A statement considered true without proof is called a(n)

If two angles are either complements or supplements of the same angle
they are

‘3. The sides of a right angle are to each other.
4. The pairs of nonadjacent angles formed when two lines intersect are
called .
5. A(n) angle has a larger measure than its supplement.
6. The bisectors of two complementary adjacent angles forms an angle
whose measure is .
7. Angle 4 is the complement of an angle whose measure is 42.  Angle B is
thesupplement of £4. Then the measure of 2B is .
8. Point B lies on line RS. Line 4B is perpendicular to line RS. Then
ml ABR = .
J. Two angles complementary to the same angle are .
10. The difference between the measures of the supplement and comple-
ment of an angle is .
11. The bisectors of a pair of vertical angles form a angle.
12. The measure of an angle that is congruent to its complement is .
3. The measure of an angle that has half the measure of its supplement is
14.

16.
17.

18,

The sum of the measures of two adjacent angles formed by two intersect-
ing lines is

- For every three distinct noncollinear points, there is exactly one

that contains the three points.

It ms A4 < msB, then the measure of the supplementof 24is_______ the
Mmeasure of the supplement of 2B.

If the noncommon sides of two adjacent angles are perpendicular to each
other, then the angles are

The correspondence between points on a line and the real numbers is
calledthe for the line.




i ir i tionisa_____ .
19. If two planes intersect, their intersect 1 e both lines?
90. If two distinct lines intersect, how many planes can co

Test 3

PROBLEMS

1. Given: AD L DC; AB 1 BCG;
£CDB = /CBD.
Prove: /.ADB = /ABD. 4

9. Given: AB,CD,and EF are straight lines;
EF bisects 2A0C.

Prove: EF bisects ZBOD.

3. Given: ABCD is a straight line;
msa+msc= 180.

Prove: £b= Lc.

4. Given: £BAD = LABC;
/DAC = £ CBD.
Prove: LCAB = /DBA.

100

4/

Congruence — Congruent Triangles

4.1. Congruent figures. Industry today relies a great deal on mass produc-
tion and assembly line manufacture. Often each part of a machine or house-
hold article is made by precision manufacture to have exactly the same
shape and size. These parts are then sent to an assembly plant where the
parts can be fitted together to form a complete unit.

The mass production and repair of automobiles, airplanes, television sets,
automatic washers, refrigerators, and the many other products of modern
industry depend on the manufacture of thousands of parts having exactly the
same shape and size. It is espeei i Hrrepairing
machine that the necessary replacement parts match exactly the original parts.

In this chapter we will study the geometry of figures that have the same
shape and size.

Definition: Two figures are congruent when they have the same shape and
size.  (see §1.19)

The word congruent is derived from the Latin words con meaning “with”
and gruere, meaning ‘“‘to agree.” Congruent figures can be made to coincide,
part by part. The coincident parts are called corresponding parts. The
symbol for congruence is =. This symbol is a combination of the two sym-
bols =, meaning have the same size, and ~, meaning having the same shape.
Thus, AdBC = ADEF meaus AABC is congruent to ADEF.

4.2. Congruence relations. The following theorems are a direct conse-
quence of the properties of the real number system. They can be used to
shorten many proofs of other theorems. Proofs of some of the theorems will
be given; others will be left as exercises.

101
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Congruence Theorems for Segments

Theorem 4.1

4.3. Reflexive theorem. Every segment is congruent to itself.

Given: AB. o

Conclusion: AB = AB. ; .
PVOOf' Theorem 4.1.
STATEMENTS REASONS

1. mAB = mAB. 1. Reflexive axiom (E-1).

9. AB = AB. 2. Definition of congruent segments.
Theorem 4.2

4.4. Symmetric theorem. If AB = CD, thenCD = AB.

Theorem 4.3

4.5. Transitive theorem. If 4B = CD and CD = EF,then AB = EF.

Theorem 4.4

4.6. Addition theorem. If B is between A and C, E between D and F and i

AB = DE and BC = EF, then AC = DF.

Given: AB = DE; BC = EF; Bisbetween Aand C; E is between D and F.

Conclusion: AC = DF.

. | |
Proof: A B C D E
Theorem 4.4.
STATEMENTS REASONS
1. AB = DE; BC = EF. 1. Given.

9. mAB = mDE; mBC = mEF.
3. mAB +mBC = mDE + mEF.

4. Bisbetween 4 and C;
E is between D and F.
5. mAB +mBC = mAC.
mDE +mEF = mDF.
. mAC = mDF.
. AC = DF.

-~ O

9. Definition of congruent segments.
3. Addition property of real num-

bers.
4. Given.

5. Dehfnition of betweenness.

6. Substitution property of equality-
7. Definition of congruent segments.

| [ ] 13
F
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Theorem 4.5

4;'1. Subtractive theorem. If B is between 4 and C, E is between D and F,
AC = DF and BC = EF, then AB = DE.

Congruence Theorems for Angles
Theorem 4.6
4.8. Reflexive theorem. Every angle is congruent toitself. /4 = £ A.

Theorem 4.7

4.9. Symmetric theorem. If /4 = /B,then /B = /A.

Theorem 4.8

4,10. Transitive theorem. If /4 = /Band /B = /C,then /4 = /C.

Theorem 4.9

4.11. Angle addition theorem. If D is-in the interior of ZABC, P is in the

interior of ~RST, /ABD = /RSP, and / DBC = / PST,then ~ABC = /RST.
(See fiigure for Theorem 4.10.)

Theorem 4.10

4.12. Angle subtraction theorem. If D is in the interior of ZABC, P is in

tLh; interior of LRST, L ABC = /RST, and L ABD = /RSP, then /DBC =
ST.

Given: Disin interior of ZABC; P is in interior of ZRST:
£LABC = /RST; /ABD = / RSP.

Conclusion: £DBC = /PST.

Pro()f:

B - S

Theorem 4.10.
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STATEMENTS REASONS
1. D in interior of ZABC; P is in 1. Given.
interior of /ZRST;, /ABC=
/RST; ZABD = /RSP.
2. (a) m£ABC = mLRST. 2. Definition of angle congruence.

(by m£ABD = m/ RSP.

3. msLABC = m/ ABD+m/ DBC,;
m/ RST = m/ RSP+ m/PST.

4. m/ABD+m/DBC = m/.RSP+
m/. PST.

5. m£DBC = m/PST.

6. LDBC = PST.

. Angle addition postulate.
Substitution property of equality
(statement 3 in statement 2a).
Subtraction property of equality §
(statement 2b from statement 4). §
. Definition of angle congruence.

Theorems on Bisectors

Theorem 4.11

then AB = DE.

Given: AC = DF; B bisects AC; E bisects DF.

Conclusion: AB = DE.

Proof: — . )
A B C D E
Theorem4.11.
STATEMENTS REASONS
1. IE = DF; B bisects AC; E bisects 1. Given.
DF.
9. mAC = mDF. 9. AC = DF < mAC = mDF.
3. mAC = mAB + mBC; 3. Segment addition postulate.

mDF = mDE + mEF.

4. mAB + mBC = mDE + mEF.
5. mBC = mAB; mEF = mDE.
6. mAB +mAB = mDE + mDE.
7. mAB = mDE.

8. AB = DE.

SN N E RN

. Definition of bisector of segment
. Substitution property of equality:§
. Division property of equality. :

Substitution property of equalityxv

mAB = mDE <> AB = DE.
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Theorem 4.12

4.14. Angle bisector theorem. If /ABC = /RST, BD bisects £ABC,
SP bisects ZRST, then ZABD = / RSP.

(The proof is similar to that of Theorem 4.11.)

B S

Theorem 4.12.

4.15. Illustrative Example:
Given: LABE = /DBC.
Prove: LABD = (EBC.
Proof: ' D

b

" lustrative Example.

STATEMENTS REASONS

l. ZABE = /DBC.
2. /DBE = /DBE.
8. ZABD = s EBC.

1. Given.
2. Reflexive theorem of = 4.
3. Subtractive theorem of = 4.

Exercises (A)

In the following indicate which statements are always true and which are not
alway& true.
. 4B = €D — 4B = CD.
?- mAB = mCD — AB = CD.
3. A‘ra_y has one, and only one, midpoint.
4 If4B = BC, then B bisects AC.
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S

10.
11.

12.

13.
14.

15.

16.
17.
18.
19.
20.
21.
22.

Exercises (B)

€a

same manner shown in the following example. E D

. AB = BA. L o
If AB = RS and RS = CD, then AB = CD.
| | 1 | |
A B C D E
Exs. 7-11.

If B bisects AC, then AB = BC.

1f AB = BC, then AC = BD.

If B bisects AC and D bisects CE, then AB = DE.
If BC = DE, then BD = CE.

If AD = BE, then AB = DE.

If £4GC = /CGE and LAGB = £LDGE,

then 2ZBGC = £DGC.

If 2.DGA = £BGE, then LAGB = LEGD.
/AGD = /BGE.

ms/DGA = msBGC+ msDGC+mLAGB.

Exs. 12-15.
C 4

If D bisects AC and E bisects BC, then AD = BE.
L CFE = /MFA. -
HCM 1 AB, then £AMC = £ BMC. b
If CM bisects ZACB, then AM_.% BM. e
If F bisects AE, then F bisects BD.
If ZAFM = /BFM. Then £CFA = /CFB.
£/ AFC and £ BFC are vertical angles.

A M B

Exs. 16-22.

By using the theorems on congruence, what conclusions can be drawn 11
ch of the following exercises? Write your conclusions and reasons in the]

Illustrative example:

Given: LAED = /CDE; £/ DEB = /LEDB.
Conclusion: LAEB = LCDB.

Reason: Angle subtraction theorem.

A B

Hlustrative Example.
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1. Given: AB = FE; BC = ED. F E D
9. Given: Bbisects AC; E bisects FD;
AC = FD.
3. Given: FB and AEbisect each other at G; G
AE = FB.
4. Given: AE 1 FB.

A B C

Exs. 1-4.

5. Given: LDAB = LCBA; LBAG = LABE. 2 H <

6. Given: HF bisects both ZEJG and £ AJB;

LEJG = L A]B. E G

7. Given: AE = ED; ED = EG. J

8. Given: A_(_? = BE; HF bisects both

: AG and BE atJ. A F B
Exs. 5-8.

4.16. Corresponding parts of geometric figures. Congruent figures can be
made to coincide, part by part.  For example, in AABC and ADEF of Fig. 4.1,
if it is possible to move the triangles so that the three vertices and the three
sides of AABC fit exactly the three vertices and the three sides of ADEF,
the triangles are congruent to each other. We write this fact as AABC =
ADEF. (It should be understood that the triangles need not actually be
moved, but themovement is done abstracdyinthemind )

C F

A B D E

Fig. 4.1.

This matching of vertices and sides of a geometric figure is called a one-to-
one correspondence. 'The matched parts are called corresponding parts.
Thus we speak of corresponding sides and corresponding angles. 'The matching-
up scheme of corresponding vertices can be shown by the symbolism: 4 < D,
B < E,C < F. Wecan also show this matching by writing ABC <> DEF.

Thus given a correspondence ABC <> DEF between the vertices of two
triangles, if each pair of corresponding sides are congruent, and if each pair
of corresponding angles are congruent, then the correspondence ABC <
DEF is a congruence between the two triangles.
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Two triangles can be matched-up six ways.  Other ways of matching A4BC |
and ADEF are:
ABC <> FED ABC <> EFD  ABC < DFE
ABC <> FDE ABC <> EDF

In Fig. 4.1, it the matching ABC <> DEF gives a congruence, we can state |
that AC and DF are corresponding sides, and /BCA and £EFD are corre-
sponding angles. Can you find the other pairs of corresponding sides and f
corresponding angles? ‘

Two scalene triangles can have only a single one-to-one correspondence §
which will give a congruence. Twoisosceles triangles can have two one-to-one |
correspondences which will give congruence.

T M

Fig. 4.2

In Fig. 4.2, if RT = 3T and KM = I'M, the two correspondences RST <—’
KLM and RST <> LKM might give congruences. We will determine later]
what additional conditions must be known before the triangles can be proved!
congruent to each other. i

The order in which matching pairs of vertices are given is not importanty
in expressing a congruence and the vertex you start with is not importantg
In Fig. 4.3, we could describe the one-to-one correspondence in one line 2
DEFG <> HK]JI or EFGD <> KJIH. There are two others. Can you find
them?  All that matters is that corresponding points be matched.

Fig.4.3.
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. . T
one-to-one correspondence in which every vertex

is matched with itself'is called the identity congruence.
Thus
ABC < ABC

is an identity congruence.
For the isosceles triangle RST (Fig. 4.4), where
RT = ST, itcan be shown that, under the one-to-one
correspondence RST <> SRT, the figure can be R S
made to coincide with itself. Fig. 44.

Exercises

1. Draw a AGHJ and a AKLM. List all the possible matchings of the second
triangle with the ordered sequence GHJ of the first triangle.

2. It the matching RST <> LMK gives a congruence between ARST and

" ALMK, list all the pairs of corresponding sides and corresponding angles
of the two triangles.

3. Write down the six matchings of equilateral A4BC with itself, beginning
with the identity congruence ABC < ABC.

4. Write down the four matchings of rectangle ABCD with itself.

5. In matching AABC with ARST, AC and RT were matched as correspond-
ing sides. Does it then follow that (1) B and £S are corresponding
angles? (2) BC and ST are corresponding sides?

6. Which of the following figures form matched pairs that are congruent to
cach other?

(a) (b) (c)

(d) (e) ()

Prob. 6.
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7-12. In each of the following use ruler and protractor to find which triangles
seem to be congruent. Then indicate the pairs of sides and angles in
the triangles which seem to match in a congruence.

C\ D c
B A B

A
Ex. 7. Ex. 8
A B C b A B C D
Ex. 9. Ex. 10.
e . C,,,,,,,,
’ c B x B
A B D
Ex. 11. Ex. 12.

4.17. The triangle is a rigid figure. Much of our study of congruence of ]
geometric figures deals with triangles. The triangle is the most widely used j
of all the geometric figures formed by straight lines. The triangle is rigid in §
structural design. If three boards are bolted together at 4, B, and C, as |
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shown in Fig. 4.5, the shape of the triangle
is fixed. It cannot be changed without
bending or breaking the pieces of wood.
However, if we bolt together four (or more)
boards, forming a four-sided figure as
shown in Fig. 4.6, the shape of the frame
can be changed by exerting a force on one
of the bolts. The measures of the angles
formed by the boards can be changed in
size even though the lengths of the sides of
the figure remain the same. The frame of Fig.4.5.
Fig. 4.6 can be made rigid by bolting a
board across D and F (or E and G), thus forming two rigid triangles.

The rigidity of triangles is illustrated in the practical applications of this
property in the construction of many types of structures, such as bridges,
towers, and gates (Fig. 4.7).

4.10. Congruence of triangles. The engineer and the draftsman are con-
tinually using congruence of triangles in their work. By applying their know-
ledge of congruent triangles, they are able to study measures of the three
sides and the three angles of a given triangle and to compute areas of triangles.
Often they apply this knowledge in constructing triangular structures which
will be exact duplicates of an original structure.

Definition: If there exists some correspondence ABC <> DEF of the ver-
tices of AABC with those of ADEF such that each pair of corresponding sides
are congruent-and-—each- pmrﬁ%f@frespﬁﬁ&mg—afrgies—zre—tﬁngmemfthe
correspondence ABC <> DEF is called a congruence between the triangles.
The triangles are congruent triangles. Or we may state that A4BC is con-
gruent to ADEF, written AABC = ADEF.

Fig. 4.6.
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Fig.4.7.

= ADEF (Fig. 4.8), we know six relationships between the

£ s, O & S5

Thus, if AABC

mAB = mDE AB = DE
mBC = mEF BC = EF
mAC = mDF AC = DF
msA=msD LA= /D
miB=mlE /B=/E
mlC=mlF LC=LF

The equations in the left column and the congruences in the right columnj
mean the same thing. They can be used interchangeably. 4
In Section 9.2 we will introduce a third way to indicate congruency of segments. §

C F

Fig.4.8.
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4.19. Basic congruence postulate. Although we defined two triangles as
congruent if three pairs of sides and three pairs of angles are congruent,
triangles can be proved congruent if fewer pairs of corresponding parts are
known to be congruent. 'We must first accept a new postulate.

Postulate 17 (the S.A.S. postulate). Two triangles are congruent if two sides and
the included angle of one are, respectively, congruent to the two sides and the included
angle of the other.

This postulate states that, in Fig. 4.9, if AB = ED, AC = EF,and £A = /E,
then AABC = ADEF.

A& ! B D - —E
Fig. 4.9.
The student often will find that he is aided in making a quick selection of

the congruent sides and congruent angles in the two triangles by designating
them with similar check marks for the congruent pairs of congruent sides and

congruent angies. In this text we will frequently use hash marks to indi-
cate “given” congruences. Thus, in Fig. 4.10, if it is given that AC = DE,
4B = DB, AC L AD and DE 1 AD, the student can readily see which are the
congruent pairs.

Lt will also be helpful if, in proving a
congruence for two triangles, the stu-
dent names the triangles in such a way
as to indicate the matching vertices. | . | D
For example, in Fig. 4.10, since ABC <
UBE can be proved a congruence, it
would be more explicit to refer to these E
triangles as “AA4BC and ADBE” rather
than, say, “A4BC and ADEB.” Al
‘t‘hough the sentence “AABC = ADEB” can be proved correct, the sentence

AABC = ADBE” will prove more helpful since it aids in picking out the
corresponding parts of the two figures.

Itis important that the student recognize, in using Postulate 17 to prove
tangles congruent, that the congruent angles must be between (formed by)

Fig. 4.10.
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T the corresponding congruent sides. If
the congruent angles are not between the
two known congruent sides, it does not
necessarily follow that the correspon- .
dence will give a congruence. In ARST ]
and AKLM (Fig. 4.11) note that, though
RS = KM, ST = ML, and ZR = /K, the
triangles certainly are not congruent.

4.20. Application of Postulate 17. In {
Postulate 17 we have stated that two tri-
angles, each made up of three sides and
three angles, are congruent if only three |
particular parts of one triangle can be §
shown congruent respectively to the three §
corresponding parts of the second triangle. Hereafter, when we are given ;
any two triangles in which we know, or can prove, two sides and the included
angle of one triangle congruent respectively to two sides and the included
angle of the other, we can quote Postulate 17 as the reason for stating that the -
two triangles are congruent. ]

It is essential that the student memorize, or can state the equlvalent in his 3
own words, the statement of Postulate 17 because he will be required fre- ';
quently in subsequent proofs to give it as a reason for statements in these
proofs. After the student has shown competence in stating the postulate, the 3
instructor may permit him to refer briefly to it by the abbreviation S.A.S.

(side-angle-side). ~ This abbreviation will be used hereafter in this text:

Once Postulate 17 is accepted as true, it becomes possible to prove various §
congruence theorems for triangles. We will next consider a theorem and |
two other examples of how this postulate can be used in proving other con- |
gruences.

Theorem 4.13

4.21. If the two legs of one right triangle are congruent respectively to the
two legs of another right triangle, the triangles are congruent. :
Given: AABC and ADEF with AC = DF,

BC = EF; 2C and LF are right 4.
Conclusion: NABC = ADEF.
Proof:

=

Theovem 4.13. A ‘

Q
ol
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STATEMENTS REASONS
. AC = DF; BC = EF. 1. Given
9. £Cand ZF are right 4. 2. Given.
. LC=LF. 3. Rightangles are congruent.
4. ANABC = ADEF. 4. S.AS.
C
4,22. Illustrative Example 1: The bisector of the
vertex of an isosceles triangle divides it into two
congruent triangles. xp
Given: Isosceles triangle ABC with AC = BC; CD
bisects £ACB.
Conclusion: NADC = ABDC.
Proof:
A ) B
Hllustrative Example 1.
STATEMENTS REASONS
l. AC = BC. 1. Given.
2. CD = CD. 2. Reflexive theorem of segments.
3. CD bisects ZACB. 3. Given.
4 La = L8 ~4. A bisector_divides an angle into

two congruent angles .

5. AADC = ABDC. 5. S.A.S.
4.23. Illustrative Example 2: c
Given: The adjacent figures with AD
and CE bisecting each other
at B. A D
Conclusion: AABC= ADBE. .
P roof: Hlustrative Example 2.
STATEMENTS REASONS F
I. 4D and CE bisect each other at B. 1. Given.
2. B4 = BD. 2. Definition of bisector.
3. BC = BE. 3. Reason 2.
4 LABC = /DBE. 4. Vertical angles are congruent.
5. AABC = ADBE. 5. S.A.S.
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4.24. Use of figures in geometric proofs. Every valid geometric proof D c T } s
should be independent of the figure used to illustrate the problem. Figures |
are used merely as a matter of convenience. Strictly speaking, before
Example 2 could be proved, it should be stated that: (1) 4, B, C, D, and E are | A s {
five points lying in the same plane; (2) B is between 4 and D; and (3) B is } P R
between C and E. ? Ex.5. Ex.6
To include such information, which can be inferred from the figure, |
would make the proof tedious and repetitious. In this text it will be permis- | Q N
sible to use the figure to infer (without stating it) such things as betweenness, | U T
collinearity of points, the location of a point in the interior or the exterior of |
an angle or in a certain half-plane, and the general relative position of points, §
lines, and planes.
The student should be careful not to infer congruence of segments and | R S M P
angles, bisectors of segments and angles, perpendicular and parallel lines § Ex.7 Fx. 8
just because “‘they appear that way” in the figure. Such things must be ‘
included in the hypotheses or in the developed proofs. It would not, for -
example, be correct to assume ZA4 and 2D are right angles in the second c D F G
example because they might look like it. ] v
Exercises (A) 0 %N
The triangles of each of the twelve following problems are marked to show § A
. . . . h. h b ” A B
congruent sides and angles. Indicate the pairs of triangles which can be } D E
proved congruent by Postulate 17 or Theorem 4.13. Fx. 9 .
c F o
//@\\ s W
+ T M N @,
R T
[)
A E \\@/e/
B D S
Ex. 1. Ex.2. R T
¢ Ex. 11
F E Exercises (B) c E
Prove the following exercises:
1 ] | | 13. Given: AE L AB; DE 1 BD;
A ‘ B D A ' B D AC = DE; B bisects AD. A B D
Ex 3 Ex 4. Conclusion: AABC = ADBE. Ex. 13,
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_ .. . C
14. Given: AD and BE intersecting at C; E D 19. Gwen: Is_osaeliAAB(J with
CE = CB- AC = DC. AC = BC; D the mid-
Conclusion: ANABC = ADEC. C point of AC; E the D E
midpoint of BC.
A B Conclusion: NACE = ABCD. A B
Ex. 14 Ex. 19,
Q
15. Given: QS L RT; S bisects RT. _ ) S
Conclusion: ARSQ = ATSQ. 20. Given: AQRS with LSQR = /SRQ;
T the midpoint of QS;
R S r W the midpoint of RS;
Ex. 15. QS = RS. T w
Conclusion: ATQR = AWRQ.
) D C
16. Given: £DAB = /CBA; EA = BF.
Conclusion: NABE = ABAF. E F Q R
Ex. 20.
Theorem 4.14
A B 4.25. If two triangles have two angles and the included side of one con-
Ex. 16. | gruent to the corresponding two angles and the included side of the other,
. P g g
1 the triangles are congruent.
R "
\ C
_ s ]
17. Given: RS = QT, PS = PT,;
LRTP = /QSP. R
Conclusion: ARTP = AQSP. A | B D
T n Theorem 4.14.
Q Ex. 17, ] Gren: AABC and ADEF with 24 = +D, /B = (F, AB = DE.
Conclusion: NABC = ADEF.
Pro()f;-
C
18. Given: AC = AD: BC = BD: /‘ B STATEMENTS REASONS
La= L0, L3 = L. A B | 7%~ 75 _ ]
Conclusion: NAABC = AABD. ¥ 2' 4B = DE, 24 .= LD‘. L. Given.
gl - On DF there is a point H such 2. Point plotting postulate.
D that mDH = mAC.
Ex. 18, 3. Draw AE. 3. Two points determine a line.
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4. ANABC = ADEH. 4. S.A.S. :

5. LDEH = /B. 5. Corresponding 4 of congruent;
A are = to each other. ‘

6. LB = LE. 6. Given.

7. /DEH = (/E. 7. Congruence of 4 is transitive.

8. EH and EF are the same ray. 8. Angle construction postulate.

9. H=F. 9. Two lines intersect in at most}
one point. f

10. AABC = ADEF. 10. Replacing H of Statement 4 by R

(from Statement 9).

It will be noted that in drawing the figure for the proof of Theorem 4.14
the point H is shown between D and F. The point could just as well bg
drawn with F between H and D. This would not alter the validity of the
proof. The abbreviation for the statement of this theorem is A.S.A. ‘

Theorem 4.15

4.26. If a leg and the adjacent acute angle of one right triangle are con —
gruent respectively to a leg and the adjacent acute angle of another, the righ
triangles are congruent. '

T
| i 1

A ‘ c D 1T F

Theorem 4.15.

Given: Right A ABC and DEF with £A = 2D, leg AC = leg DF, £C and £H
are right angles. '
Conclusion: AABC = ADEF.

Proof:

STATEMENTS REASONS

1. £A = 4D. 1. Given.

2. ZCand £F are right 4. 2. Given.

3. £LC= LF. 3. Right angles are congruent.
4. AC = DF. 4. Given.

5. .. AABC = ADEF. 5. A.S.A.
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C
4.27. Illustrative Example 1:
Given: CDbisects ZACB; CD L AB.
Conclusion: AADC = ABDC.
Proof:
Hlustrative Example 1. A : [: B
STATEMENTS REASONS
1. CD bisects ZACB. 1. Given.
9. £LACD = £BCD. 2. A bisector divides an angle into
o two congruent angles.
3. CD 1L AB. 3. Given.
4. £LADC and ZBDC are right angles. 4. Two perpendicular lines form
right angles.
5. £ADC = LBDC. 5. Right angles are congruent.
6. CD = CD. 6. Congruence of segments is
reflexive.
7. .AADC = ABDC. 7. ASA.

"T'he student will note how the method of modus ponens has been applied in
the above proof. The logic used could be written:

(a) 1.
2.

(b) 1.
2.

wro —

A bisector divides an angle into two congruent angles.
CD bisects £ ACB.
ZACD = /BCD.

Two perpendicular lines form right angles.
CD is perpendicular to AB.
£ADC and £BDC are right angles.

Allright angles are congruent.
£ADC and 2BDC are right angles.
LADC = £BDC.

- It two triangles have two angles and the included side of one

congruent to the corresponding two angles and the included side of
the other, the triangles are congruent.

£LACD = /BCD; CD = CD; /. ADC = /BDC.

AADC = ABDC. '
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4.28. Illustrative Example 2:

Given: AB 1 BC,DC L BC,
LABD = /DCA.

Prove: NABC = ADCB.

Proof:
Hlustrative Example 2. B = C
STATEMENTS REASONS
1. AB L BC:DC 1 BC. 1. Given. i
2. £ABC s aright angle; 2. Perpendicular lines meet to form
£DCB is aright angle. right angles. ‘
3. LABC = LDCB. 3. Right angles are congruent.
4. LABD = £DCA. 4. Given.
5. ZDBC = £ ACB. 5. Subtraction of angles theorem.
6. LACB = £DBC. 6. Symmetric theorem of = angles.
7. BC = BC. 7. Reflexive theorem of congruent §
segments.
8. -.AABC = ADCB. 8. AS.A.

Exercises (A)

The triangles of each of the following ten problems are marked to show
Indicate the pairs of triangles that can be §

congruent sides and angles.
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Vv T

=7

D E
g |
A

G

Ex.5
C
B
Ex. 7
M
B
9

T
1 C
proved congruent by Theorem 4.14 or Theorem 4.15. (See figures for ;
Exercises 1 through 10.) M N
i ‘ D
A
C E
A C
| | E R S
) — 3 Ex.9. Ex. I0.
Ex. 1. B Ex.2
N
Exercises (B
C es( ) D E
Prove formally the following exercises: :
1. Given: AFE and BD bisect each ¢
other at C; DE 1 BD;
A B D L T M AB 1 BD. A B
Ex. 3 Fx 4 Conclusion: AABC = AEDC. Ex. 11.

R
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19. Given: VR |. RT; WI 1 RT,;
S the midpoint of RT;

RSV = £/ TSW.
Conclusion: ARSV = ATSW. R T

14 w

Ex. 12

13. Given: PQ bisects ZMPN;
PQ L MN.
Conclusion: AMQP = ANQP.

14. Given: R, S, T are collinear;

mLRSW = mZ RSV R > 7

‘ ms RTW = m/RTV.
} Conclusion: ASTW = ASTV

C
15. Given: AC = BC;
D is the midpoint of AC; D E
E is the midpoint of BC;
LAEC = /BDC. A B

Conclusion: NAEC = ABDC.

Ex. 15
c
16. Given: AABC is equiangular;

D is the midpoint of AC;

E is the midpoint of BC; b ”

ZABD = /BAE.

Conclusion: ANABD = ABAF. A B

Ex. 16
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M

17. Given: MS 1 SN; NG 1L MG;
ST = TG.
Conclusion: ASTM = AGTN.

18. Given: CD = CB;
AB 1 CF, ED 1 iC.
Conclusion: NABC = AEDC.

S
=

Fx. 18.

19. Gwen: A, D, E, B are collinear;
AC = BC;
LA = /B;
/ACD = £/ BCE.
Conclusion: ANAEC = ABDC.

20. Given: R, S, T, W, are collinear;
PS = PT;
mloa= m/f3;
mLy = msé. .
Conclusion: ARSP = AWTP. vy @

Ex. 20.

4.29. Corresponding parts of congruent triangles. The chief value in prov-
ing triangles congruent lies in the fact that when two triangles are congruent
we know that the corresponding sides and angles of the trmngles are congruent. In
tWo congruent triangles a pair of corresponding sides is found opposite a
pair of corresponding angles. Conversely, corresponding angles are formed
Opposite corresponding sides.

We have been using hypotheses, definitions, postulates, and theorems thus
fcu to prove line segments and angles congruent. Now, if we can prove two

figures congruent, we have still another means of determining congruent
lines and angles.
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o
Theorem 4.16
4.30. The base angles of an isosceles triangle
are congruent. L
Given: lsosceles AABC with AC = BC.
Conclusion: /A = /B.
Proof: ;
Theorem 4.16. A B

STATEMENTS REASONS
Consider the correspondence ABC
< BAC.
1. AC = BC. 1. Given. ;
2. BC = AC. 2. Symmetric property of con- |

gruence.
3. £C = LC. 3. Reflexive property of congruence. }
4. AABC = ABAC. 4. SAAS. :
5. /4 = /B. 5. Corresponding parts of con- §

gruent ﬁgures are congruent.

4.31. Corollary: An equilateral triangle is also equiangular.

4.32. Illustrative Example.

Joining the midpoints of the congruent sides

The segments c

/\
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. Qis the midpoint of AB.
40 =50

. ANAQM = ABQON.

- MQ = NQ.

[&1%

op}

0 ~3

5. Given.

6. Definition of midpoint.

7. S.AS.

8. Corresponding parts of congru-
ent triangles are congruent.

Exercises (A)

Prove the following exercises:

1. Given: RP bisects ~TRS, PT L RT,
PS 1 RS,RT = RS.
Conclusion: PT = PS.

2. Guwen: Cis the midpoint of AD
and BE.
Conclusion: /E = /B,

/T<
R P
\S<

Ex. 1.
E D
X

A B
Ex. 2.

c
VAN

ot am isosceles triangle to the midpoint of the

base are congruent.

Given: I_&sceles triangle ABC wi& AC =
BC, M the midpoint of AC, N the

— M, N

midpoint of BC, and Q the midpoint

of AB.
Prove: ]\TQ = ]TQ
P r00f: Ilustrative Example. 4

Q@
STATEMENTS REASONS
1. AC = BC. 1. Given.
2. M is the midpoint of AC, 2. Given.
N is the midpoint of BC.

3. AM = BN. 3. Theorem4.11.
4. /A= /B. 4. Theorem 4.16.

3. Given: AC = BC, AD = BD.
Conclusion: £ CAD = /. CBD.
(Hint: Draw AB.)

4. Given: AC bisects £ PAT:
AP = AT.
Conclusion: £ PBC = /. TBC.
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5. Given: AD 1 AB;

BC 1 E;

AD = BC.
Conclusion: /D = /(.

6. Given: PQ = TQ;
£QPS = £QTR.
Conclusion: /R = /8.

7. Given: R_,S, T, P are collinear:

>

RQ = PQ;
la=sa.
Conclusion: 2 QST = £ QTS.

D
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T

10. Given: RT = ST, RP = SP.
Conclusion: /RSP = /SRP.

Ex. 10.
Exercises (B)

In the following exercises draw the figures to illustrate the problem,
determine the given, the conclusion, and give a formal proof of the problem.

11. 1f the two legs of a right triangle are congruent respectively to the two
legs of a second right triangle, the hypotenuses of the two triangles are
congruent.

12. The line joining the vertex and the midpoint of the base of an isosceles
triangle is perpendicular to the base.

13. The bisector of the vertex angle of an isosceles triangle is perpendicular
to.and bisects the base

8. Given: LDAB = /CBA;
ZDBA = /£ CAB.
Conclusion: AD = BC.

9. Given: A, B, C, D are collinear
AB = CD;
BE = CE;
Conclusion: £A = /D.

>

14, Tf the line joining the vertex B of triangle ABC to the midpoint of the

opposite side AC is extended its own length to E, the distance from E to C
will equal mAB.

15. The lines joining the midpoints of the sides of an equilateral triangle
form another equilateral triangle.

4.33. Lines and angles connected with triangles. Any one of the three
sides may be designated as the base of a given triangle. The angle opposite
the base of a triangle is called the vertex angle. A triangle has three bases
and three vertex angles. The angles adjacent to the base are termed base
angles.

Definition: A segment is an alfitude of a triangle iff it is the perpendicular
Segment from a vertex to the line containing the opposite side. Every tri-
angle has three altitudes.

The dotted line segments of Fig. 4.12 illustrate the three altitudes of an
acute and an obtuse triangle.
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Fig. 4.12.

Definition: A segment is a median of a
triangle iff its endpoints are a vertex of the 4
triangle and the midpoint of the opposite
side. Every triangle has three medians. §
The dotted line segments of Fig. 4.13 illus- §
trate medians of a triangle. It can be shown
that the three medians of a triangle pass §
through a common point.

Definition: An angle bisector of a triangle is a segment which divides an §
angle of the triangle into two congruent angles and has its endpoints on a
vertex and the side opposite the angle. BDis the bisector of 2B of AABC in
Fig. 4.14. Every triangle has three angle bisectors. It can be shown that 3
the three angle bisectors meet in a common point which is equidistant from §
the three sides of the triangle.

Fig. 4.15.

Definitions: If S is between R and Q, then £QST is an exterior angle of §
ARST (Fig. 4.15). Every triangle has six exterior angles. These exterior §
angles form three pairs of vertical angles. ZR and 4T are called nonadjacent §
interior angles of £ QST. ‘
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Theorem 4.17

4.34. The measure of an exterior angle of a triangle is greater than the
measure of either of the two nonadjacent interior angles.

Given: NABC with exterior ~CBE.
Conclusion: m/ CBE > m/.C;
m/CBE > m/ A.

Proof:
Theorem4.17.
STATEMENTS REASONS
1. Let M be the midpoint of BC. 1. Every segment has one and only
one midpoint.
2. BM = CM. 2. Definition of midpoint.
3. Let D be a point on the ray 3. Segment construction postulate.
opposite MA, such that MD =
4. Draw BD. 4. Postulate 2.
5 ZBMD = LCMA. 5. Vertical angles are congruent.
6. ABMD = ACMA. 6. S.AS.
7. mLMBD =m/C. 7. Corresponding 4 of = A are =.
8. m/{CBE = m£MBD+m/DBE. 8. Postulate 14.
9. m£ CBE = ms£C+m4DBE. 9. Substitution property.
10. m/.CBE > m/C. 10, c=a+bAb>0—>¢c>a

mZCBE can be proved greater than m£A4, in like manner, by taking M as
the midpoint of 4B and drawing CM.
Theorem 4.18

4.35. If two triangles have the three sides of one congruent respectively to
the three sides of the other, the triangles are congruent to each other.
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C F
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\\L//
N
G AN
AN

J N Theorem 4.18.

Given: ANABC and ADEF with
AB = DE,BC = EF, AC = DF.
Conclusion: NABC = ADEF.

Protf'
STATEMENTS REASONS
1. AB = DE. 1. Given.

2. There is a ray AH such that
£{BAH = /EDF, and such that
C and G are on opposite sides of
AB.

3. There is a point G on AH such 3. Point plotting postulate.
that 4G = DF.

2. Angle construction postulate.

4. Draw segment BG. 4. Postulate 2.

5. AABG = ADEF. 5. S.A.S.

6. AC = DF. 6. Given.

7. AG = AC. 7. Theorem 3.4. ]

8. BG = EF. 8. Corresponding parts of = A }
are =,

9. BC = EF. 9. Given.

10. BG = BC. 10. Theorem 3.4.

11. Draw segment CG. 11. Postulate 2.

12. ZACK = £ AGK. 12. Theorem 4.16.

13. £BCK = /BGK. 13. Theorem 4.16.

14. £ACB = / AGB. 14. Angle addition theorem.

15. £LAGB = / DFE. 15. Reason 8.

16. LACB = £ DFE. 16. Congruence of 4 is transitive.

17. AABC = ADEF., 17. S.A.S.

[S5)

Exercises (A)

1. Given: RT = RU; TS = US.
Prove: (a) ARTS = ARUS.
(b) RS bisects £ TRU.

2. Guven: Isosceles AABC with
AC = lﬁ;
CD bisects £ ACB.
Prove: (a) NADC = ABDC.
(b) AD = BD.
(c) CD 1 AB.

. Grven: m = KIL;
JL = KM.
Prove: (a) 4 M = /1.
() LLJK = /7

() LLKM = /7

4. Given: AC = BC;

AD = BD.

Prove: CDis the perpendicular

bisector of AB.
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T
U
Ex. 1.
C
A D B
Ex. 2.
M L
J K
Ex. 3.
C
A \IM/B
D

Ex. 4.
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T Exercises (B) Recomm—— Yok 8
. e 9. In the figure for Ex. 9 it is de- \\\\\\ ,/,//////
5. Gwen: RT = R,_7:; sired to determine the distance <P
RS = R'S’; . e R 2 S between two stations R and S on //// \\\\\
median TP = meldl,an/ TP opposite sides of a building. Ex- e T > N
Prove: (a) ARPT = AR, FI) Y; ‘ T plain how two men with only a Ee 9
(6) ARST = AR'S'T". tape measure can accomplish the e
task. Prove your method.
R P S P
10. Describe a means of, with ~
B tapeand protractor, measur- = ——————
ing roughly the distance GP ’\f—'v:xﬁ?ft*
A F_ g across a stream. Prove the
validity of the method.
6. Given: AE, BD, and FG are straight lines.
Ic = E; c Ex. 10. H
DC = BC. 11. Prove that the median to the base of an isosceles triangle equals the alti-
Prove: (a) AABC = AEDC. b tude to that base.
(6) AAFC = AEGC. ¢ 12. Prove that the medians to the two congruent sides of an isosceles triangle
Ex.6. are congruent.
13. Prove that, if the median of a triangle is also an altitude of that triangle,
the triangle must be isosceles.
¢ 14. Prove that, if a point on the base of an isosceles triangle is eqmdlstant
,. O — A from the m*dpemts@%{hefeﬁgfueﬁtﬂderthepemtbﬁeetstheﬁaw
7. Given: Isosceles AABC with AC = = BC: o 15. Prove that the intersection of the perpendicular bisectors of any two sides
M, N, P, are midpoints of AC, BC, M N of a triangle are equidistant from the three vertices of the triangle.
and 4B respectively.
Prove: LAPM = /BPN.
A 3 B
Ex. 7
P
8. Given: RP = LP;
RS=1LT 5
PS = PT.
Prove: (a) ARTP = ALSP.
() £PSR = /PTL. RL— L
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Summary Tests :

Test1

COMPLETION STATEMENTS . )

1.

ST

L XN

f—
o
=

. The side of a right triangle opposite the right angle is called the

An___ angle of a triangle is an angle formed by one side of the tr"v
angle and the prolongation of another side through their common point.-
A ofa trlangle is the line segment joining a vertex and the mld

3. Two triangles are congruent if two sides and an angle of one are = respec-
tively to two sides and an angle of the other.
4. Two triangles that have = bases and = altitudes are congruent.
5. The bisectors of two adjacent supplementary angles are perpendicular
to each other.
6. The bisectors of two angles of a triangle are perpendicular to each other.
7. Two equilateral triangles are congruent if a side of one triangle is = to a
side of the other.
8. 1f the sides of one isosceles triangle are = to the sides of a second isosceles
triangle, the triangles are congruent.
9. The altitude of a triangle passes through the midpoint of a side.
10. The measure of the exterior angle of a triangle is greater than the
measure of either of the two nonadjacent interior angles.
11. An exterior angle of a triangle is the supplement of at least one interior
angle of the triangle.
12. 1f two triangles have their corresponding sides congruent, then the corre-
sponding angles are congruent.
13. If two triangles have their corresponding angles congruent, then the
corresponding sides are congruent.
14. No two angles of a scalene triangle are congruent.
15. The sides of triangles are lines.
16. There is possible a triangle RST in which ZR = £T.

3
PPO = O cd ;

Corresponding sides of congruent trlangles are found opposite the
angles ofthe trlanqles !

o TTARST = ASTR, then ARST1s equilateral.
18. Adjacent angles are supplementary.
19. The supplement of an angle is always an obtuse angle.

A - z ATIZIC C C SCY C ATdwW d VT X perpe
dicular to the opposite side.

parts of congruent triangles are congruent.
The bisector of the vertex angle of an isosceles triangle is
base.
The______ angles of an isosceles triangle are congruent.
If the median of a triangle is also an altitude, the triangle is

The bisectors of two supplementary adjacent angles form a

Test 2

TRUE-FALSE STATEMENTS
1.

136

Two triangles are congruent if two angles and the side of one are cond
gruent respectively to two angles and the side of the other. f
If two right triangles have the legs of one congruent respectively to th

two legs of the other, the triangles are congruent. r

.

20. A perpendicular to a line bisects the line.

21. The median to the base of an isosceles triangle is perpendicular to the
base.

22. An equilateral triangle is equiangular.

23. If two angles are congruent their supplements are congruent.

24. The bisector of an angle of a triangle bisects the side opp051te that angle.

25. 1f two isosceles triangles have the same base, the line passing through their
vertices bisects the base. c

Test 3

EXERCISES

1, Supply the reasons for the statements in

~ the following proof: E
Given: AC = BC; AD = BD. 4 B
Prove AB 1 CD.

TOOJ‘ Ex. 1. D
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STATEMENTS REASONS ’5I

f—

1. AC = ZT; AD = BD.
LCAE = / CBE;
/DAE = / DBE.

ho
e

3. £DAC = /DBC. 3.
4. ADAC = ADBC. 4.
5. LACE = /BCE. 5.
6. CE = CE. 6. j
7. NACE = ABCE. g
o TAmC =LBEC. 0. Parallel and perpendicular lines
T
K
5.1. Parallel lines. Paralle] lines are commonplace in the everyday exper-
: iences of man. Hlustrations of parallel lines are the vard markers on 2
M N 1 football field, the top and bottom edges of this Page, a series of vertical
Y fence posts, and the rails on which the trains run. (See Fig. 5.1.)
4 Parallel lines occur in a number of geometric figures. These lines have
g certain properties that produce consequences in these figures. A knowledge
k- of these consequences is useful to the craftsman, the artisan, the architect,
G H rJ R S - and the engineer.
Ex.2. b3 7 Just as we began our study of congruent triangles with a definition of
. . .. congruent triangles and with certain accepted ostulates, so we will begin
2. Given: AGJK with . 3. Given: Is_oscwel%.ARS; with . mu-g;rudy of pariﬂcl lines with a definition fnd a I};ostulate. By means of tiis
HK = IK;CH =1]. é{;/}: dR,{Tne s definition and postulate and the theorems already proved, we shall prove
Prove: GK = JK. Prove: SHT inﬁ; ) b several additional theorems on parallel lines.

b | Definition; Two lines are parallel iff they lie in one plane and will not
K Mmeet,

: The symbol for “parallel” or ““is parallel to” is “I”.  As a matter of con-
4 Venience, we will state that segments are parallel if the lines that contain them
4 are parallel. We will similarly refer to the parallelism of two rays, aray and a
. S¢gment, a line and a segment, and so on. Thus, in Fig. 5.2, the statements
: 4B || DE, AT | &, AC || DE, i, | DF, are each equivalent to the statement A
Two straight lines in the same plane must either intersect or be parallel.
; owever, it is possible for two straight lines not to intersect and yet not be
= g{i‘{‘allel if they do not lie in the same plane. The front horizontal edge
' - of the box of Fig. 5.3, for example, will not intersect the back vertical edge
. G because they do not lie in the same plane. These lines are termed skew

b 139
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¢ 4

Fig.5.1.  Parallel pipeways at an ol refinery

lines. Hereaflter we will omit the words “in the same plane” in defining ang

PARALLEL AND PERPENDICULAR LINES

[~ [T

Fig.54. Parallel planes.

We have already proved that two lines are perpendicular if they meet to
form congruent adjacent angles. Perpendicular planes are defined in a
similar way.

Definition:

racent dihedral angles.
if LPOQS = LPQR.

Two planes are perpendicular iff they form congruent ad-
Plane M and plane N (Fig. 5.5) are perpendicular

discussing parallel lines since we are dealing essentially with plane geome — 7 5
in these first chapters.
Definitions: Two planes are parallel if their intersection is a null set. \
line and a plane are parallel if their intersection is a null set. / N C /\
G
I3t .
D C Fig.5.5.
A B C “
: Theorem 5.1.
. L2 2 s Theorem 5.1
D E F /// 59,
A % If two parallel planes are cut by a third plane, the lines of intersection
are parallel.
Fig.5.2. Fig.5.3. Gi
’ wen: Plane P intersecting parallel planes M and N, with AB and €D their
If planes M and N (Fig. 5.4) are parallel we write M | N. 1f line : P, lines Ofln[ersectlon
plane M are parallel, we write [, || M or M || L. Unless lines [, and , of Fig. Przv; 4B | ¢D
0

lie in a common plane, they are called skew lines.
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STATEMENTS REASONS

1. Plane P intersects planes M and N 1. Given.
in 4B and TD, respectively.

9. Plane M || plane N. 2. Given.

3. 4B and CD lie in plane P. 3. Given.

4. AB N CD=9. 4. Definition of parallel planes.
5. 4B || CD. 5. Definition of parallel lines.

5.3. Indirect method of proof. Thus far the methods we used in provi
theorems and original exercises have been direct. We have considered th
information given in the problem, and, by using certain accepted truths i
the form of definitions, postulates, and theorems, have developed a logic
step-by-step proof of the conclusion. It has not been necessary to assume d
consider one or more other conclusions. 1
However, not always is the information complete enough or sufficient}
positive to enable us to reach a definite conclusion. Often the given fa
and assumptions may lead to two or more possible conclusions. It then hes
comes necessary to know the exact number of possible conclusions whig
must be considered. Each of these conclusions must be investigated
terms of previously known facts. If all the possible conclusions but ony
can be shown to lead to a contradiction or violation of previously proved r"
accepted facts, we then can state with authority that the one remaining mu§
be a correct conclusion. This method is called the indirect method of proof §
exclusion. 1tis used extensively by all of us. —=
Suppose you turn on the switch to a floor lamp and the lamp does )
light. How might you find the cause of the difficulty? Let us consider tI§
various possible causes for failure. They might be: unscrewed light bulf
bulb burned out, faulty wiring in lamp, lamp unplugged in wall socket, fu§
blown out, no current in your neighborhood, bad wiring in the housy
Assume that in checking you find that other lights in the house will burn, tH
bulb is screwed in the socket, the lamp is properly plugged in the wall sockey
and the bulb will light when screwed in another floor lamp. By these tes§
you have eliminated all but one possible cause for failure. Thus you mu
conclude that the failure lies in the wiring in the lamp. A
A lawyer frequently uses the indirect method of proof in proving his clieg
innocent of misconduct. Let us suppose the client is accused of arméf
robbery of a theater at 2Ist and Main street at 7:30 p.m. on a given nlg
It is evident that the client was either (1) at that locality at the specified tin}
and date or (2) he was somewhere else. If the lawyer can prove that the clie®
was at some other spot at the time of the robbery, only one conclusion ¢%
result. His client could not have been the robber.
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The automobile mechanic in determining why an engine will not start must
first consider the various causes for such failure. Suppose he concludes that
the fault must be either (1) no gasoline reaching the cylinder or (2) no spark
at the spark plug. If he can show that one of these definitely cannot be the
fault, he then concludes that the other must be and acts on that basis.

The student may ask, “What if I cannot exclude all but one of the assumed
possibilities?” All he can be certain of in that event is that he has no proof.
It is possible that one of the alternatives he has chosen is actually true. There
is no one way to determine which alternatives to select for testing in an in-
direct proof. Perhaps several examples will help here.

A
5.4. Illustrative Example 1:
B
Given: mAB = mB_C; mCD # mAD.
Prove: BD does not bisect 2 ABC.
Proof:
C
Hlustrative Example 1. D
STATEMENTS REASONS
1. m@z mBC. 1. Given.
2. mijD #* mAD. 2. Given.
3. AB = BC. 3. Definition of congruent seg-
. . . ments.
4. Either BD bisects £ ABC or BD 4. Law of the excluded middle.
does not bisect £ ABC.
5. Assume BD bisects 2 ABC. 5. Temporary assumption.

Definition of angle bisector.

6. LCBD = £ ABD.
7 . Congruence of segments is

. BD = BD.

e

reflexive.

8. ACBD = AABD. 8. S.AS.

9. CD = AD. 9. Corresponding parts of con-
10, . gruent triangles are congruent.
“- mCD = mAD. 10. Reason 3.

- Statement 10 contradicts state- 11. Statements 10 and 2.
ment 2.
12 }\ISHCC assumption 5 is false and 12. Rule for denying the alternative.

BD does not bisect 2 ABC.
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5.5. Illustrative Example 2: y
Given: AABC with CD L AB; mAC # mBC.
Prove: mAD # mBD.
Proof: !
/ A D B
Hlustrative Example 2. ]
STATEMENTS REASONS
1. AABC with CD L AB. 1. Given.
9. mAC # mBC. 2. Given.
3. Either mAD = mBD or mAD # 3. Law of the excluded middle.
mBD.
4. Assume mAD = mBD. 4. Temporary assumption. !
5. AD = BD. 5. Definition of congruent seg-\
ments. 3
6. CD = CD. 6. Congruence of segments is}
reflexive. '
7. £ADC and /ZBDC are right 7. Perpendicular lines form rlgh
angles. angles.
8. £ADC = £BDC. 8. Right angles are congruent.
9. AADC = ABDC. 9. S.A.S. J
10. AC = BC. 10. Corresponding parts of con-}
gruent triangles are congruent. ;
11. m _F: mBC. 11. Reason 5.
5 s 0 dicts state- —Staterernt arrd
ment 2.

13. Assumption 4 is false and mAD # 13. Rule for denying the alternative. §

mBD.

Exercises (A)

1. Tom, Jack, Harry, and Jim have just returned from a fishing trip in Jim’s | {
car. After Jim has taken his three friends to their homes, he discovers 2§
bone-handled hunting knife which one of his friends has left in the car-.

He recalls that Tom used a fish-scaling knife to clean his fish and that

Harry borrowed his knife to clean his fish. Discuss how Jim could reason§
Indicate what assumptions he would haVC j

whose knife was left in his car.
to make to be deﬁmtely certain of his conclusion.

2. Two boys were arqumg whether or not a small animal in their posseSSIOﬂ 1
was arator a guinea pig. What was proved if the boys agreed that guineaj

pigs have no tails and the animal in question had a tail?

/
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3. A customer returned a clock to the jeweler, claiming that the clock would
not run. He offered as evidence the fact that the clock stopped at 2:17
a.m. after his butler wound it before retiring a few hours earlier. When
the jeweler checked the clock he could find nothing wrong with the
clock except that it was run down. Upon winding the clock it functioned
properly.  What conclusion would you make if you were the jeweler?

4. The story is told of Tom Jones asking permission of the local jailkeeper
to see a prisoner. He was told that only relatives were permitted to see
the inmate. Being a proud man, Mr. Jones did not want to admit his
relationship to the prisoner. He stated, “Brothers and sisters have 1
none, but that man’s father is my father’s son.” Whereupon the jailer
permitted him to see the prisoner.

Consider the followmg possible relatlonshlps between the prisoner and
Mr. Jones: cousin, uncle, father, grandfather, grandson, son, brother.
By indirect reasoning determine the true relationship between the
prisoner and Mr. Jones.

5. Give an example either from your own experience or a hypothetical case
in which the indirect method of proof was used.

Exercises (B)

Prove the following statements by assuming that the conclusion is not true
and then show that this assumption leads to an impossible result.

6. It the measures of two angles of a triangle are unequal, the measures of
sides opposite them are unequal. I

7. Given: mAC does not equal mBC;
CD bis_ects LACB.
Conclusion: CD cannot be

perﬁendicular
to AB. 4 D ?
Ex. 7.
T
8. Given: mRT is not equal to mﬁ;
M bisc;cts RS.
Conclusion: TM is not perpen-
dicular to RS. R S
M
Ex. 8.
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9.
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Given: mLN # mMN;
PNis L LM.
Conclusion: PN does not bisect
LINM.
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5.6. Properties of existence and uniqueness. The definition of parallel
lines furnishes us with an impractical, if not impossible, direct method of
determining whether two lines are parallel. We must resort to the indirect
method. But first we must prove two basic theorems about perpendicular
lines. These proofs involve the properties of existence and uniqueness.

We have asserted the idea of existence and uniqueness in several postulates
and theorems in previous chapters. The student may refresh his memory
on this by referring to postulates 2, 3, 5, 15, 16, and Theorems 3.1, 3.2, 3.3.
The expressions “‘exactly one” or “‘one and only one” mean two things:

(1) There is at least one of the things being discussed.
(2) There is at most one of the things being discussed.

10. Given: A ABC and A'B'C’ with
mAB = mA'B’, mAC = mA'C’, B Statement (1) alone leaves open the possibility that there may be more than
miA # msA. one such thing. Statement (2) leaves open the possibility that there are none
Conclusion: mBC # mB'C’. of the things being discussed. Together, statements (1) and (2) assert there
is exactly one thing having the given properties being discussed.
B
‘ Theorem 5.2 A
| Ex. 10. Bt éc
| 5.7. In a given plane, through any point /
| . . h
of a straight line there can pass one and / !
} 11. What conclusions can you draw if the following statements are true? only one line perpendicular to the /
| 1. p—q. given line. pl y
2. ¢g— w. _ . / A
3 3. pis true. ‘ Given: Linel, poimPofl /
" 12. What conclusions can be drawn if the followmg four statements are true? ; /
1. p—q. . Conclusion: s /
2. w— p. 1. There is a line m; 1 [ such that P € M
3. v—w. my (existence). ™
4. qis false. 2. There is at most one line m; L {such
13. Given the following three true statements. that P € m, (uniqueness). Theorem 5.2.
l. Ifxis a, thenyis B.
2. Ifxisy,thenyis 8. Proof:
3. If yis B, then zis ¢
(a) Complete: x is a; then y is and z is
(b) Can you draw any conclusions about x if you know yis §? STATEMENTS REASONS
14. What conclusions can be drawn from the following true statements?
1. No one can join the bridge club unless he can play bridge. Proof of Existence:

2. No lobster can play bridge.

3. No one is allowed to talk at the bridge table unless he is a member Of j

the bridge club.
4. I always talk at the bridge table.

LetAbea pointon /.

L. There is a point B in half-plane A,
such that mz APB = 90.

2. Then PB (orm,)is L L

1. Angle construction postulate.

2. Definition of L lines.
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Proof of Uniqueness:

3.

o o

Either there is more than one line 3.

through P and L to [ or there is’
not more than one line through P
and L tol.

. Suppose there is a second line 4.

my L to {at P. Let C be a point
on my and in the half-plane A,.

. mZLAPB = 90. 5.
m/APC = 90. 6.
This is impossible. 7.

. This contradiction means that our 8.

Assumption 4 is false. Hence,
there is only one line, satisfying
the conditions of the theorem.

FUNDAMENTALS OF COLLEGE GEOMETRY

Law of excluded middle.

Temporary assumption.

Statement 1. ;
Perpendicular lines form right 4,
the measure of a right angle = 90, §
Statements 5 and 6 contradict the}
angle construction postulate. ‘

Rule for denying the alternative. :

Fig. 5.6 illustrates several lines perpendicular to a line [ through a point of the §
It can be proved that all perpendiculars to a line through a point on
that line lie in one plane and that plane is perpendicular to the line.
uniqueness of this plane can also be proved.

line.

The’r —

<

Fig.5.6.

Definition: A line which intersects a plane in exactly one point but is not 1
perpendicular to the plane is said to be oblique to the plane.
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Theorem 5.3

5.8. Through a point not on a given line there is at least one line perpen-

dicular to that given line.
Given: Linel. Point P not contained in L

Conclusion: At least one line can contain P and be perpendicular to .

7
P/
/
/
7/
//
Qs K R
N
A
N
/
\
4 N
V4 N
T\
\\ S
N
Theorem 5.3.
Proof:
STATEMENTS REASONS

. Let Q and R be any two points of /. 1. Postulate 2.
Draw P@

2. ZPQR is formed. 2.

3. In the half-plane of [ not contain- 3.
ing P there is a ray, _Q?, such that

LROS = /RQP.

Definition of angle.
Angle construction postulate.

4. Thereis a point T on @ such that 4. Point plotting postulate.
QT = QP.

5. Draw PT. 5. Postulate 2.

6. QK = QK. 6. Reflexive property of congru-
ence.

7. APKQ = ATKQ. 7. S.AS.

8. LPKQ = LTKQ. 8. Corresponding 4 of = A are =.

9. PT 11 9. Theorem 3.14.
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Theorem 5.4 ’< ,
5.9. Through a given external point
there is at most one perpendicular to a
given line. A B
Given: Line [, point P not contained in /. 7
Conclusion: No more than one line can - /
contain P and be L to / ma
Q /
Proof:
Theorem 5 .4.
STATEMENTS REASONS
1. Either there is more than one 1. Law of excluded middle.

line through P 1 to { or there is
not more than one line through
Pl iwl

2. Assume m; and m, are two such 2.
lines and intersecting [ at A and
B respectively.

3. On the ray opposite AP con- 3.
struct AQ such that AQ = 4P.

4. Draw@. 4.
5. AB = AB. 5.
6. £PAB and £QAB are right 4. 6
7. LPAB = /£ QAB. 7
8. APAB = AQAB. 8.
9. £QBA = /PBA. 9
10. 2PBA is a right angle. 10.
11. iQBA is a right angle. 11.
12. BQ L [ 12.
13. Statements 12 and 2 contradict 13.
Theorem 5.2.

14. Assumption 2 must be false; then 14.
there is at most one perpen-
dicular from Pto l.

. Theorem 3.13.
. Theorem 3.7.

. Corresponding 4 of = A are =3

Temporary assumption.

Point plotting postulate.

Postulate 2.
Congruence of segments
reflexive.

S.AS.

Perpendicular lines form right
angles. 4
Substitution property. ]
Definition of perpendicul‘
lines. :
Statements 12, 2, and Theoreny
5.2. '
Rule for denying the alternative}
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Exercises

In each of the following indicate whether a statement is always true or not
always true.

1. A triangle determines a plane.
9. Two perpendicular lines determine a plane.
3. Two planes either intersect or are parallel.
4. In space there is one and only one line through a point P on line [ that
is perpendicular to /.
5. More than one line in space can be drawn from a point not on line {
perpendicular to L.
6. If line [ € plane M, line ¢ € plane M,/ N g= P, liner L linelat P, then
liner L plane M.
7. If line [ € plane M, line ¢ € plane M, [ N ¢=P,liner L [,r L g, then
r L M.
8. If'line/ 1 plane M, then plane M 1 line ..
9. If P € plane M, then only one line containing P can be perpendicular to
M.
10. If P € plane M, ZAPB and £LCPB are right angles, and mzZAPC = 91,
then PB L M.

b
9]

P

A

Ex. 10.
1. Any number of lines can be drawn perpendicular to a given line from a
point not on the line.

12. When we prove the existence of some thing, we prove that there is exactly
one object of a certain kind.

13-18. In the figure (Exs. 13-18), plane M =
. g . , plane M 1L plane N, plane M N plane N =
ﬁ?,;ﬁlies inM,ﬁ lies inN,;I—C M FDP= P.

3. RS 1 ic

4. BD 1 7C.

15, ms 4PB = 90.

16. mscPD = 90.
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91, If PA = g—z_‘landE sg_c, then AC is the perpendicular bisector of PQ.
99. 1t PA = Q4 and PA = BA, then DA = BA.
93, If ADBQ = ADBP, then PA = Q_A o
94, I DC is the perpendicular bisector of PQ, then PD = (QD.
Theorem 5.5
5.10. If two lines in a plane are !
Perpendicular to the same line, they
are parallel to each other. m M -
TTzsep
Given: m and n are coplanar,m 1L I,n 1 [; n 5 -
Conclusion: m || n.
Proof:
Exs. 13-18.
| Th 5.5.
| 17. m£CPD is the measure of a dihedral angle. corem
18. ZBPS and £ZBPR are adjacent dihedral angles.
STATEMENTS REASONS

19-24. In the figure (Exs. 19-24), 4, B, C, D are points in plane M;?Q NnM f

C.

19. PC and TB determine a unique plane.
20. PD and ﬁé determine a unique plane.

G

(

Exs. 19-24.

m and n are coplanar,m 1 L,n 1 1.
Either m [ norm }f n.

. Assume m J n.
. mand n must meet, say at P.

- Then m and n are two lines pass-

ing through an external point and
L to the same line.

- Statement 5 contradicts Theorem

5.4.

m| n is the only possible conclu-
S1on remaining.

1. Given.

2. Law of excluded middle.

3. Temporary assumption.

4. Nonparallel coplanar lines inter-
sect.

5. Statements 1 and 3.

6. Statements 5 and Theorem 5.4.

Either p or not-p; not (not-p) < p.

Theorem 5.6
5.11. Two

. planes perpendicular to the same line are parallel.
en: Plane M 1 line[; plane N 1 line L.
Conclusion: Plane M | plane N.

This theorem is proved by the indirect method of proof and is left as an
®Xercise for the student.)
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!
' A
M '
B
[
N |
Theorem 5.6.
Theorem 5.7

5.12. In a plane containing a line and a point not on the line, there is at

least one line parallel to the given line.

Given: Line [ with point P not contained
in [

Conclusion: In the plane of P and [ there

is at least one line [; that can

be drawn through P and

e {p b
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5.13. The parallel postulate. Having proved the existence of a line through
an external point and parallel to a second line, it would seem that the next
step would logically be to prove its uniqueness. Strange as it may seem at
first, this cannot be done if we are to use only the postulates we have stated
thus far.  We must assume this uniqueness as a postulate.

Postulate 18 (the parallel postulate or Playfair’s postulate).* Through a
given point not on a given line there is at most one line which can be drawn parallel
to the given line.

Thus in Fig. 5.7, if in a plane we know that
RS is parallel to 4B and passes through P, we

C

TY—{8 P s

7 \
must assume that, if mpasses through P, D
D cannot be parallel to AB; or, on the other A B

hand, if CD is parallel to E, ED cannot pass
through P.

Postulate 18 was assumed by Euclid.  Since that time many mathematicians
have tried to prove or disprove this postulate by means of other postulates
and axioms. Each effort met with failure. As a consequence, mathe-
maticians have considered what kind of geometry would result if this property
were not assumed true, and several geometries different from the one which
we are studying have been developed. Such a geometry is known as non-
Euclidean geometry.

During the nineteenth century Nicholas Lobachevsky (1793-1856), a Russian
mathematician, developed a new geometry based upon the postulate that
through a given point there can be any number of lines parallel to a given line.

In 1854 a still different non-Euclidean geometry was developed by Bern-
hard Rieman (1826-1866), a German mathematician, who based his develop-
ment on the assumption that all lines must intersect. A geometry somewhat

Fig.57.

4

ml

|
parallel to L. |h l X ; . :
i different from any of these was used by Albert Einstein (1879-1955) in
Proof: | developing his Theory of Relativity.
: These geometries are quite complex. Euclidean geometry is much simpler
| and serves adequately for solving the common problems of the surveyor, the
A contractor, and the structural engineer.
| Theorem 5.7. Theorem 5.8 1 -
| STATEMENTS REASONS T
| 5..14. Two lines parallel to the same m /,///’>°P
1. Pisa point not on line L. 1. Given. line are parallel to each other.
2. Let m be a line through P and L 2. Theorem 5.3. qivm: H nym | n
ol Conclusion: 1 || m. i

3. Let [, be a line through P in the
plane of [and P and 1 to m.
4. L

3. Theorem 5.2.

4. Theorem 5.5.

Proof:
f\ Theorem 5.8.

“This statement is attributed to John Playfair (1748-1819), brilliant Scottish physicist and mathe-
Matician.
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STATEMENTS REASONS

1. Il n,m| n 1. Given.

2. Either /|| morl } m. 2. Law of the excluded middle.

$. Assume L} m. 3. Temporary assumption.

4. Then [ and m meet at, say P. 4. Two nonparallel lines lying in the $

5. Then [ and m pass through the
same point and are parallel to the
same line.

&

same plane intersect.
Statements 1 and 3.

6. This is impossible. 6. Postulate 18.

7. 0| m. 7. Rule for denying the alternative, {
Either p or not-p; not(not-p) < p.

Theorem 5.9

5.15. In a plane containing two parallel
lines, if a line is perpendicular to one of
the two parallel lines it is perpendicular

to the other also. “
K n
Given: m || n, [ in the plane of m and =,
[ 1 n
Conclusion: | 1. m.
PTOOf" Theorem 5.9.
STATEMENTS REASONS
L. m || n; {lies in plane of m and n. 1. Given.
2.0 L nlorn L. 2. Given. (Definitions are revers- §
ible.) ‘

3. Either! L morlisnot L tom. 3. Law of excluded middle.
4. Assume [is not L to m (or m is not 4. Temporary assumption.

Ltol).
5. Then there is a line m, in the 5. Theorem 5.2.

plane of m and n that is L to [ at

the point P where m intersects .
6. Thenm, | n. 6. Theorem 5.5.
7. This is impossible. 7. Postulate 18. 1
8 0L m. 8. Rule for denying the alternative. J

Either p or not-p; not(not-p) <> P- §
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Theorem 5.10
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5.16. A line perpendicular to one of two parallel planes is perpendicular to
the other.

Given: Plane M is parallel to

plane N; AB is perpen-
dicular to plane M.

Conclusion: AB is perpendicu-

lar to plane N.

Proof: . -—
N
+—C
Theorem 5.10.
STATEMENTS REASONS
1. Plane M | plane N; AB L plane 1. Given.
M.
2. Through 4B pass plane R inter- 2. Postulate 5.
secting planes M and N in GF and
, respectively; also through B
Pass plane S intersecting planes M
and N in GH and , respectively.
8. CF | DC and GH | DE. 3. Theorem 5.1.
4 B 1 GF. 4B 1 GH. 4. Definition of perpendicular to
plane.
5. 48 1 56, AB 1 DE. 5. Theorem 5.9.
6. 38 1 plane N. 6. Reason4.
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5.17. Transversals and special angles.
A transversal is a line which intersects
two or more straight lines. In Fig. 5.8,
tis a transversal of lines {and m. When
two straight lines are cut by a trans-
versal, eight angles are formed.
There are four angles each of which is
a subset of t Ul Two of these (Zx
and Zw) contain both 4 and B. There
are also four angles each of which is
a subset of ¢t U m. Two of these (Zs Fig.5.8.
and £k) contain both 4 and B. The ]
four angles (Zx, Zw, £s, Zk) which contain both 4 and B are called interior §
angles. The other four (ZLy, £z, L7, Zq) are called exterior angles. 1
The pairs of interior angles that have different vertices and contain points §
on opposite sides of the transversal (such as Zs and Zw or Zx and Zk) are}
called alternate interior angles. 3
The pairs of exterior angles that have different vertices and contain points
on opposite sides of the transversal (such as Zr and Zz or Zq and Zy) are 3§
called alternate exterior angles. 3
Corresponding angles are a pair consisting of an interior angle and an
exterior angle which have different vertices and lie in the same closed half-¢
plane determined by the transversal. Examples of corresponding angles are §
Zqand Zw. There are four pairs of corresponding angles in Fig. 5.8. E
Since we will use the term “transversal”” only when the lines lie in one plane,
we will not repeat this fact in each of the following theorems.

Theorem 5.11

5.18 If two straight lines form congruent alternate interior angles when they §
are cut by a transversal, they are parallel. ‘

Given: Lines [ and m cut by
transversal t at R and S;
Lo = L.

Conclusion: || m.

Proof:

Theorem 5.11.
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STATEMENTS REASONS

1. La=28. 1. Given.

9. Either ! | mor{ } m. 2. Law of the excluded middle.
3. Assume { } m. 3. Temporary assumption.

4.

Then [ must meet m, say, at P. 4. Nonparallel lines in a plane must
intersect.
5. ARSP is formed. 5. Definition of a triangle.
6. £f1s an exterior £ of ARSP. 6. Definition of exterior Z of a A.
7. LB > La. 7. Theorem 4.17.
8, This is impossible. 8. Statements 1 and 7 conflict.
9. 1] m. 9. Rule for denying the alternative.
not(not-p) <> p.
Theorem 5.12
5.19. If two straight lines are cut by a ¢
transversal so as to form a pair of con-
gruent corresponding angles, the lines are l Y
parallel. 8
Given: Lines [ and m cut by m @
transversal t; Lo = £vy.
Conclusion: 1|} m.
Pmoj}
Theorem 5.12.

STATEMENTS REASONS
}- La = /Ly, 1. Given.
2 Ly = /8. 2. Vertical angles are =.
8. La=yp. 3. Congruence of angles is transi-
4 tive.
o m. 4. Theorem 5.11.

:20- Corollary: If two lines are cut by a transversal so as to form interior
Upplementary angles in the same closed half-plane of the transversal, the
'nes are parallel. (The proof of this corollary is left to the student.)
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5. Given: LM = NT, T N
IZ = NM.-
Prove: TN || LM.

Exercises

1. In the following figure list the pairs
of angles of each of the following

types.

(a) Alternate interior angles. L M
(h) Alternate exterior angles. Ex.5
(¢) Corresponding angles.
(d) Vertical angles.
(¢) Adjacent angles. ‘ c F
6. Given: 4,D, B, E are collinear;
B_C = FEF; AD = BE ;
AC = DF.
Prove: BC || EF. 4
D B E
Ex. 6.
9. In the figure, if the angles are of the
measures indicated, which lines would
n k
be parallel? l
7. Given: l|myn L Lk 1L m.
Prove: n | k. m
Ex. 7.
3. Given: B is the midpoint of AE and
CD D ¢
e . - A— 7
Prove: AC || DE. /
— &/ R
A B
4. Given: RT and PS are diagonals; Ex.9.
PG = 35; N et |
RQ = QT. - A collapsible ironing board is constructed to that the supports bisect
Prove: PT || RS; /9 ?fa}fh other. Show why the board will always be parallel to the floor.
RP || 3T. . e draftsman frequently uses a device, called a parallel ruler, to draw

[%aralle.l lines. The ruler is so constructed that 4B = DC and AD = BC.
he pins at the vertices permit the ruler to be opened up or collapsed.
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10.

1.

12.

13.
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If line AB is superimposed on a given line m, the edge DC will be parallel ’

to m. Show why this is true.

A draftsman frequently draws two
lines parallel by placing a straight
edge (T-square) rigid at a desired
point on the paper. He then slides
a celluloid triangle with base flush
with the straight edge. With tri-
angles in positions I and II he is
then able to draw line 4B | line CD.
Why?

Gwen: K, L, M are collinear;
KL = NL,m/MLN =
mLK~+mdN;

LQ bisects ZMLN.

Prove: LQ | KN.

Given: AC = BC; DC = EC.

Prove: DE | AB. (Hint: Draw CG
in a manner which will help
your proof.)

Given: EF bisects DC and AB; /A =
/B; AD = BC.

Prove: DC || AB.

(Hint: Use Theorem 5.5)

A

I I
c//)

T

) ]
T‘

FEx. 10.

Ex. 11.

Q

L

Ex. 12,

Ex. 13

Q T
e
-~}
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Theorem 5.13

5.21. If two parallel lines are cut by a
transversal, the alternate interior angles

are congruent.

Given: m || n; transversal ¢ cutting n at B

and mat 4.
Conclusion: La = /8.

Proof:

Theorem 5.13.

STATEMENTS REASONS

1. m| n. 1. Given.

2. Either La = £8 or Za is not = 2. Law of the excluded middle
L.

3. Assume Zaisnot = /g.

4. Let [be a line through 4 for which
the alternate angles- are con-
gruent,ie., Lo = Ly.

5. Then /| n.

6. This is impossible.

3. Temporary assumption.
4. Angle construction postulate.

5. Theorem 5.11.
6. Statements 1 and 5 contradict
Postulate 18.

7.5 La= /. 7. Rule for denying the alternative.
Theorem 5.14 //b
5.22. If two parallel lines are cut by a trans- A E/\¢ B
versal, the corresponding angles are congruent. 8
(The proof of this theorem is left as an exercise
for the student.) C « D
/E
R

Theorem 5.15

Theorem 5.14.

5.23. If two parallel lines are cut by a transversal, the interior angles on the
Same side of the transversal are supplementary. (The proof is left as an

€xercise for the student.)
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i E 6. Given: BA | DC;
Exercises F i B = 40;
AE || CF. /. s Find: the number of degrees in
Prove: Lo = LY. A 7 B £4D. (Hint: Draw auxiliary
/ line through P || to &D.)
R4 Ex. 6.
¢ D
E
Ex. I.
80°
c 7. Given: AB || CD:
msA= 130, A C
2. Given: Isosceles AABC with b . l . ms E = 80.
AC = BC; line [ || 4B. Find: m/C=
| Prove: /CDE = LCED. A/
| D
| Ex. 2. p
o Ex.7.
b 8. Given: AB I DG; > c
3. Given: AB | DC,; 4D | BC.
AB = DC Prove: AB = DC,;
Prove: AD = CB. A B AD = BC.
Ex. 3. 4 B
Ex. 8.
T Q D c
4. Given: R__T 1 E; s 9. Given: AD = BC; 0
PQ L TP; AD || BC.
TS = P, Prove: 40 = C0, ) ;
Prove: RS = (S. DO = BO.
Ex. 9
Ex. 4
R C B )
5. Given: RS || FQ; o 10. Prove that a line drawn parallel to the base
O is midpoint of AB. of an isosceles triangle and through its
Prove: O is midpoint of CD. P 1 ) vertex will bisect the exterior angle at the
vertex.,
Ex.5. Ex. 10.
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11. Given: L_T/I E_T*N;L‘M | TN..
Prove: LT || MN.

12. Given: || m; AD L m; BC L m.
Prove: AD = BC.

18. Given: AD = BC; AD 1 AB;
BC14B.
Prove: DC = AB and DC || AB.

14. Given: AB || DC;

AD || BC;
/BADisaright £.

Prove: AC = BD.

15. Given: TM = MN = TN = LT.

Prove: LN L TM.

M
Ex. 11.
C
//
//
//
e
B
Ex. 12.
C
E
B
Ex. 13.
Ex. 14.
T
P
M
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Theorem 5.16

5.24. The measure of an exterior angle

167

of a triangle is equal to the sum of the a /g
measures of the two nonadjacent inter- A ) 1)
jor angles.
Theorem 5.16.
Given: £CBE 1s an exterior Z of AABC.
Concluston: mZ CBE = m/C+ m/A.
Proof:
STATEMENTS REASONS
1. Draw BD || 4AC. 1. Postulate 18; Theorem 5.7.
2. mla=mlC. 2. Theorem 5.13.
3. msLB=mLA. 3. Theorem 5.14.
4. mLCBE =mla+m/B. 4. Angle addition postulate.
5. mLCBE =m/ZC+mLA. 5. Substitution property of equality.

5.25. Sum of the angle measures of a triangle. Acceptance of the parallel
postulate makes possible the proof of the next theorem, one of the most
widely used theorems in dealing with figures in a plane. You are probably
familiar with it, having learned about it inductively by measuring in other
mathematics courses. ' We now proceed to prove it deductively.

-Theorem 5.17

5.26. The sum of the measures of the
angles of a triangle is 180.

Given: AABC is any triangle.
Conclusion: msA+msACB+

mZB = 180. Theorem 5.17.

Proof:
STATEMENTS REASONS
(1- AABC is any trian%. I. Given.
2. Through € draw | 4B. 2. Theorem 5.7; Postulate 18.
3. msa = mLA, mLB=msB. 3. Theorem 5.13.
‘51~ MLDCE = m/a+ms ACE. 4. Postulate 14.

" MLACE = m/LACB +m/sp. 5. Postulate 14.
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6. mDCE =m/a+mlLACB
+msB.

7. m{DCE =m/A+ms/ ACB
+msB.

8. m/DCE = 180.

9. mZA+mLACB+m/B = 180.

6. Substitution property of equality,
7. Substitution property of equality.‘

8. Definition of straight angle.
9. Theorem 3.5.

It should be evident that the sum of the measures of the angles of a triangle }
depends on our assuming true Euclid’s postulate that only one line can bej
drawn through a point parallel to a given line. As a matter of interest, non-
Euclidean geometry proves the sum of the measures of the three angles of af
triangle different from 180. In this course we will agree with Euclid, since lt 1
will prove satisfactory for all our needs.

The proofs to the following are left to the student.

5.27. Corollary: Only one angle of a triangle can be a right angle or '
obtuse angle. L

5.28. Corollary: If two angles of one triangle are congruent respectively td
two angles of another triangle, the third angles are congruent. '

5.29. Corollary: The acute angles of a right triangle are complementary.

Exercises

Dectermine the number of degrees in the required angles in Exs. 1 throug
8.

A B
i . 50°
1. Given: 4B || CD; 5 E
m/ BAE = 50;
m/ DCE = 40. [ Xao°
Find: mlZa+msipB=____. ¢ D
Ex. 1.
C
2. Given: AB = BC = AC
Find: m{A=___
A B

Ex. 2.

3. Given: mZA = 170;
m/ C = 80.
Find: msx=_____ .

4. Given: m/C = 110;

m/CBD = 155,

Find: mZa=______.

(24
Q
g
]

s

RN
o

=

3

9~

SN

N Q

=

[T
a3

- 6. Given: m/.A = 50,

mZ/ B = 60;
Lo = L.
Find: ms/oa=

7. Given: Lo = /o,

LB = LB
ms.D = 130.
Find: meC=____

PARALLEL AND PERPENDICULAR LINES

C

4 B
Ex. 3
A «
Ex. 4
C
A B
Ex. 5.
B E/4
J/
60°
Ve
50° &
4 8
C
Ex. 6

Ex.7.

169
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8. Given:

Find:

9. Given:

Prove:

10. Guven:

Prove:

11. Given:

Prove:

12. Given:

Prove:

AC = AB:
AC 1 AB.

mix =

ELA_C—’;
CD 1 AC;

LE

N
N
o

NAABC with

LCDE = /B.
LCED = £ 4.

/A = LB,
DE 1 AB.
Lo = LE,

BC L AC;
DC 1 AB.
Lo = Lf3.

C
13. Green: S 1
X
A
B Prove:
Ex. 8.
D
E
14. Given:
A = o C
B
Prove:
Ex. 9.
C
E
D
A B .
15. Given:
Ex. 10.
E Prove:
C
F
A 2] B
Ex. 11.
16. Given.:
Prove:

C
/F\
x
A D B

Ex. 12.

CE 1 AB.
DB 1 AC.
£DCE = LEBD.

4B || TD;
FG bisccts £BFE:

»

EG bisects ZDEF.

EG L GF.

£LAFD = /BFE.

PARALLEL AND PERPENDICULAR LINES

Ex. 13,
C
D,
A E B
Ex. 14.
A F B
G
C D
E
Ex. 15,
C
E
D
A F B
Ex. 16.

171
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17. Given: Cz 1 AC:
DE 1 4D.
Prove: /A = LE.
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4 Lx =Ly 4. §5.28. Corollary.

5. CD = CD. 5. Reflexive property of congruence.
6. AADC = ABDC. 6. ASA.

7. AC = BC. 7. Corresponding parts of con-

gruent triangles are congruent.

5.31. Corollary: An equiangular triangle is equilateral.

Theorem 5.19

5.32. If two right triangles have a hypotenuse and an acute angle of one

Ex. 17. E congruent respectively to the hypotenuse and an acute angle of the other,
the triangles are congruent.
E
Given: AABC and ADEF with /B and ZE right 4; AC = DF; /A = £D.
18. Given: AC = BC; c
FC = EC. Conclusion: AABC = ADEF.
Prove: DE 1 AB. c
F
AN
Ex. 18. A D B
C
1
a _ | [
m*ln A B
Theorem 5.18 ‘L Theorem 5.19.
. ! Proof:
5.30. If two angles of a triangle are congruent, |
. A |
the sides opposite them are congruent. ‘| STATEMENTS REASONS
. . 1
Given: AABC_W]thiA = /B. | l. ZBand ZE are right 4. 1. Given.
Conclusion: AC = BC. xﬁ\y 2. /B = /E. 2. Right angles are congruent.
| A ) 3. LA = /D. 3. Given.
| Proof: 4. L0 = LF. 4. §5.28. Corollary.
1 Theorem 5.18. 5. AC = DF. 5 Given.
STATEMENTS REASONS 6. AABC = ADEF. 6. AS.A.
1. AABCwith £A = /B. 1. Given.

2. Draw CDbisecting £C.

3. Lm = /Ln.

2.

3.

An angle has one and only on§
ray which bisects it.
A bisector divides an angle int®
two congruent angles. ;

Theorem 5.20

f'g?’- If two right triangles have the hypotenuse and a leg of one congruent
O the hypotenuse and a leg of the other, the triangles are congruent.
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Given: Right AABC; right ADEF; £C and ZF are right 4; BC = EF,AB =,

DE.
Conclusion: NABC = ADEF.

B E
/
/
/
/
/
1 / 4
/
/
/
/
/
/
A R A - D
Theorem 5.20.
Proof:
STATEMENTS REASONS
1. Ontheray oppositeF_D> construct 1. Point plotting posfulate.
FG such that FG = CA.
9. Draw EG. 2. Postulate 2.
3. LDFEiia right 2. 3. Given.
4. EF 1 GD. 4. Definition of perpendicular.
.. b ZGFEisavight £ 7 _ 5. Defimiton ot 1 (reverst
6. £Cisaright 2. 6. Given.
7. £C = LGFE. 7. Right angles are congruent.
8. BC = EF. 8. Given.
9. éiIBC = AGEF. 9. S.AS.
10. AB = GE. 10. Corresponding sides of =
. are =,
ll.A_BSD_E. 11. Given.
12. GE = DE. 12. Theorem 3.5.
13. £ZGFDis astraight 2. 13. Definition of straight angle.
14. 4G = /D. 14. Base angles of an isosceles

15. AGEF = ADEF.
16. FG = FD.
17. CA = FD.

18. AABC = ADEF.

are =,
15. Theorem 5.19.
16. Reason 10.

17. Theorem 3.5 (from Statementsy

1 and 16).
18. S.A.S.orS.S.S.
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Theorem 5.21

5.34. If the measure of one acute angle
of a right triangle equals 30, the length
of the side opposite this angle is one-
half the length of the hypotenuse. The
proof of this theorem is left as an
exercise for the student. (Hint: Ex-
tend ABto D, making mBD = mAB.
Draw CD. Prove CB bisects AD of
equilateral AADC.)

Exercises
1. Given: CD L AB,
BC L /ﬁ;
Prove: 24 = £BCD.

C
\
\
\
30° \\
N\
\
\
\
\
\
\
\
\
\
\
\
\\
TR
A B H D

Theorem 5.21.

A

2. Given: TM L LM,
TK 1 E;
T™™ = TK

Prove: TL bisects ZKLM.

3. Given: AD 1 DC;
BC L D“C;
M is the midpoint of DC;
AM = BM.
Prove: AD = BC.

C
D
Ex. 1.
3
K

Ex. 2.

D M c

Ex. 3.
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4. Given: SQ bisects @at T;
RS 1 8Q; LQ 1 S0.
Prove: RL bisects SQatT.

5. Given: @ 1 BC;

CD 1 AB;
AE = CD.
Prove: BA = BC.

6. Given: L,M,R, T are collinear;
RS 1 E; LM = TF;
NM 1L TN, LL = /T.

o)

8. Given:

Prove:

9. Prove:

10. Prove:

11. Prove:
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AC L CD;
m/_£=60 E

If the bisector of an exterior
angle of a triangle is parallel to
the opposite side, the triangle is
isosceles.

The bisectors of the base angles
of an isosceles triangle intersect a
at a point equidistant from the A B C
ends of the base. Ex.8.

Any point on the bisector of an angle is equidistant from the sides
of the angle.

Prove: RS = MN.

7. Given:

Bl
RS
TS
o ™~ o
PIs

Prove:




16. Two planes are perpendicular iff they form congruent adjacent
angles. _

17. Two planes perpendicular to the same lineare .

i8. Through a point outside a plane (how many?) lines can be drawn parallel
to the plane.

19. No right triangle can have a(n)______ angle.

90. Two lines perpendicular to the same plane are _______ to each other.

91. Thetwo exterior angles at a vertex of a triangle are _______ angles and are
therefore____ angles.

92. The geometry which does not assume Playfair’s postulate is sometimes

Summary TeStS called _______ geometry.
Test 2

TRUE-FALSE STATEMENTS

vertices is _to the base. ;
8. A line parallel to the base of an isosceles triangle cutting the other sides § 9
cuts off an triangle. ;
9. Atriangleis___if two of its altitudes are congruent. ; 10.
10. The statement that through a point not on a given line there is one and 11.
only one line perpendicular to that given line asserts the__and 1 12.

properties of that line. 13.

11. The acute angles of a right triangleare . 3 14,
12. If two parallel lines are cut by a transversal, the interior angles on the same 3 15.
side of the transversalare . 16.
13. If the sum of the measures of any two angles of a triangle equals the\‘ 17.
measure of the third angle, the triangleisa(n) — triangle. 3 18,
14. If from any point of the bisector of an angle a line is drawn parallel tO3
one side of the angle, the triangle formed is a(n) _______triangle. 19,
15. Two planesare ______ if their intersection is a null set.
178

Test 1 3
COMPLETION STATEMENTS i 1. An.lsoscel.es trl.angle has threct acute angles.
. . 2. A line which bisects the exterior angle at the vertex of an isosceles triangle
1. The sum of the measures of the angles of any triangle is . is parallel to the base.
9. Angles in the same half-plane of the transversal and between parallel 4 3. The median of a triangle is perpendicular to the base.
lines are . 4. If two lines are cut by a transversal, the alternate exterior angles are
3. Two lines parallel to the same lineare______to each other. 4 supplementary.
4. The measure of an exterior angle of a triangleis ______ than the measure 5. The perpendicular bisectors of two sides of a triangle are parallel to each
of either nonadjacent interior angle. other.
5. A proof in which all other possibilities are proved wrong is called 6. In an acute triangle the sum of the measures of any two angles must be
prook. greater thana right-angle.
6. A line cutting two or more lines is called a(n) — . o 7. 1f any two angles of a triangle are congruent, the third angle is congruent.
7. If two isosceles triangles have a common base, the line joining their 8. If two parallel planes are cut by a third plane, the lines of intersection are

skew lines.

- To prove the existence of some thing, it is necessary only to prove that

there is at least one of the things.

The acute angles of a right triangle are supplementary.

The expressions “exactly one” and ““at most one”” mean the same thing.
"T'wo planes perpendicular to the same plane are parallel.

A plane which cuts one of two parallel planes cuts the other also.

Two lines perpendicular to the same line are parallel to each other.

TWO lines parallel to the same line are parallel to each other.

VTWO lines parallel to the same plane are parallel to each other.

I'wolines skew to the same line are skew to each other.

An f{xterior angle of a triangle has a measure greater than that of any
Interior angle of the triangle.

If two lines are cut by a transversal, there are exactly four pairs of alter-
nhate interior angles formed.

179
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9. 1fl, m, and n are three lines such that{ L mandm L n, then! L n. :
91. An exterior angle of a triangle is the supplement of at least one interior §
angle of the triangle.
99, In a right triangle with an acute angle whose measure is 30, the measure »‘
of the hypotenuse is one-half the measure of the side opposite the 304
angle. 1
93. When two parallel lines are cut by a transversal the two interior angles onj
the same side of the transversal are complementary. ]
94. If [, m, and n are lines, l|| m,l L n,thenn L m. 3
95. 1fl, m, n, and p are lines, / | m,n L l,pLmandn#p, thenn || p.
96. Line [ passes through P and is parallel to line m if and only if P € [ andj
[N m=4. .
97. 1f transversal ¢ intersects line [ at A and line m at B, then ¢t N ({ U m) =
{4, B}, where A # B. :',
Test3 7o 1
PROBLEMS !
140° :
1-8. Solve for mZa: E
y0° * i
Prob.1. l|m;ris. Prob. 2.
1 )
40° 4
80° P
58° 60° ]
m 3 o 60° b
Prob.3. 1|m. Prob. 4.
40°

il

SUMMARY TESTS 181
110°
(83
50 70°
38°
Prob. 7.
Prob. 8.

Test 4

EXERCISES

1. Supply the reasons for the statements in the following proof:

D
C

Given: AC = BC,CD = CE

Prove: DF 1 AB. \
VP'ruuj:' 4 i ’

Ex. 1

STATEMENTS REASONS

;. AC = BC:CD = CE. 1

- MLA =m/B; m/CDE = 2'

3 mLCED. .

4- mLz‘{FD =m/FEB+m/B. 3

N MLFEB = /. CED. 4.

o r_nAFEB = m<CDE. 5.

7: -n;ZlAAFD =m/CDE+m/A. 6:

8 AFP-!— mLCDE+m/ A = 180. 7

o LAFD+ m/ AFD = 180. 8.

10' mL\AFD = 90, .

- DF | 78 lg.
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< ’ 6
D
R S T A B
Ex.2 Ex. 3.
9 Given: RS = LS; 3. Given: D?;bisec_ti/_ADC; 3 POlygonS — Parallelograms
3P bisects 2 TSL. BD | AE 1
Prove: SP || RL. Prove: AADE is isosceles

6.1. Polygons. Many man-made and natural objects are in the shape of
polvgons. We see polygons in our buildings, the windows, the tile on our
floors and walls, the flag, and the ordinary pencil. Many snowflakes under
a microscope would be recognized as polygons. The cross section of the bee
honeycomb is a polygon. Figure 6.1 illustrates various polygons.

Definitions: A polygon is a set of points which is the union of segments
such that: (1) each endpoint is the endpoint of just two segments; (2) no two
scgments intersect except at an endpoing; and (3) no two segments with the
same endpoint are collinear. The segments are called sides of the polygon.
The endpoints are called vertices of the polygon. Adjacent sides of the poly-
gon are those pairs of sides that share a vertex. Two vertices are called
adjacent vertices if they are endpoints of the same side. Two angles of a
Polygon are adjacent angles if their vertices are adjacent.

A less rigorous definition for a polygon could be that it is a closed figure
whose sides are segments. If each of the sides of a polygon is extended and
the extensions intersect no other side, the polygon is a convex polygon. Figure
6.1a,b,¢c,d, e illustrate convex polygons. Figure 6.1f illustrates a polygon
that is not convex.

In this text we will confine our study to convex polygons.

6-2-. Kinds of polygons. A polygon can be named according to the number
Of 1ts sides. The most fundamental subset of the set of polygons is the set
of polygons having the least number of sides—the set of triangles. Every
Polygon of more than three sides can be subdivided, by properly drawing
S¢gments, into a set of distinct triangles.
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(a) (b)
(d) (e)

Fig.6.1. Polygons.

()

Definitions: A polygon is a quadrilateral iff it has four sides; it is a pentaf
gon iff it has five sides, a hexagon iff it has six sides, an octagon iff it has eigh
sides, a decagon iff it has ten sides, and an n-gon iff it has » sides. g

Definitions: A polygon is equilateral ift all its sides are congruent.-
polygon is equiangular iff all its angles are congruent. A polygon is a regulal
polygon iff it is both equilateral and equiangular. 4

Definitions: The sum of the measures of the sides of a polygon is called t 7
perimeter of the polygon. The perimeter will always be a positive numbeg

A diagonal of a polygon is a segment whose endpoints are nonadjaces
vertices of the polygon.  The side upon which the polygon appears 1o res
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¥ 7

Fig.6.3  Exterior angles of a polygon.

sides; 4, B, C, D, E are vertices of the polygon; £A, /B, /C, /D, /E are the
angles of the polygon. There are two diagonals drawn from each vertex of
the figure.

Definition: An exterior angle of a polygon is an angle that is adjacent to
and supplementary to an angle of the polygon (Fig. 6.3).

6.3. Quadrilaterals. . Unlike the triangle, the quadrilateral is not a rigid
ﬁgu:i'e:] The quadrilateral may assume many different shapes. Some
quadrilaterals with special properties are referred to b ticul

We will define a few of them. y paThestan names.

Deﬁnition;: A quadrilateral is a trapezoid (symbol ) iff it has one and
only one pair of parallel sides (Fig. 6.4). The parallel sides are the bases
(upper and lower) of the trapezoid. T i >tegs—Th

is called the base of the polygon. In Fig. 6.2, ABCDE is a polygon of

Fig.6.2. Diagonals and base of a polygon.

altitude of a trapezoid is a segment, as DE, which is perpendicular to .one of
the bases anFl whose endpoints are elements of the lines of which the bases are
f)l’lbsel.s.r Often .the.word altitude is used to mean the distance between the

ases. . The median is the line segment connecting the midpoints of the non-
Parallel sides. An isosceles trapezoid is one the legs of which are congruent
(Fig. 6.5). A pair of angles which share a base is called base angles.

Upper base C

Q T
Median [
—————————————— &N
Lower base R
B S
Fig. 6.4, Fig. 6.5.




~ of opposite sides are parallel. ~Any side
'~ of the parallelogram may be called the
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Definitions: A quadrilateral is.a
parallelogram (symbol L) iff the pairs

base, as AB of Fig. 6.6. The distance

Base

between two parallel lines is the perpen-
dicular distance from any point on one

] Fig. 6.6.
of the lines to the other line. An ig

altitude of a parallelogram is the segment perpendlcular to a SIQe ofi thi
parallelogram and whose endpoints are in that side gnfl the o.pposﬁe. s1 de of
the line of which the opposite side is a subset. DE of Fig. 6.6 1s dg.a titu ebo
7 ABCD. Here, again, “altitude” is often referred to as the distance be-

tween the two parallel sides. A parallelogramﬁhas two altitudes.
A rhombus is an equilateral parallelogram (Fig. 6.7).

A rectangle (symbol 03) is a parallelogram that has a right angle (Flg 6.7). ‘
A rectangle is a square iff it has four congruent sides. Thus itis an equi-

lateral rectangle (Fig. 6.7).

Q
D C i G
E F
Rectangle
A B R
Rhombus Fig.6.7. Square
Theorem 6.1

6.4. All angles of a rectangle are right angles.

Given: ABCD is a rectangle with £A4 a right angle.

Prove: /B, £C,and 4D are right angles.

(The proof of this theorem is left to the student. Hint: Use Theorem 5.15.)

D (of

Theorem 6.1.
Exercises (A)

not always true.

Indicate which of the following statements are always true and which

are

94
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. Thessides of polygons are segments.

. 'The opposite sides of a trapezoid are parallel.

. Every quadrilateral has two diagonals.

. Some trapezoids are equiangular.

. All rectangles are equiangular. .

. The set of parallelograms are subsets of rectangles.

Anoctagon has eight angles.
An octagon has five diagonals.

. The set of diagonals of a given triangle is a null set.

. The diagonals of a polygon need not be coplanar.

- Every polygon has at least three angles.

. Ifa polygon does not have five sides it is not a pentagon.

. Arhombus is a regular polygon.

. Each exterior angle of a polygon is supplementary to its adjacent angle of

the polygon.

. Only five exterior angles can be formed from a given pentagon.
16.
. A'square is a rhombus.

- Asquare is a parallelogram.
19.
20.
21.
22.
23.

A square is a rectangle. :

A rectangle is a square.

A rectangle is a rhombus.
Arectangleisa parallelogram.
A quadrilateral is a polygon.

A quadrilateral is a trapezoid.

- A quadrilateral is a rectangle.
25.

A polygon is a quadrilateral.

Exercises (B)

i

ot

e <

. Draw a convex guadrilateral and a diagonal from one vertex. Determine

the sum of the measures of the four angles of the quadrilateral.

Draw a convex pentagon and as many diagonals as possible from one of
its vertices. (a) How many triangles are formed? (b) What will be the
sum of the measures of the angles of the pentagon?

- Repeat problem 2 for a hexagon.

Repeat problem 2 for an octagon.
Using problems 2-5 as a guide, what would be the sum of the measures
of the angles of a polygon of 102 sides?

- What is the measure of each angle of a regular pentagon?

What is the measure of each angle of a regular hexagon?
What is the measure of each exterior angle of a regular octagon?
What is the measure of each angle of a regular decagon?
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10. Using the set of polygons as the Universal set, draw a Venn diagram
relating polygons, rhombuses, quadrilaterals, and parallelograms.. ]
Using the set of quadrilaterals as the Universal set, draw a Venn diagram
relating quadrilaterals, squares, parallelograms, rhombuses, and trape- -}

11.

zoids. . .
Using the set of parallelograms as the Universal set, draw a Venn diagram 1

relating parallelograms, squares, rectangles, and rhombuses.

12.

Theorem 6.2

6.5. The opposite sides and the opposite
angles of a parallelogram are congruent.

Given: CJABCD.

Conclusion: AB = DC; AD = BC; A ‘
LA=LC /B = LD Theorem 6.2.

Proof: ‘1

STATEMENTS REASONS 1

1. ABCDisa 7. 1. Given. 4

2. Draw the diagonal AC. 2. Postulate 2.

3. AB | DC; 4D | BC. 3. Definition of 7.

4. Lx =Ly, Lr = Ls. 4. Theorem 5.13.

5. AC = AC. 5. Reflexive property of Longruent

B .....segments. B

6. AABC = ACDA. 6. A.S.A. :

7. AB = DC; AD = BC. 7. Corresponding parts of = A are ';
congruent.

8. LB = /D. 8. Corresponding parts of = A are !
congruent.

9. £4 = /C. 9. Angle addition theorem.

6.6. Corollary: Either diagonal divides a parallelogram into two congruent :
triangles. ]

6.7. Corollary: Any two adjacent angles of a parallelogram are supple' l
mentary. ‘

6.8. Corollary: Segments of a pair of parallel lines cut off by a second pair !
of parallel lines are congruent. !

6.9. Corollary: Two parallel lines are everywhere equidistant.

6.10. Corollary: The diagonals of a rectangle are congruent.
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Theorem 6.3 C

6.11. The diagonals of a parallelogram
bisect each other.

Given: CJABCD with diagonals mtersectmg

at E.
Conclusion: AC and BD bisect each other.
Proof: Theorem 6.3.
STATEMENTS REASONS
1. ABCDﬁa 7. 1. Given.
9. AB || DC. 2. Definition of a 7.
3. Lz = L&_Ar = /s, 3. Theorem 5.13.
4, AB = DC. 4. Theorem 6.2.
5. ABE = ACDE. 5. AS.A.
6. AE = EC, and BE = DE. 6. Corresponding sides of = A are

7. AC and BD bisect each other. 7. Definition of bisector.

6.12. Corollary: The diagonals of a rhombus are perpendicular to each
other.

Exercises (A)

Copy the chart below. Then

put check marks (x) whenever the polygon
has the indicated relationship.

All sides
are

Opposssite
sides are

= I

Diagonals bisect
each |the 4 of
other |polygon

Opposite
4 are

Diagonals are

Relationships

L

Parallelogram

Rectangle

Rhombus

Square

—_—

Trapezoid

Isosceles
trapezoid
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xercises (B)

1. Given: ABCD1sa 7,

DR 1 AC. BT L AC.

Prove: DR = BT.

9. Given: QRST1sa [,

RM = NT.

Prove: Q—M = §N.

3. Given:
Prove:
4. Given:
Prove:

5. Given:
Prove:

ABCDisalJ;
DE 1 AB,CF 1 AB
produced.
DE =CF.

ABCD is an isosceles

trapezoid with AD = BC.

LA=/,B.
(Hint: Draw CE || DA.)

AB = CD;
AD = BC.
ABCD1sa (7.

D

6.

T
R

C
B
Ex. 1.
Q T
N
S

LY

~1

o

12,

. Given:

11

5:13. If the opposite sides of a quad-
Tilateral are congruent, the quadrilateral
1sa parallelogram.

Given: Quadrilateral ABCD with AB =

POLYGONS — PARALLELOGRAMS 19]

RS = QT;
RS || QT
QRSTisa 7.

Given:

Prove:

Ex. 6.

ABCDis a [7;
DE bisects £.D;
BF bisects 2 B.
Prove: DE || BF.

Prove that the diagonal QS of
rhombus QRST bisects 2Q and /S. Q R

Ex. §.

- Prove that if the base angles of a trapezoid are congruent, the trapezoid

is 1sosceles.

- Prove that if the diagonals of a parallelogram are perpendicular to each

other, the parallelogram is a rhombus.

Prove that if the diagonals of a parallelogram are congruent, it is a
rectangle.

Prove that the bisectors of two consecutive angles of a parallelogram are
perpendicular to each other.

Theorem 6.4

CD; AD = BC. Theorem 6.4.

Prove: ABCDisa 7.
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Proof:

STATEMENTS REASONS

1. AB = CD; AD = BC. 1. Given.

2. Draw diagonal AC. 2. Postulate 2. :
3. AC = AC. 3. Reflexive property of congruence.
4. ADABC = ACDA. 4. S.S.S. 1
b, Lx = Ly, Lr = Ls. 5. Corresponding parts of = A are;
6. AB || CD; AD | BC. 6. Theorem 5.11.

7. ~.ABCDisa []. 7. Definition of 1.

Theorem 6.5

6.14. If two sides of a quadrilateral are
congruent and parallel, the quadrilateral

is a parallelogram.

Given: Quadrilateral ABCD with
AB = CD; 4B | CD.

STATEMENTS
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REASONS

1. /E and_lTDEsectzch other at E. 1. Given.

9. AE = CE; BE = DE. 2. Definition of bisector.

8. Lx =Ly, 3. Vertical angles are congruent.

4. éﬁIBEiACDE. 4. S.AS.

5. AB = CD. 5. Corresponding parts of = A are
congruent.

6. Lr = Ls. 6. Same as 4.

7. AB | Cp. 7. Theorem 5.11,

8. ABCDisa []. 8. Theorem 6.5.

Theorem 6.7

6.16. If three or more parallel lines cut
off congruent segments on one trans-
versal, they cut off congruent segments
on every transversal.

Given: Parallel lines /, m, and n
cut by transversals r and
s; AB = BC.

VAW

n B/ &/ Y\E

Conclusion: ABCDisa [ Theorem 6.3. Conclusion: DE = EF. ¢
) ) Prn/?f; Theorem é
Proof:
STATEMENTS REASONS
STATEMENTS REASONS
The proof is left to the student.
1. Through D and E draw DG | r 1. Postulate 18; Theorem 5.7.
and EH || r.
? DG | ER. 2. Theorem 5.8.
Theorem 6.6 431 %ED”GEE L " Dot
- ~ADGB and BEHC are [37. 4. Definjtion of 7.
6.15. If the diagonals of a quadrilateral bisect 2 4B = DG and BC = EH. 5. Theorem 6.2.
each other, the quadrilateral is a parallelogram. - 48 = BC. 6. Given.
- DG = EH. 7. Theorem 3.5 and transitive pro-
GiveLQuadrilateral ABCD with AC 8 La = ZBand Ly = /8. 8 rp;irézr(;fr‘lclo‘anlgzuence.
and BD bisecting each other at E. ). LDGE = LEHF. 9: § 5.28 o
Conclusion: ABCDisa [J. 10. ADGE = AEHF. 10. ASA
1. DE = EF. 11. §4.28.

Proof:

Theorem 6.6.
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Exercises

1. Given: ABCDisa[J;
M is midpoint of AD;
N is midpoint of BC.
Prove: MBND isa (.

9. Given: QR I ST;
Lx = Ly
Prove: QRSTisa [1.

3. Gwen: ABCD iED;
AM = CN.
Prove: MBNDisa .

4. Given: QRSTis a[TJ;
QL bisects ZTQR;
SM bisects ZRST.

Prove: QLSMisa ([ J.

5. Gwen: [J ABCD with diagonals

intersecting atE.
Prove: E bisects FG.

D

=7

N
B
T
y

A

Ex. 1.

x
R

10. Given: 5 QRST with AQ = SC;

Ex. 4.

&
"

6. Given: LMNPisal7J.
PR L m;
MS 1L IN.

Prove: RMSPisa [].

7. Giwen: AABC with D midpoint
of AC; E midpoint of
BC; DE = EF.
Prove: ABFDisar 7.
8. In Ex. 7, prove mDE = tmAB.
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P N

Exs. 7,8.

9. Prove that two parallelograms are congruent if two sides and the included
angle of one are congruent respectively to two sides and the included

angle of the other.

RB = DT.
Prove: ABCDisa 7.

1. Given: Trapezoid ABCD

with 1B || DC;
AD = DC.
Prove: AC bisects Z.A.

Ex. 11,
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19. Prove that line segments drawn
from A and B of AABC to the op-
posite sides cannot bisect each other.
(Hint: Use indirect method by
assuming A4S and RB bisect each
other; then ABSRisa [, etc.)

Ex. 12,

13. Prove that a quadrilateral is a rhombus if the diagonals bisect each other

i her.
and are perpendicular to each ot . .
14. Prove that if from the point where the bisector of an angle of a triangle

meets the opposite side parallels to the other sides are drawn a thombus [

is formed.

6.17. Direction of rays. Two rays have the same direction if and only if eiFher
tl-ley are parallel and are contained in the same closed half-plane determined

by the line through their endpoints or if one ray is a subset of the other (Fig.
6.8).

POLYGONS —PARALLELOGRAMS

Theorem 6.8.

Given: £ ABC and £DEF with
BC || EF and with same direction;
BA || ED and with same direction.
Conclusion: £ZABC = / DEF.

197

Fig.6.8. Fig.6.9.

Two rays have opposite directions if and only if either they are Parallel an?1 :
are contained in opposite closed half-planes deterr:mned by the 11n'e throqgt i
their endpoints or are collinear and the intersection of the rays is a point

segment, or a null set (Fig. 6.9).

Theorem 6.8

6.18. If two angles have their sides so matched that corresponding sides ‘
have the same directions, the angles are congruent. ‘

Proof:

STATEMENTS REASONS

1. Extend B4 and EF. Label their I. A ray has infinite length in one
intersection G. direction.

2. BC | EF. 2. Given.

3. LABC = LKGH. 3. Theorem 5.14

4. BAED. 4. Given.

5. ZDEF = £KGH. 5. Theorem 5.14.

6. LABC = (DEF. 6. Theorem 3.4

Theorem 6.9

6.19. If two angles have their sides so
matched that two corresponding sides
have the same direction and the other
two corresponding sides are oppositely
directed, the angles are supplementary.

Given: £LABC and £DEF with

B_Q | EF and with the same direction;
B4 || ED and with opposite directions.

Conclusion: / ABC and £ DEF are supplementary.

Theorem 6.9.
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Proof:

STATEMENTS REASONS

The proof is left as an exercise for the student.

Theorem 6.10 C

6.20. The segment joining the midpoints of

two sides of a triangle is parallel to the

third side, and its measure is one half the o N
measure of the third side.

Given: AABC with the M the midp&int of /
AC and N the midpoint ofB_C. A B

Conclusion: MN || AB, mMN = imAB. Theorem 6.10.

Proof:

STATEMENTS REASONS

1. On the ray opposi[e Wﬂ)n- 1. Point plotting postulate.

struct ND such that ND = MN.

2. Draw BD. 2. Postulate 2.

3. Nis the midpoint of BC. 3. Given.

4. NB = NC. 4. Definition of midpoint.

5. ZDNB = £ MNC. 5. Vertical angles are =.

6. ADNB = AMNC. 6. S.AS. ’
7. BD = CM. 7. Corresponding sides of = A are
8. M is the midpoint of AC. 8. Given.

9. CM = AM. 9. Reason 4.
10. BD = AM. 10. Theorem 4.3.

11. 2ZDBN = £ MCN. 11. Reason7.
12. BD || AC. 12. Theorem 5.11.
13. ABDMisa (. 13. Theorem 6.5.
14. MN | 4B. 14. Definition of a [J. ,
15. MD = AB. 15. The opposite sides of a [ are
16. mMD = mAB. 16. Definition of congruent se€gy
ments. p

17. mMD = mMN + mND. 17. Postulate 13; symmetric prog

perty.
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18. mAB = mMN + mMN. 18. Theorem 3.5 and substitution

property.
19. Symmetric property of equality.
20. Division property of equality.

19. mMN + mMN = mAB.

Theorem 6.11

6.21. A line that bisects one side of a tri-
angle and is parallel to a second side

bisects the third side. /
/
_ A
Grven: mbisects AC, R ?
NN | 4B.
Conclusion: MN bisects BC. Theorem 6.11.

Proof:

STATEMENTS REASONS

The proof is left as an exercise for the student.

Theorem 6.12

6.22. The midpoint of the hypotenuse of a right
triangle is equidistant from its vertices.

Given: Right AABC with ZABC aright £;

M is the midpoint of AC.
Conclusion: AM = BM = CM.
Proof’
STATEMENTS REASONS Theorem 6.12.

The proof is left as an exercise for the student.

‘ (Hint: Draw MN | AB.
Then prove ABMN = ACMN.)

Exercises

L. Given: AABC with R, S, T midpoints of AC, BC, and AB respectively;
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mAC = 6inches;
mBC = 8 inches;
mAB = 12 inches

Find: the value of mRS+ /\/
mST +mRT. A

9. Given: LCisaright £; mZA = 60;
M is the midpoint of 4B,
mAC = 8 inches.

Find: the value of mAB.

3. Given: AB | DC; M is the mid-
point of AD; N is the mid-
point of BC.

AR

C
R S
T
Ex. 1.
B
A
A C
Ex.2.
D C

6. Given:

@ . MN ,_a_nd NK.
Prove: PR and QS bisect each other.

. Given: ABCD is a [J7; K, L, M, N are

midpoints of OC,OD, OA,

OB.
Prove: KLMNisa [].

Quadrilateral KLMN with P, Q,
R, § the midpoints of KL,
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Ex. 6.

. Given: MN is the median of trapezoid

ABCD; AC and BD are dia-
go_nals.
Prove: MN bisects the diagonals.

Prove; MN | AB; MN || DC; N \ .
mMN = (mAB +mCD) . / \ __\_\__ i
(Hint: Draw DN undil it A B Ex.8
meets AB at, say, P.)
4. In the figure for Ex. 3, find the Exs. 3, 4.
l;lr\l%hz (;ﬁ f/elflrgt.lf mpe =9 feet 9. Given: BN and AW are medians of
c AABC; L is the midpoint of

[&34

. Given: Quadrilateral ABCD with Q, R,
S, P, the midpoints of AB,
BC,CD, and DA respectively.

Prove: PQRSisa [].
(Hint: You will need to draw
the diagonals of ABCD.)

=}

10,

11.

OA; K is the midpoint of OB.
Prove: KMNLisa 7.

PrQVC that the line joining the mid-
Pomts of two opposite sides of a
Parallelogram bisects the diagonal of
the parallelogram.

Prove that the lines joining the mid-

Points of the sides of a rectangle form
arhombys,

Ex. 9.




Summary Tests

Copy the following chart and then place a check mark in the space provide‘

if the figure has the given property.

Il’arallelogram Square Rhombus'

Both pairs of opposite sides are
parallel.

Both pairs of opposite sides are

Test 2
TRUE-FALSE STATEMENTS

The diagonals of 3 parallelogram bisect each other,

cmlgruent.

Both pairs of opposite angles are
congruent.

Diagonals are of equal length.
Diagonals bisect each other.
Diagonals are perpendicular.
Allsides are congruent.

All angles are congruent.

202

é: A quadrilateral that hasg two and only two Parallel sides is 4 rhombus,
3. The bases of a trapezoid are parallel to each other.
4. An equilateral parallelogram is 4 square.
5. The diagonals of 3 parallelogram are congruent,
6. An equiangular rhombus js a square.
7. If a polygonis a parallelogram, it has four sides.
8. The diagonals of 3 quadrilateral bisect each other.
9. A parallelogram is 4 rectangle. ;
10. The diagonals of a rhombys are perpendicular to each other.
11. The measure of the line Segment joining the midpoints of two sjdes of a
triangle is equal to the measure of the third side
12. 1f two angles have their corresponding sides respectively paralle] to each
other, they are either congruent or supplementary.
13. If the diagonals of 4 parallelogram are congruent, the parallelogram is
rectangle.,
14. If the diagonals of 4 parallelogram are perpendicular, the parallelogram
Is a square.
15. A parallelogram is defined as a quadrilateral the opposite sides of which
arc congruent,
16. If the diagonals of 3 quadrilateral are perpendicular to each other, the
quadrilateral is 4 parallelogram,
17. The onparallel sides of an isosceles trapezordTmake tongruent angles
with-eitherhase.
I8 The line S€gments joining the midpoints of opposite sides of 4 quad-
rilateral bigect each other.
19. I tyyo sides of a quadrilateral are congruent, it is a parallelogram.
20. The median of 3 trapezoid bisects each diagonal.
21, The diagonals of 5 parallelogram divide j; nto four congruent triangles
22. The lines through the vertices of a parallelogram parallel to the diagonals
form another parallelogram.
3. _If the diagonals of rectangle are Perpendicular, the parallelogram
Sasquare,
4. The segmentsjoim'ng the consecutive midpoints of the sides of a rectangle
% forn, , rhombuys, '
1€ segmengs Joining the consecutive midpoints of 4 trapezoid form gz
% pdrallel()gram,

quadrilatery) is a parallelogram if jts diagonals are perpendicular to
ea(‘h ()[ller

203
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97. A trapezoid is equilateral if it has two congruent sides.

98. The sum of the measures of the angles of a quadrilateral is 360.
99. The bisectors of the opposite angles of a rectangle are parallel. ;
30. The bisectors of the adjacent angles of a parallelogram are perpendicular. §

| SUMMARY TESTS 205
14-18. ABCDE is a regular pentagon, 2

14. Find mZCBF.
15. Find mzZ AED. E c

Test3 16. Find mZ ACE. G
PROBLEMS 17. F?nd m/DAC.
18. Find m£ DGC.
1. AC is the diagonal of rhombus ABCD. IfmsB il?O,ind m.LBAC.__
9. InJABCD, mAB = 10 inches, m/.B = 30,and AH 1L BC. Find mAH.
3. InCJABCD, m/A=2m/B. _Find miA. .
4. In [JABCD, diagonal AC L BC and AC = BC. Firii ms.D. 1 A 3 >
5 In AABC, AD = DB; msC=90; msB=30; mAC = 14 inches. Finu' Test 4 Probs. 14-15,
mED. =
6. In AABC, AD = DB; msC =90; m/A=60; mCD =12 inches. Find L EXERCISES
mAC. — _ ) o I. Given: ABCDis a (7, D c
7. In AABC, AD = DB;msC=90; msA=60; mAB =26 inches. Find mDF = mBE.
mCD. . Prove: AE || CF. E
A F
D A /
Ex. 1.
B= c 2. Given: AM is ari;xiledian (7)71:AABC; ZDCB = / MBE
Prove: DBECisa (7. ’
Probs. 5-7.

8-13. Median EF of trapezoid ABCD intersects /TC’ in R and I% inS.

8. Find mEF if mDC = 10 and mAB = 14.
9. Find mER if mDC = 10 and mAB = 14.

10. Find mDC if mEF = 24 and mAB = 30.
11. Find mRS it mEF = 24 and mDC = 20.
12. Find mAB if mER = 5 and mRF = 7.

13. Find mSF if mER = 5 and mRF = 7.

3- ()iven' Ri ]l i W. 1 i
. g t trlangle ABC lth AACB ari ht l M M 1 i
o ' ’ C C' g ang C, 5 R, S are m]dpolnts
1 rove: MC = RS

B

c

M

E R

D

A
B A S C
Ex. 2,

Ex. 3,
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back to very early times. No one knows when the wheel was invented or ;

where in Asiy about 10,000 years ago.  The oldest wheel in existence was |

71

Circles

7.1. Uses of the circle. The history of civilization’s continually improving {
conditions of living and working is intimately related to the use of the pro- :
perties of the circle. One of the most important applications of the circle .
that man has invented is the wheel.  Without the wheel most of the world’s
work would cease, Industry would be completely crippled without the circle @
in the form of wheels, gears, and axles. Transportation would revert back j
to conditions of prehistoric times. Without the wheel there would be no §
bicycles, no automobiles, no trains, no streetcars, and no airplanes. Farm
machines, factory and mine equipment, without the wheel, would exist only
in the form of uscless metal, plastics, and wood. 4

Industry applies the propertes of the circle when jt uses ball bearings to 4
reduce friction and builds spherical tanks for strength.  Every year millions 4
of feet of circular pipe and wire are manufactured. Countless manufac- §
tured articles of furniture, dishes, and tools are circular in form, Most of the |
cans of food on the grocery shelves have circular cross sections. Tanks §
with circular cross sections have many uses (see Fig. 7.1). ]

Circular shapes are found in such ornamental designs as rose windows, E
architectural columns, traffic circles, and landscape designs. :

fag. 7.1 The world’s largest sewage treaiment system at Chicago has been termed by the American § ociety of
Civil Engineers “‘the seventh wonder of America.””  More than 1,100,000,000 gallons of waste are treated
daily in the system.  In this view can be seen the preliminary settling tanks, the aeration tanks, and the final
seitling tanks.  Each of the final settling tanks ;s 126 feet in diameter. | Chicago Aerial Industries, Inc. )

7.2. The circle in history. The invention and use of the circular wheel date

who Invented it. Some authorities believe that the wheel was invented some-

discovered in Mesopotamia in 1927 when archeologists uncovered a four
wheeled chariot known to have existed about 5,500 years ago (Fig. 7.2). ;
The circle had an aesthetic appeal to the Greeks. To them it was the most §

06

Fig > . . .
872 View of one side of a complete chariot Jound in a brick tomp 20 feet below plain level qt Kish.

.
4'1"(1 000 B C. Skeleton of one of the oxen appears in original position beside the pole. (Chicago
Nl History Museum, )
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perfect of all plane figures. Thales, Pythagoras, Euclid, and Archimede ‘
each contributed a great deal to the geometry of the circle.

Thales probably is best known for the deductive character of his geometrig
propositions. One of the most remarkable of his geometrical achievements
was proving that any angle inscribed in a semicircle must be a right angleg

7.16). ]
¢ Pythagoras was the founder of the Pythagorean school, a brotherhood off
people with common philosophical and political beliefs. They were bound
by oath not to reveal the teachings or secrets of the school. Pythagoras wag
primarily a philosopher. Members of his school boasted that they soughg
knowledge, not wealth. They were probably the first to arrange the varioug
propositions on geometric figures in a logical order. No attempt at firs
was made to apply this knowledge to practical mechanics. Much of thg
early work on geometric constructions involving circles was attributed to thig
group. 1

Fuclid published systematic, rigorous proofs of the leading propositiong
of the geometry known at his time. His treatise, entitled “Elements,” was )
to a large extent, a compilation of works of previous philosophers andJ§
mathematicians. However, the form in which the propositions was pre.§
sented, consisting of statement, construction, proof and conclusion, was the}
work of Euclid.  Much of Euclid’s work was done when he served as a teacherg
in Alexandria. It is probable that his “Elements” was written to be used as a3
text in schools of that time. The Greeks at once adopted the work as their{
standard textbook in their studies on pure mathematics. Throughout the§

7.3. Basic definitions. To develop
proofs for various theorems on circles,
we must have a foundation of definitions
and postulates. Many of the terms
to be defined the student will recognize
from his previous studies in mathe-
martics.

A circle is the set of points lying in
one plane each of which is equidistant
from a given point of the plane. The
given point is called the center of the
circle (Fig. 7.3). Circles are often
drawn with a compass (Fig. 7.4). The
symbol for circle is ©. In Fig. 7.3, O is
the center of ©4BC, or simply OO.

A line segment one of whose end-
points is the center of the circle and the
other one a point on the circle is a
radius (plural, radii) of the circle. 04,
OB,and OCare radii of ©0. Thus,
we can say radii of the same circle are
congruent.

A chord of a circle is a segment whose
endpoints are points of the circle. A

CIRCLES
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diameler is a chord containing the center

most other textbooks in this field. 3

Archimedes, like his contemporaries, held that it was undesirable for al
philosopher to apply the results of mathematical science to any practical use.!
However, he did introduce a number of new inventions. ¥

Most readers are familiar with the story of his detection of the fraudulent
goldsmith who diluted the gold in the king’s crown. The Archimedean§
screw was used to take water out of the hold of a ship or to drain lands }
inundated by the floodwaters of the Nile. Burning glasses and mirrors to §
destroy enemy ships and large catapults to keep Romans besieging Syracuse §
at bay are devices attributed to the remarkable mechanical ingenuity of thiS?
man. :

Science students today are referred to Archimede’s principles dealing with}
the mechanics of solids and fluids. His work in relating the radius and the‘
circumference of a circle and in finding the area of the circle has stood the§
test of time.

geometric designs he had drawn in the sand.

of the circle. ED is a chord of the
circle in Fig. 7.3.

It will be noted that we defined
“radius” and “‘diameter” as a segment;
that is, as a set of points. Common
usage, however, often lets the words de-
nhote their measures. Thus we speak of
acircle with radius of, say, 7inches. Or
we speak of a diameter equaling twice
the radius. No confusion should arise
because the context of the statement
should clearly indicate whether a set of
points or a number is being referred to.

Circles are congruent iff they have
congruent radii. Concentric circles are
coplanar circles having the same center
and noncongruent radii (see Fig. 7.5).
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Fig.7.5. Concurrent circles. - Fig. 7.6. Inscribed polygon.

A circle is said to be circumscribed about a polygon when it contains all the]
vertices of the polygon. In Fig. 7.6, the circle is circumscribed about polygo
ABCDE. E

A polygon is said to be inscribed in a circle if each of its vertices lies on the§
circle. Thus its sides will be chords of the circle. Polygon ABCDE is in4 ,
scribed in the circle. .

The interior of a circle is the union of its center and the set of all points ir
the plane of the circle whose distances from the center are less than the radius;
The exterior of a circle is the set of points in the plane of the circle such that
their distances from the center are greater than the radius. Frequent
the words “inside” and “outside” are used for “interior” and “extertor.”

_

A linc 1s

Secant. 7 -

7.4. Tangent.

plane of the circle and intersects it
in only one point. This point is
called the point of tangency, and we
say that the line and the circle are
tangent at this point. In Fig. 7.7,
PTis tangent to OO.

A line or ray containing a chord
of a circle is a secant of the circle.
In Fig. 7.7, AB and BC are secants.

7.5. Postulate on the circle.

The following fundamental assumption may DS
stated relating to circles. )

Postulate 19. In a plane one, and only one, circle can be drawn with a given pov o
as center and a given line segment as radius.

7.6. Angles and arcs. It will be noted that we deﬁned a circle as a set O
points. We avoided the use of the word “curve’ in our definition. The, {
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word “curve” is defined in a more precise manner in more advanced courses.
We will not attempt the definition here.

A central angle of a circle is an angle whose vertex is the center of the circle.
In Fig. 7.8, ZAOB, /BOC, and £COD are central angles. The central angle
AOB is said to intercept or to cut off arc AB, and the arc AB is said to subtend
or to have central angle AOB.

If 4 and B are points on a circle 0, not the endpoints of a diameter, the
union of 4, B, and the set of points of the circle which are interior to Z40B is
a minor arc of the circle. 'The union of 4, B, and the set of points of the circle
O which are exterior to ZAOB is a major arc of the circle. 1f 4 and B are
endpoints of a diameter of circle O, the umon of' A, B, and the set of points of
the circle in one of the two half-planes of 4B is called a semicircle or semi-
circular arc.  In each of the foregoing cases, 4 and B are called endpoints of
the arc.

If 4 and B are points of a circle O, the circle is divided into a minor and a
major arc or into two semicircles.  Arc AB is usually abbreviated AB. Usually
it is clear from the context of a statement whether AB refers to the minor or
major arc. However, to make clear exactly which arc 1s referred to, another
point of the arc can be selected. Thus, in Fig. 7.9, AEB refers to the minor
arc.

7.7. Sphere. Many terms and definitions given for a circle are associated
with like terms and definitions for a sphere except that we omit the restriction
“in a given plane.”

Definition: A sphere is the set of all points in space tor which each is equi-

distant from a fixed point, called the center (see Fig. 7.10).

A radius of a sphere is a line segment joining the center and any point of
the sphere. Spheres are congruent iff they have congruent radii. Spheres
are concentric iff they have the same center and noncongruent radii.

A point is in the interior or exterior of a sphere according to whether its
distance from the center of the sphere is less than or more than the measure
of the radius.

E

Fig. 7.8. Fig.7.9.
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Small circle

Fig. 7.10.

A diameter of a sphere is a line segment passing through the center and hav-}
ing its endpoints on the sphere. The diameter of a sphere is twice as long as;
the radius. )

If a plane intersects a sphere, the intersection is a circle. If the plane
contains a diameter of the sphere, the circle is called a great circle; otherwise!
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the circle is a small circle. Al great circles of a sphere are congruent.
sphere mcludes its bounding circle. b
A plane is tangent to a sphere if it intersects the sphere in exactly one
point.
The spherical tank (see Fig. 7.11) is the strongest tank per given volume

that can be manufactured from a given substance.

7.8. Properties of the sphere. The following facts about spheres can be
proved (we will not attempt them in this text). L

1. Through three points of a sphere, one and only one small circle can be drawn. :

2. Through the ends of a diameter of a sphere, any number of great circles can b3
drawn.

3. Through two points which are not ends of a diameler of a sphere, exactly one great
circle can be drawn.

4. A plane perpendicular to a radius at its point on the sphere is tangent to the sphere. ',

7.9. Measuring central angles and arcs. A quantity is measured by ﬁndmg ‘
how many times it contains another quantity of the same kind, called the umt

Fig. 7.11. Speciél tanks for propane and butane. The gases are liquified under high pressure and then
stored in these tanks.  (Standard Oil Company of California)

of measurement. In Chapter 1 we learned that the degree is the unit for
measuring angles.

The unit of arc measure is the arc which is intercepted by a central angle of
one degree. It is likewise called a degree. Thus, the number of angle
degrees about a point and the number of arc degrees in a circle each total 360.
It should be clear that, although the angle degree is not the same as the arc
degree, the numerical measure of angles is closely related to the numerical
Measure of arcs.  This relationship is expressed in the following definition.

Definition: If ACB is a minor arc, then mACB is equal to the measure of the
corresponding central angle If ACB is a semicircle, then mACB = 180, If
ADB is a major arc and ACB is the corresponding minor arc, then mADB =

360 — mACH.
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B

Fig. 7.12.

Thus, in Fig. 7.12, if m£0 =40, then mAB = 40. This relationship is |
written m£0 = mAB. For brevity we sometimes say that the “central angle O
is measured by its arc AB.” The equation should not be read “Angle O
equals arc AB” because an angle cannot equal an arc. '
student should not confuse the number of degrees in an arc with the length of
the arc. The arc degree is not a unit of length. Two arcs of the same, or }

Fig. 7.13.

In like manner, the |

congruent circles, are congruent iff they have the same measure.

7.10. Comparison of arcs. The relationship between the arc length and arc 8

degrees can be illustrated by referring to
Fig. 7.13. In this figure we have two
unequal circles with the same center.
Since both AB and CD are cut off by the
same central angle (£LCOD), they must
contain the same number of arc degrees.
Thus mAB =mCD or AB = CD. However,
the arc lengths are unequal. Here we

CIRCLES 21}
Proof:

STATEMENTS REASONS

. £LAOB = £COD. Given.

1 1.

9. mLAOB = m/COD. _ 2. Definition of = 4.

3. m/ZA0OB = mAB ms£COD = mCD. 3. Definition of measure of arc.
4. mAB ﬁCD 4. Substitution property.

5. AB = CD. 5. Definition of = arcs.
Theorem 7.2

7.12. If two arcs of a circle or congruent circles are congruent, then the
central angles intercepted by these arcs are congruent.
(The proof of this theorem is left as an exercise for the student.)

Exercises (A)

Indicate which of the following statements are always true (mark T) and
which are not always true (mark F).

. All central angles of the same circle are congruent.

. If the radii of two circles are not congruent, the circles are not congruent.

. Two circles each with radii of 10 inches have congruent diameters.

- A point is outside of a circle if its distance from the center of the circle
equals the measure of the diameter of the circle.

Qo ND e

Hx

have two arcs of different circles with the
same number of arc degrees but of un-
equal lengths.

The following postulate is analogous

to the segment addition postulate
(Postulate 13).
Postulate 20. (arc-addition postulate).
If the intersection of AB and BC of a czrcle 15
the single point B, then mAB +mBC = mAC.
(Fig. 7.14).

Theorem 7.1

7.11. If two central angles of the same or
congruent circles are congruent, then
their intercepted arcs are congruent.
Guven: Circle O with £A40B = £COD.
Conclusion: AB = CD.

Theorem 7.1.

The measure of 2 major arc is more than the measure of a minor arc.

The vertex of a central angle is on the circle.

Every circle has exactly two semicircles.

Every arc of a circle subtends a central angle.

All semicircles are congruent.

- If two arcs of the same circle are congruent, their central angles must be
congruent.

1. A chord is a diameter.

12. Some radii of a circle are chords of that circle.

13. Every diameter is a chord.

14. In a given circle it is possible for a chord to be congruent to a radius.

15. The intersection of a circle and one of its chords is a null set.

16. The intersection of a plane and a sphere can be a point.

I7. The intersection of two diameters of a given circle is four points.

18. No chord of a circle can equal a diameter.

19. A sphere is a set of points.

20. Every sphere has only one great circle.

© % D

—
—
=
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Exercises (B)

Find the number of degrees asked for in each of the following. The lette
O will indicate centers of circles.

21. Given: mBC = 70; AC is a 22. Given: m/ OAB = 36.
diameter. Find: mAB.
Find: m£AOB.

Ex.21. Ex. 22
23. Given: m/OAB = 30; 24. Given: mAB = 70; AC is a
ACisa dxameter diameter.
Find: mBC. Find: m/OBC.
25. Given: m/ AOB = 60); 26. Given: mAD = 140;
AC is a diameter. BD and AC are diameters.
Find: (a) mZ ABC; (b) mBC. Find: m/OBC.

C
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7.13. Inscribed angle. An angle is inscribed in an arc of a circle if the end-
points of the arc are points on the sides of the angle and if the vertex of the
angle 1s a point, but not an endpoint, of the arc. In Fig. 7.15a, £ ABC is
inscr ibed in the minor arc ABC. In Fig. 7.15b, £DEF is inscribed in major
DEF. The angles are called inscribed angles.

A

V4

c
@) Fig. 7.15. (b)

7.14. Intercepted arcs. An angle inter-
cepts an arc if the endpoints of the arc
lie on the sides of the angle, and if each
side of the angle contains at least one
endpoint of the arc, and if, except for
the endpoints, the arc lies in the interior
of the angle. Thus, in Fig. 7.15, £ABC
intercepts AC and / DEF mtercepts DF.
In Fig. 7.16, £APB m{e%cep{sﬁélE and-
4B, and LEPD i intercepts DE and BC.

Theorem 7.3

7.15. The measure of an inscribed angle is equal to half the measure of its
intercepted arc.

Given: £BAC inscribed in OO.

Conclusion: ms/ BAC = imBC.

A A
/
B
C
C
D

Theorem 7.3.
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CASE 1: When one side of the angle is a diameter. Exercises

: In each of the followin
Proof: O is the center of a circlge.prOblems’ A D
STATEMENTS REASONS 1. Given: O center of O;
mAB = 100;
1. £BAC s inscribed in ©O. 1. Given. m@ = 140; A
9. Draw OC. 2. Postulate 2. mDC = 66.
3. 04 = OC. 3. Definition of a ©. Find: the measure of each B
4. 1A= LC. 4. Theorem 4.16. of the four central 4.
5. m/BOC=msA+mlC. 5. Theorem 5.16. y Ex.1
6. m/BOC=msA+mlLA. 6. Symmetric and substitution pro- T
perties of equality. (With State- 2. Given: Inscribed quadrilateral WRST with
= ments 4 and b). diagonals RT and WS. w
7. m£BOC=mBC. 7. Definition of measure of arc. Which angles have the same
8 msA+msA=mBC. 8. Theorem 3.5. measures as
9. msA=4imBC. 9. Division property of equality. (a) LWRT? (b) /WTR? R
(¢) LRTS?
CASE 11: When the center of the circle lies within the interior of the angle. s
Plan: Draw diameter AD and apply CASE 1 to La and 2. Use the additive | Ex.2
property of equality. U
CASE 111: When the center of the circle lies in the exterior o the angle. a g
Plan: Draw diameter 4D. prply CASE 1 0 L« andeB. %Tse the subtrac-_"= 3. Given: Chofd LM U fhord uv; L/@
tive property of equality. T - Find: EnL”I’/‘xI:Z,J , 1%
The proofs of the following corollaries are left to the student. | d: (@) mVM; (b) mUL.
7.16. Corollary: An angleinscribed ina semicircle is a right angle. U
7.17. Corollary: Angles inscribed in the same arc are congruent. e 3

7.18. Corollary: Parallel lines cut off congruent arcs ona circle.

Plan of proof: £ABC = LBCD. e
ms ABC = 4mAC. m/BCD = %)anD. /////
Then AC = BD. -~ 0

D
4. Given: m/.A = 68.
Find: m4C. ¢
B
A

Corollary 7.18.
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5. Given: m/.SOR = 80.
Find: msT.

6. Given: Chords AB and CD
intersecting atF;
mAC = 40; mBD = 70,
Find: m/ AEC,

7. Given: 4B 1 to diameter 7D,
TC isa chord;
mTC = 100,
Find: m/BTC.

CIRCLES
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8. Given: B 1 to diameter RS:
OT is a radius; 7S is a
chord; m/ROT = 110

Find: msTSA.

S
T 9. Given: m/AEC — 80;
mAC = 100.
A | Find: mBD.
Ex. 5.
B
c ] 10. Given. VTﬁ\bisects LRST:,
’ ‘ mR/_Sl =120,
4 mWR = 69,
A Find: (@) msTKS; )y m7s.
Ex. 6
T B
] L. Given: C}l(\)rd AD | diameter ST
o i mRS = 50,
o L Find: (a) mLRS'T, (b) msZABR..
D
Ex. 7.
T ‘A
. . 12. Given,. @Qwith diameter AB; chord BD.
‘ Prove: Pz bisects 2 BAC.
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999 FUNDAMENTALS OF COLLEG C | Proof:
: STATEMENTS REASONS
18. Given: Inscribed AABC;. radius OE ilslths1 1. 00 = 0. I Given.
. perpendicular bisector of chor 2. Draw radii 04, OB, QC, QD. 2. Postulate 2.
AB. A B ] 3. 04 = QC; OB = QD. 3. Definition of = ®.
Prove: CE bisects ZACB. \ ' 1. AB = CD. 4. Given.
] 5. AAOB = ACQD. 5. S.S.8.
E ‘ 6. L0 = ,Q. 6. Corresponding parts of = A are
Fx. 13, N . congruent.
7. mAB = mCD. 7. Definition of measure of minor
< : L arcs; substitution property.
D 8. AB = CD. 8. Definition of congruence of arcs.
14 Prove: The OppOSite angles Of an inSCribed Theorem 7.5
' quadrilateral are supplementary. !
Hint: msA=3;m 2.0 =137 B z 7.20. In the same circle, or in congruent circles, congruent arcs have con-
msA+msC=3%3+7?) gruent chords.
A | Given: ©0 = ©Q and AB = CD.
Ex. 14. : Conclusion: Chord AB = chord

CD.

15. Prove: That, if two circles
the centers of
-which - are ~at- O

Proof: (The proof is left for
the student.)

5

and Q intersect at Y ] Q
A and B, 0Qis Theorem 7.5.
perpendicular  to 5 Theorem 7.6
AB. (Hint: Igr;"‘; 7.21. In the same circle, or in congruent circles chords are congruent iff
radii to 4 and B. they have congruent central angles.
Ex. 15.

(The proofis left to the student.)

Theorem 7.4

ent chords have - 7.22, Congruent arcs, chords, and angles. We now have two methods of

proving that two arcs are congruent. To prove that arcs are congruent,
Prove that they are arcs of the same or congruent circles and that they have
tongruent central angles. Or prove that they are arcs of the same or con-
8ruent circles and that their chords are congruent. To prove that chords
are congruent, prove that their central angles (of the same or congruent
drcles) are congruent. To prove that central angles are congruent, prove

that their arcs or chords are congruent. The tollowing exercises will utilize
these methods.

i i congru
7.19. In the same circle, or 1n congruent circles, gr

congruent arcs.

Given: ©0 = OQ and
chord AB =
chord CD. N

Conclusion: AB = CD.

C

A< B Theorem74.
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A
5. Given: AC = BD.
Prove: LAOB = 7/ COD. B
D
C

994 FUNDAMENTALS OF COLLEGE GEOMETRY
Exercises
In each of the following problems, O is the center of a circle.
B

L]

1. In the figure for Ex. 1, AB = CD. State

what other parts of the figure are con-

gruent.
C
Ex. 1
B B
6. Given: /E is a diameter; BC = Dc.
C Prove: AB = AD.
o A 7. Given: AC is a diameter; AB = AD A c
2. Given: AB = CD. Prove: /BOC = J B : 0
Prove: AC = BD. o
D
’ ;
Ex.6,7.
} Ex. 2
\ S B
:{ A mc
8. Given: ZROS = LKOT. R 8. Given: AB = BC.
Prove: RT = KS. Prove: AADO = ACDO.
Ex. 3.

il Ny

4. Given: RS = KT. "

Prove: RT = KS.

9. Given:

Prove:

SINIS
ﬂ;”l I
N
I:Uvg
@)
=)
v
% [»)
~
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10. Given: A, O, B are collinear;

AD

| OC.

o~

Prove: DC = BC.

11. Given: C__D— 1 O__li;

CELO_A;
CD = CE.

Prove: A’Z' = B/a

19 ~Given: Chord €D {diameter 4B
Prove: £ AOC = £/ BOD.

13. Given:
Prove:
14. Guven:
Prove:

Radius OC 1 chord 4B.
OC bisects AB.

OO0 with AM = MB.
Radius OMC L AB.

Ex. 12.

Exs. 13,14.

'
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Theorem 7.7

7.23. A line through the center of a circle
and perpendicular to a chord bisects the
chord and its arc.

Given: ©O0with OC L AB at M.

Conclusion: OC bisects AB; M
OC bisects AB. Theorem 7.7. C
Proof:

STATEMENTS REASONS
1. Draw radii O4 and OB. 1. Postulate 2.
9. 04 = OB. 9. Definition of a ©.
3. OC 1 AB. 3. Given.
4. LAMO and £BMQO are right 4. 4. 1 lines formright 4.
5. OM = OM. 5. Reflexive property.
6. AAMO = ABMO. 6. Theorem 5.20.
7. AM = BM. 7. Corresponding parts of = A
are congruent.
8. La = LB. 8. Same as 7.
9. mAC = mBC. 9. Definition of measures of minor
arcs and substitution.
10. AC = BC. 10. Definition of congruence of arcs.
1. OC bisects both 4B and AB . 11. Definition of bisector.
Theorem 7.8

7.24. If a line through the center of a circle bisects a chord that is not a
diameter, it is perpendicular to the chord.
The proof of this theorem is left to the student.

7.25. Corollary: The perpendicular bisector of a chord of a circle passes

through the center of the circle. c
>\ D

Theorem 7.9

7.26. In a circle, or in congruent circles,
congruent chords are equidistant* from the
center.

B
Given: ©O with chord AB = chord CD;

OE 1 AB;OF L CD.
Conclusion: mOE = mOF.

7"

Theorem 7.9.

“Recall that the distance from a point to a line is measured on the perpendicular from the point to the line.
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Proof:
STATEMENTS REASONS
1. Draw radii OB and OD. 1. Postulate 2.
9. OB = OD. 2. Definition of a circle.
3. OE L AB; OF 1 CD. 3. Given.
4. OE bisects AB. 4. 1 lines form right 4.
5. OF bisects CD. 5. Theorem 7.7.
6. AB = CD. 6. Theorem 7.7.
7. mAB=mCD. 7. Given.
8. EB = FD. 8. Definition of congruent segmeng
9. L OFD and LOEB are right 4. 9. Segment bisector theorem. ;
10. Right AOEB = right AOFD. 10. Theorem 5.20.
11. mOE = mOF. 11. Corresponding parts of = Aj
have the same measure. i
Theorem 7.10 c

7.27. In a circle, or in congruent circles,
chords equidistant from the center are

D‘

CIRCLES
Exercises
In each of the following problems, O is the center of a circle.

C
AmB
F
O
D

Exs. 1,2,

N

|. Given: OE L AB;
OF L CD; AB = CD.
Prove: L OEF= /OFE.
9. Given: OE 1 AB;
OF L CD; LOEF = /OFE.
Prove: AB = CD.

3. Given: AB is a diameter;
LABC = /DBA.
Prove: BC = BD.
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congruent.
Given: OO0 with OE L AB; OF L CD; Ex.3.
mOFE = mOF.
Conclusion: AB = CD. B
Proof: Theorem 7.10.
STATEMENTS REASONS 4. Given: Chord AB = chord ED
extending to meet at C.
1. Draw radii OB and OD. 1. Postulate 2. Prove: EC = AC.
2. mOB = mOD. 9. Definition of a circle.
3. OE L AB; OF 1 CD. 3. Given.
4. £ OEB and £OFD are right 4. 4. 1 lines formright 4.
5. mOE = mOF. 5. Given. §
6. AOEB = AOFD. 6. Theorem 5.20. 1 B
7. mEB = mFD. 7. Corresponding parts of = ‘,‘ _
have the same measure. 5. Given: £LOGB = LOGD. ¢
8. mEB = $mAB; mFD = $mCD 8. Theorem 7.7. 6 PfOUe-' AB = CD. ’
9. $mAB = ymCD 9. Substitution property. - Given: Chord AB = chord A
10. mAB = mCD. CD.

11. AB = CD.

10. Multiplication property. ‘
11. Definition of congruence Of
segments.

Prove: £ 0GB = /£ 0GD.

Exs.5, 6.
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c STATEMENTS REASONS
| 7. Given: AB a diameter; 1. @is tangent of @O at C. 1. Given.
AC || BD. 2. OC is a radius. 2. Given.
Prove: AC = BD. A 0 B 3. Either AB 1 OC or AB is not 3. Law of excluded middle.
1 OC.
1. Assume 4B is not L to OC. 4. Temporary assumption.
> 5. Letlbea lirl_e_)passing through O 5. Theorem 5.4.
and 1 to AB. Let D be the
Ex.7. , intersection of [ and JB.
6. Let E be a point on AB on the 6. Postulate 11.
8. Prove: If a parallelogram is inscribed in a circle, the opposite sides are opposite side of D from C, and

equally distant from the center. such that DE = CD.

12. Prove: 1t chord CD is parallel to diameter

9. Prove: If perpendiculars from the center of two chords of a circle ar 7. £CDOand £ EDO are right 4. 7. L lines form right 4.
congruent, the minor arcs of the chords are congruent. 8. LCDO = LEDO. 8. Theor.em 3.7.
10. Prove: The line joining the midpoints of a chord and its arc passes] 9. OD = OD. 9. Reflexive property.
through the center of a circle. 10. ACDO = AEDO. 10. S.A.S.
11. Prove: 1f a line joins the midpoint of a chord and its arc, it is perpendi- 11 O(_j = OF. 11. §4-28: . ~
cular to the chord. 3 12, Eison ©O0. 12. Definition of a circle.
l 13. AB intersects the O twice. 13. Statements 1 and 12.
14. This is impossible. 14. Definition of tangent.
’ 15. .48 1 OC. 15. Rule for denying the alternative.
|

AB, then AC = BD. . . . .
7.29. Corollary: If a line, lying in the plane of a circle, is perpendicular

to a tangent at the point of tangency, it passes through the center of the
circle.

Theorem 7.12

7.30. Ifa line, lying in the plane of a circle, is perpendicular to a radius at its

Theorem 7.11 Point on the circle, it is tangent to the circle.

7.28. If aline is tangent to a circle,
it is perpendicular to the radius
drawn to the point of tangency.

Given: OO with 4B L OCat C and
lying in the plane of ©O.

Guven: /<1_*B> tangent to ©O at C,
oC i§i radius.
Conclusion: AB 1 OC.

Conclusion: AB is tangent to QO at C.

P Toof:

Proof:

Theorem 7.12.

Theorem 7.11. \!
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STATEMENTS REASONS
1. AB 1L OC of ©O0 and lies in the 1. Given.
plane of ©O. —
2. Either Cis the only point AB has 2. Law of the excluded middle.

in common with © O or C is not
the only point 4B has in common
with © 0.

3. Assume C is not the only point
common to AB and ©O. Let D
be another such point.

4. Draw OD.

5. OD = OC.

6. £0DC = £ 0OCD.
7. £OCDis aright 2.
8. £0DCisaright 2.
9. OD 1 AB.

10. OD | OC.

11. Statement 10 contradicts Play-
fair’s postulate.

12. The assumption is false and C is
the only point in common with
®Oand 4B.

13. AB is tangent to © O at C.

12.

13.

. Temporary assumption.

Postulate 2.
All radii
are =,
Theorem 4.16.
Theorem 3.13.
Substitution property.
Definition of perpendicul
lines.
Theorem 5.5.
. Statement 10; Postulate 18.

of the same circly
-

Rule for denying the alternativ

Definition of tangent.

Theorem 7.13

7.31. Tangent segments from an
external point to a circle are
congruent and make congruent
angles with the line passing
through the point and the center of
the circle.

Given: PAand PB are tangents from

P to OO0.
Conclusion: AP = BP and /APO
= / BPO.

Theorem 7.13.
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Proof:
STATEMENTS REASONS
1. PA is tangent to QO; PB is 1. Given.
tangent to © 0.
9. D_r_aw rﬂi_ii 0OA and OB. 2. Postulate 2.
3. 0_1_4 = 0__1_3 _ _ 3. Radii of the same circle are =.
4. AP 1 OA; BP 1 OB. 4. Theorem 7.11.
5. LOAP and LOBP are right 4. 5. §1.20.
6. OP = OP. 6. Reflexive property of con-
gruence.
7. AOAP = AOBP. 7. Theorem 5.20.
8. AP = BP. 8. §4.28.
9, LAPO = / BPO. 9. §4.28.
Exercises
1. Given: PA and PB tangent to
@_O.
Prove: OP bisects chord AB.
2. Given: PA and PB are tangent
to © 0; chord 4B.
Prove: £PAM = /PBM. d
3. Given: PA and PB are tangent
to ® 0.
Prove: OP L chord AB.
4. Given: AB is tangent to ©O and
Q.
Prove: £A40C = £BQC. B 15,
A
(] ¢ Q

Ex. 4.
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5. Given: AB and CD common tangents to ®0 and Q.

B
Prove: AB = CD. . .
9. Given: PA and PB tangent to
®O0.
Prove: m L APB = 2m/ OAB. P< 0
A

6. Given: @O with diameter 4B
bisecting chords CD and
EF at G and H respectively.

Prove: CD || EF.

10. Prove: The sum of the measures
of one pair of opposite sides of a
circumscribed  quadrilateral s
equal to the sum of the measures
of the other pair.

Ex. 10.

L. Prove: A point on a circle which is equidistant from two radii bisects the

7. Given: ©0 with diameter AB;
radius OD || chord AC.
Prove: OD bisects CB.

arc cut off by the radii.
12. Prove: The sum of the measures of the legs of a right A is equal to the

measure of the hypotenuse of the triangle plus the measure of the
diameter of the inscribed circle.

8. Given: Two concentric ® with
center at O; AB and CD
are chords of the larger
circle and are both tangent

to the smaller circle.
Prove: AB = CD.

Ex. 12.
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Theorem 7.14

7.32. The measure of the angle
formed by a tangent and a
secant drawn from the point of
tangency is half the measure
of its intercepted arc.

Given: AB is tangent to @O at T;
TD is aray. _
Conclusion: m/Za =+mDT.

FUNDAMENTALS OF COLLEGE GEOMETRY

A T

PTOOf.’ Theorem 7.14.
STATEMENTS REASONS
1. 4B is tangent to OO at T; 1. Given.

TDisaray.
9. Draw DC || AB. 2. Postulate 18; Theorem 5.7.
3. mLa=mLpB. 3. Theorem 5.13.
4. mCT = mDT. 4. §7.18.
5. msB= mCT. 5. Theorem 7.3. ‘
6. msa=4mCT. 6. Transitive property (with State

-ments 3 and-5).

7. ormla= %mD/Y\‘.

7. Substitution  property  (wi
Statements 4 and 6). :

Theorem 7.15

7.33. The measure of an angle formed by
two chords intersecting within a circle is
half the sum of the measures of the arcs
intercepted by it and its vertical angle.

Given: La formed by chords AB and CD of

© O intersecting at E.
Conclusion: mLoa = %[mA/Z’—é— mel\)]

Proof:

Theorem 7.15.
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STATEMENTS REASONS
]. Za is formed by chords 4B and I. Given

CD of 90 intersecting at E.
9. Draw 4D forming AADE. 2. Postulate 2; definition of a A.
3. mla= mA/é-i—mLD. 3. Theorem 5.16.
4. mLA= %mBB. 4. Theorem 7.3.
5. msD = imAC. 5. Theorem 7.3.
6. mLA+msD = %[m/iC +mBD]. 6. Additive property.
7. mla=3[mAC+mBD]. 7. Substitution property.
Theorem 7.16

7.34. The measure of the
angle formed by two secants
intersecting outside a circle
is half the difference of the
measures of the intercepted
arcs.

Given: Secants ABP and CDP
intersecting at P out-
side © 0.

Theorem 7.16.

——Conclusion: mZP = g[m/i'— mBD].

Proof:

STATEMENTS

REASONS
1. Secants ABP and CDP intersect at 1. Given.
Poutside © 0. ’
2. Draw 4D. 2. Postulate 2.
3. mepP+ mLB=mslae. 3. Theorem 5.16; symmetric pro-
perty.
4 mep = mLo—msp. 4. Subtraction property.
5 msio= smAC; ms B = LmBD. 5. Theorem 7.3.
(;- mLoc—ms B = E[mAC — mBD]. 6. Subtraction property.
: 7.

mLP = §[mAC —mBD].

Substitution property.
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T B T
7.35. Corollary: The measure of the A
angle formed by a secant and a o B
tangent intersecting outside a circle " o
is half the difference of the measures « |
of the intercepted arcs.

D
¢ D
Ex. 5. Ex. 6.
7.36. Corollary: The measure of the
angle formed by two tangents drawn
from an external point to a circle is
half the difference of the measures 80
of the intercepted arcs. ?D\
(23
A
Corollary 7.36. o B
Exercises
Find the number of degrees measure in Za, £, and in arcs. O is the center of%
acircle.
g Ex. 7. DI AR
" A Ex.8. CD| AB.
B o
90° > 30°
b B
A A
Ex.1 O Ex2

w
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D

N )

150°

Ex.17. Ex. I8.

Ex. 11.

130°

Ex. 13
P
C
Ex. 19.
E
120°
O
A B
o B
D
K

Ex. 15.




Summary Tests

Test 1

COMPLETION STATEMENTS

©o N

il

S

11.

12.

13.

14.

242

. The largest chord of a circle is the

. The opposite angles of an inscribed quadrilateral are
. A line through the center of a circle and perpendicular to a chord

In © O the diameter A0B and tangent AT are .
A central angle of a circle is formed by two
An inscribed angle of a circle is formed by two

Test 2

TRUE-FALSE STATEMENTS

1. If a parallelogram is inscribed in a circle, it must be a rectangle.

An angle inscribed in a semicircle is a(n) — anglet o |
The greatest number of obtuse angles an inscribed triangle can
s . .

Tangent segments drawn to a circle from an outside point are

of the circle. J
An angle is inscribed in an arc. If the intercepted arc is increased by I3

the inscribed angle is increased by

the chord and its arc. ' o
If a line is to a radius at its point on the circle, it is tangent to
circle. . .

If two circles intersect, the line joining their centers 1s the
common chord. o ‘ .
In a circle, or in congruent circles, chords equidistant from the cente 1
circle are -
An angle formed by two tangents drawn from an external pomn
circle is equal in degrees to one-half the of its intercepted arcs.

of t

23,
24,
25,
26.
27,

. Doubling the minor arc of a circle will double the chord of the arc.
. On a sphere, exactly two circles can be drawn through two points which

are not ends of a diameter.

. An equilateral polygon inscribed in a circle must be equiangular.
. A radius of a circle is a chord of the circle.
. If an inscribed angle and a central angle subtend the same arc, the

measure of the inscribed angle is twice the measure of the central angle.

. Astraight line can intersect a circle in three points.
. A rectangle circumscribed about a circle must be a square.
. The angle formed by two chords intersecting in a circle equal in degrees

to half the difference of the measures of the intercepted arcs.

. A trapezoid inscribed in a circle must be isosceles.

. All the points of an inscribed polygon are on the circle.
12,
. Alline perpendicular to a radius is tangent to the circle.

- The angle formed by a tangent and a chord of a circle is equal in degrees

Angles inscribed in the same arc are supplementary.

to one-half the measure of the intercepted arc.

- The line joining the midpoint of an arc and the midpoint of its chord

is perpendicular to the chord.

- The angle bisectors of a triangle meet in a point that is equidistant from

the three sides of the triangle.

Two arcs are congruent if they have equal lengths.

If two congruent chords intersect within a circle, the measurements of the
segments of one chord respectively equal the measurements of the
segments of the other.

- The line segment joining two points on a circle is a secant.
- An angle inscribed in an arc less than a semicircle must be acute.
+ The angle formed by a secant and a tangent intersecting outside a circle is

22,

Mmeasured by half the sum of the measures of the intercepted arcs.

If two chords of a circle are perpendicular to a third chord at its endpoints,
they are congruent.

An acute angle will intercept an arc whose measure is less than 90.

A chord of a circle is a diameter.

The intersection of a line and a circle may be an empty set.

Spheres are congruent iff they have congruent diameters.

If a plane and a sphere have more than one point in common, these
Points lie on a circle.
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Test3

PROBLEMS
Find the number of degrees in Za, £, and sin each of the following:

Prob. 3. 100°

8|

Proportion — Similar Polygons

8.1. Ratio. The communication of ideas today is often based upon com-
paring numbers and quantities. When you describe a person as being 6 feet
tall, you are comparing his height to that of a smaller unit, called the foot.
When a person describes a commodity as being expensive, he is referring to
the cost of this commodity as compared to that of other similar or different
commodities. If you say that the dimensions of your living room are 18 by 24
feet, a person can judge the general shape of the room by comparing the
dimensions. When the taxpayer is told that his city government is spending
42 per cent of cach tax dollar for education purposes, he knows that 42 cents

Prob. 7.

244

out of every 100 cents are used for this purpose.

The chemist and the physicist continually compare measured quantities in
the laboratory. The housewife is comparing when measuring quantities of
ingredients for baking. The architect with his scale drawings and the
machine draftsman with his working drawings are comparing lengths of lines
n the drawings with the actual corresponding lengths in the finished product.

Definition: The 7ratio of one quantity to another like quantity is the quo-
tient of the first divided by the second.

It is important for the student to understand that a ratio is a quotient of
Measures of like quantities. The ratio of the measure of a line segment to that
of an angle has no meaning; they are not quantities of the same kind. We can
f:md the ratio of the measure of one line segment to the measure of a second
line segment or the ratio of the measure of one angle to the measure of a
Second angle.  However, no matter what unit of length is used for measuring
two segments, the ratio of their measures is the same number as long as the
Same unit is used for each. In like manner, the ratio of the measures of two

245
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pend upon the unit of measure, so long as the same unit is

ngles does not de ‘
5 The measurements must be expressed in the same

sed for both angles.

nits. _ o .
A ratio is a fraction and all the rules governing a fraction apply to ratios. |

e write a ratio either with a fraction bar, a solidus, divis.ion sign, or with thej
ymbol : (which is read “is to”). Thus theratioof 3to4is 33/4,3+4,0r3 :4?
he 8 and 4 are called terms of the ratio. ' ‘
The ratio of 2 yards to 5 feet is 6/5.  The ratio Qf three right angles to two
straight angles is found by expressing both angles in terms of a common unit)
(such as a right angle). The ratio then becomes 3/4. . . :

A ratio is always an abstract number; i.e., it has no l'lnltS. Jtisa mllmb.er{
considered apart from the measured units from which it came. Thus in Fig.§
8.1, the ratio of the width to the length is 15 to 94 or 5:8. Note this does nol;

24

i5
| Fig.8.1.

'mean § of an inch. If the dimensions of the figure were 15 by 24 feetor 155
94 miles, the ratio of width to length would still be 5: 8. ' '
Unless there is an important reason to the contrary, a ratio should
expressed in its simplest form. In the previous example, note that the final

ratio was expressed as 5: 8, not 15:24.

Exercises

1. Express in lowest terms the following ratios:
(a) 8to12.
(b) 15t09.
() %-
(d) 2xto 3x.

(e) 5to3.

2. What is the ratio of:
(@) 1right £ to 1straight £?

PROPORTION —SIMILAR POLYGONS 947

(#) 3inchesto 2 feet?
(¢) 3 hours to 15 minutes?
(d) 4 degrees to 20 minutes?

3. Mary is 5 years and 4 months old. Her mother is 28 years and 9 months

old. Whatis the ratio of Mary’s age to her mother’s?

4. What is the ratio of the lengths of two lines which are 7 feet 8 inches and

4 feet 4 inches long?

5. What two complementary angles have the ratio 4: 1?
6. What two supplementary angles have the ratio 1: 37
7

9,

10.
11.

. Gear 4 has 36 teeth. Gear B has 12 teeth. What is the ratio of the
circumference length of gear 4 to that of B?

36 teeth

12 teeth

FAWAN
A4

A=

Exs.7,8.

- If gear A turns 400 times a minute, how many times a minute will gear B

turn?

In a school there are 2200 pupils and 105 teachers. What is the pupil-

teacher ratio?

Express 37 per cent as a ratio.

The specific gravity of a substance is defined as the ratio of the weight of a

given volume of that substance to the weight of an equal volume of water.

If one gallon of alcohol weighs 6.8 pounds and one gallon of water

weighs 8.3 pounds, what is the specific gravity of the alcohol?

- One mile = 5280 feet. A kilometer = 3280 feet. What is the ratio of a
kilometer to a mile?

- What is the ratio of the length of the circumference of a circle to the
length of its diameter?

- The measures of the acute angles of a right triangle are in the ratio of 7 to
8. How large are the measures of the angles?
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15. Draw AABC, as in the figure for Ex. 15, with mAB=8 centimetey
mCB = 6 centimeters, m/.C = | right £ and CD L AB. Measure 4
CD, AD. and BD accurately to m centimeter. Express the ratio

mAB | mAC and mBC / mCD to the nearest tenth.

B C
D
6cm
A
4 8cm c
Ex. 15, Ex. 16.

16. Draw AABC with m/ A4 = 50, mAC = 8 centimeters, mAB = 10 centimete
Then draw MN || AB.  Measure M, MC, BN, and NC to the nearg
tenth of a centimeter. Express the ratios of mAM /mMC and mBN /mA8
to the nearest tenth. :

c — >8&
17. Draw ©O with radius = 5 centimeters. ‘(
A

Draw chords AD =6 centimeters, CB = §
centimeters any place on the circle. Draw
AB and CD. Measure AT,E??, CD, and
DE accurately to 4 centimeter. Express
the ratios of mDE /mBE and mAE /mCE

to the nearest tenth. b

Ex. 17.

8.2. Proportion. A proportion is an expression of equality of two ratios.
example, since 6/8 and 9/12 have the same value, the ratios can be equated a§
proportion, 6/8 = 9/12 or 6:8 = 9: 12. Thus, if ratios a:b and ¢:d are eqiy
the expression a:b=c:dis a proportion. This is read, “aisto b ascis to}
or “a and b are proportional to ¢ and d”. In the proportion, a is referre G

as the first term, 4 as the second term, ¢ as the third term, and d as the fo 5

The first and fourth terms of a proportion are often called the extren
and the second and third terms are often called the means. It shourld‘
noted that four terms are necessary to form a proportional. Therefore
should be taken not to use such a meaningless expression as “‘a is proportid§
tob.” ‘
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The fourth proportional to three quantities is the fourth term of the
proportion, the first three terms of which are taken in order. Thus in the

roportion a:b = c:d, dis the fourth proportional to g, b, and ¢.

When the second and third terms of 2 Proportion are equal, either is said to
be the mean proportional between the first and fourth terms of the propor-
tion. Thus,if x:y=1y:2, yis the mean proportional between x and 7.

If three or more ratios are equal, they are said to form g series of equal
ratios. Thus a/x = b/y = ¢/7 is a series of equal ratios and may also be written
intheforma:b:c=x:y:,

Theorem 8.1. Ina Proportion, the product of the extremes is equal to the
product of the means.

0o

i a

en: —=
b

Conclusion: ad = p.

Proof:

STATEMENTS

REASONS

La_c
BT 1. Given.
2. bd = pqd 2. Reflexive property.
a el ¢
3 p < bd = 7% bd, or ad = b¢ 3. Multiplication property.

Theorem 8.2+, In a proportion, the second and third terms may be inter-
hanged to obtajn another valid proportion.
uThlS .pr‘operty is called proportion by alternation. [t can easily be proved by
5”1% Theorem 8.1. Thus, ifa:b=¢:d, then q:¢ — b:d. For example, since
5=8:12, then2:8 = 3.19, ’
\

%
“The g
first and fourth terms in a given proportion also may be Interchanged.
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i i i +ctet. . a
Theorem 8.3. In a proportion, the ratios may be inverted. . . a ._a
p Conclusion. bt dr it

This transformation can be proved by using the division propelty of equalityw
Thus if a/b = ¢/d, then bja = dfc. For example, since § = 3, then3 = 12. Proof:

Theorem 8.4. If the product of two quantities is equal to the product STATEMENTS REASONS
two other quantltles, either pair of quantities can be used as the means ."',
the other pair as the extremes of a proportion. | Let % - I, Definition of .

ven: = , e
Groen:ab=cd 2. {51 =k, 7 = A 2. Transitive property.
Conclusion: 2 =§ 3. a=kb,c=kd, e=kf, ... 3. Multiplication property.

ORI e Ty 4. atct+et...=kb+kd 4. Addition property.

R+ =k(bFHd+S. ).
Proof:
- a+c+e+...:k 5 Divisi ot
STATEMENTS REASONS O E d+f+ Tk 5. Division property.
1. ab=cd. 1. Given.
i atctet... a
2. bc = bc. 2. Reflexive property. 6. ‘ _a¢ 6. Substitution property.
ab _cd f_ii 3. Division bropert b+d+f+... b

e T b b - Division property.

Theorem 8.8. If four quantities are in proportion, the terms are in
proportion by addition or subtraction; that is, the sum (or difference) of

Theorem 8.5. If the numerators of a proportion are equal but not eq“&
to zero, the denominators are equal. Thus,a/x=b/y AN a=b—>x=y. ‘

the first and second terms is to the second term as the sum (or difference) of
the third and fourth terms is to the fourth term.

Theorem 8.6. If three terms of one proportion are equal to the corres Given: £ =¢

ponding three terms of another proportion, the remaining terms are equal. b d
a a . atb c+d a=b c¢—d
Given: 7= % and =3 Conclusion: =4 and =

Conclusion: x = y. Proof: (The proof is left to the student.)

atb c¢+d
b d -

S SO _¢
Theorem 8.7. In a series of equal ratios the sum of the numerators is § uggestion:; E+ 1= ;+ 1,
the sum of the denominators as the numerator of any one of the ratios is \

Exercise
the denominator of that ratio. S

I. Find the value of x which satisfies the following proportions:

(@) 2:x=5:8. (d) 3:5=1x:8.

) a ¢
Given: - =—=
b

¢
d f
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~J

10.

11.

. Change the following proportions to another whose first and second §

. If a car can travel 120 miles on 8 gallons of gasoline, how many gallons

FUNDAMENTALS OF COLLEGE GEOMETRY
(b) 2x:3 =4:5. (e) 1%feet: 3 inches = 2 yards:
x inches.
(c) 8:3=4:x. (f) 30inches:x feet = 3 yards:
2 feet

terms are respectively x and y:

y 3 d 4 8
@ T=7 ()y—x-
b =2
()3—5- (e) x:3=1y:7.
2 3 o
(¢) ;—; (f) y:2=1x:6.
Find the ratio of x to y in each of the following:
(@) 2x = By. (c) x= l3y. (e) ax = by.
(b) 9x = 4y. (d) x=1y. (f) ry=sx.

Find the fourth proportional to 3, 5, and 8.
Find the mean proportional between:

(a) 9and 16.

(b) 14and 9.

Form five different proportions from each of the following equal products:

(@) 3x12=4Xx09.

(b) xy=rs. C
. In A4ABCitis given that
mAD : mDC = mBE : mEC. Prove:
(@) mCD : mDA = mCE ; mEB. D E
() mAD : mBE = mDC mE_‘—(_f / >
(¢) mAC : mAD = mBC : mBE. A B
Ex. 7.
. In a draftsman’s scale drawing 7 inch represents 1 foot. What length will

be represented by a line 2§ inches long on the drawing?

will be required for a journey of 450 miles? ;
If a machine can manufacture 300 objects in 40 minutes, how many §
objects can the machine manufacture in 8 hours? 4
The model of a church is to be built to a scale of ¥inch to 1 foot. HoW{
high will the model of the church spire need to be if the actual spire 15§
90 feet high? '
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[2. Atnoon a 6-foot man casts a shadow 10 feet long. How high must a tree
be at noon to cast a shadow of 240 feet?

IMPORTANT. It has been the conscious effort of this text thus far to
emphasize the distinction between a geometric figure and its measure.  Often,
however, the symbolism involving the measures of line segments can be so
involved as to be distracting. This would be true in this and in subsequent
chapters if we were not to introduce another way of indicating the measure
of a segment. Each time the letters AB has been used thus far, it has had an
added symbolism above it. Thus we have written AB, /ﬁ?’, AB, }1730, and
AB to represent a line, ray, segment, interval, and an interval closed
at one end.

Hereafter, when AB appears in this text with no mark above it, it will represent
the measure of the line segment AB. Thus,

AB = mAB

‘The stuilcnt will note that, hereafter, the following are equivalent state-
ments: mAB = mCD; AB = CD; AB = CD.

Theorem 8.9

8.3. If a line parallel to one side of
a triangle cuts a second side into
segments which have a ratio with
integer terms, the line will cut the
third side into segments which have
the same ratio.

Given: AABC with DE || AB. Theorem 8.9.
. CD CE

Conclusion: ~= = ==
ton: 5 B

Proof:

STA'I‘EMENTS REASONS

1. :

Let CF be a unit of measure, coni- 1. Definition of ratio.

mon to €D and DA, contained
M umes in CD and = times in DA.

. CD
DAy
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9. At points of division on AC, draw 2. Postulate 18.

lines || to AB.

3. These lines divide CE into m
congruent parts and EB into n
congruent parts.

3. Theorem6.7.
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Theorem 8.11

8.7. If a line divides two sides of a triangle pro tionally, it i
B i gle proportionally, it is parallel to

4 CE_m 4. Substitution propert
“EB w ’ property. Given: AABC with DE intersecting

CD CE . — —

5. 51~ EB 5. Theorem 3.4. AC and BC so thatg—g = %
Conclusion: DE || AB.

Note: Statement 1 assumes there is a common unit which will be containedj Proof: - s.11
integral times in CD and DA.  When this is true, the segments are said to bef corem .14
commensurable with each other. The proof of the incommensurable case i STATEMENTS REASONS
difficult, since it requires a knowledge about limits. . -

Mathematics courses in calculus can prove the more general theorem: 1. Either DE_|| AB or DE || AB. 1. Law of the excluded middle

i i ) . ? Assume DE } 4B. 2. Temporary assumption.
Theorem 8.10. A line parallel to one side of a triangle and intersectingg 3. T hen_let DF || AB and intersect- 3. Postulate 18; theorem 5.7
the other two sides divides these sides into proportional segments. i ing BCatF. ’ S
4 CA CB
DA FB 4. §8.5. Corollary.
8.5. Corollary: If a line is parallel to one side of a triangle and inter: - CD CE
othe o sides, it divides these sides so that either side is to one ‘)'DA_E' 5. Given
segments as the other is to its corresponding segment. q ¢4 _CB 7
" DA EB 6. Theorem 8.8.
Suggested proof: Use Theorem 8.9 and Theorem 8.8. 7. FB = EB. 7. Theorem 8.6
- ? E"‘“S_OH_E' o 8. Definition of = segments.
s 13. DF coincides with DE. 9. Postulate 2.
- This is impossible. 10. St
8.6. Corollary: Parallel lines cut off m A D 11. - DE || 4B. 11. Sudt::tri]:zltqisf;;(;it
—> . rty.

proportional segments on two trans- /
versals. n B G /
7
DG /
Suggested proof: Draw DH || AC; /
/
DG_ DE p¢C H/
GH EF’
AB DE
Thenﬁ ﬁ

Corollary 8.6.

8.8. Corollary: If a line divides two sides of a triangle so that either side

is to one of its segments as th ide is to i gm
s e other side is to its corresponding segment, th
: e
line is parallel to the third side. i ’ ’

Exercises

1- . . . L. — 1 s
8. In the following exercises it is given that DE | AB. In each exercise the

lengths of three segments are given. Find the value of x in each
exercise,
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c 1 2 3| 4 7| 8
CcD x 6 12 8 9 x 10
D E DA 12 x 16 15 15
CE 9 6 x 18 10 20 12
EB| 15 8 B 20 x 15 18 30
4 3 AC x | 15 | 40
BC - x x
Exs. 1-8.
T
9. If MT=12, RM =8, TN=15, and
TS = 95,is MN || RS? Why? M N
10. If RM = 53, N[T:Q‘l, TN = 36, and
TS = 44,is MN | RS?  Why? X S
Exs. 9, 10.

11-16. Given: m || n || p. Find the value of x in each of the following.

N
/

11 12 13 14 15 16

n B \E AB| «x 8 9 12
BC| 15 x 9 15 18 6
AC x 10

DE| 24 10 12 x

c 7 EF| 24 18 x

p DF 25 30 40 x
Exs. 11-16.

8.9. Similar polygons. In Chapter 4 we studied a relationship between
figures, called congruency. Congruent figures are alike in every respect; !
they have the same shape and the same size. Now we will consider figures
that have the same shape, but may differ in size. Such figures are called
stmilar figures. ’
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A photograph of a person or of a structure shows an image which is con-
siderably smaller than the object photographed, but the shape of the image is
just like that of the object. And when a photograph is enlarged, this shape

is maintained (see Fig. 8.2); that is, all parts of the photograph are enlarged

by the same factor. In mathematical terms, we say the images in the two
photographs are similar.

Fig.8.2. The professional photographer is using an autofocus enlarger.
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Design engineers and architects are continually dealing with similar ﬁgures.,
A newly designed structure is first drawn to scale on paper. The design ig
much smaller than the structure itself, but all parts have the shape of thd
finished product. Blueprints of these drawings are made. The bluepring
can be read by the manufacturer. By using a ruler and a scale, he can deter-
mine the true dimensions of any part of the structure represented in the blue-]
print. "
In the automotive and airplane industry, small models of new cars an
airplanes are generally first constructed. These models will match in shapef
and detail the final product. The surveyor continually uses the properties“
of similarity of triangles in his work. ;

Definition: Two polygons are similar if there is a matching of theis
vertices for which the corresponding angles are congruent and the corre}
sponding sides are proportional.

3

The symbol for “similar to” or “is similar to” is ~. Thus in Fig. 8.3
polygon ABCDE ~ polygon PQRST if: A
l. ZA= (P, /B=/,Q,LC=/LR, D= /S, /E=/T.
AB_BC_CD _DE_Ed
"PQ QR RS ST TP
D

C

=

A B P Q
Fig.8.3.

Conversely, if two polygons are similar, their corresponding angles are
equal, and their corresponding sides are proportional.
The ratio of any two corresponding sides of two similar polygons is called]
the ratio of similitude.
It is important to note that the definition of similar polygons has two parts..
In order for two polygons to be similar, (1) the corresponding angles must b&j
congruent and (2) the corresponding sides must be proportional. /
In general, when one of these conditions is fulfilled, it does not necessarily§
follow that the second condition is also fulfilled. Consider Fig. 8.4. Squa ‘

PROPORTION — SIMILAR POLYGONS 259

Fig. 8.4.

A and rectangle B have the angles of one congruent to the corresponding
angles of the other, but obviously are not similar. In Fig. 8.5, the ratio of
similitude of the two polygons is 2:1, but the corresponding angles are not
congruent. They are not similar.

D 4 ¢
12 S
10 6 ZR
E T
6 3 >
A ) B P—7—q
Fig.8.5.

We will prove, however, that in the case of triangles the angles of one tri-
angle cannot be congruent to the angles of a second triangle without the
corresponding sides being in proportion.  Conversely, we will prove that two
triangles cannot have their corresponding sides proportional without the
corresponding angles being congruent.

Theorem 8.12

8.10. If two triangles have the three angles of one congruent respectively

to the three angles of the other, the triangles are similar. (A.A.A. Similarity
I'heorem.)

Theorem 8.12.
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Given: NABC and ARST with

/A=/ R /B=/§,C=/T.
Conclusion: NABC ~ ARST.

Proof:
STATEMENTS REASONS
1. 2A=/R,/B=/,§5,/C=«T. 1. Given.

2. Let D and E be points of C_A>_and 2. Postulate 11.
CB such that DC = RT and EC =

ST.
3. Draw DE. 3. Postulate 2.
4. ACDE = ARST. 4. S.A.S.
5. LCDE = /R. 5. §4.28.
6. LCDE = £ A. 6. Theorem 3.4.
7. DE || AB. 7. Theorem 5.12.
AC BC
— = 8. §8.5.
8 pcTEC ¥8.5
9. %:f? 9. E-8 property.

10. In like manner, by taking points 10. Reasons 3 through 8.
F and G on 4B and BC such that
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C
A D B A’ D B

Corollary 8.14.

8.15. Method of proving line segments proportional. Thus far we have
learned four ways to prove line segments proportional. The student at this
time should review these methods under Theorem 8.10, its two corollaries,
and § 8.9.  The last method is very common and will be used extensively in
this and succeeding chapters. It might be restated thus: “To prove that four
segments are proportional, prove that they are corresponding sides of similar
triangles.”

The procedure then would be:

—_—

Find two triangles each of which has two of the four segments as sides.
Prove these two triangles are similar.

Form a proportion involving these four sides as pairs of corresponding
sides of the two triangles.

4. Tf necessary, use theorems about proportion to transform the proportion
to the desired form. :

[l o}

BF SR BG ST C
BF = SR and BG = ST. we can
AB—BEC N
prove po=or. 8.16. Illustrative Example 1:
11. Then A¢ _BC_ 4B and 11. E-8 property; Theorem 3.4. Given: AC 1 AD and DE 1 AD. D
RT ST RS S | A >
12. AABC ~ ARST. 12. Definition of similar polygons. 7
4 Prove: AC:DE = AB:BD. E
8.11. Corollary: If two triangles have two angles of one congruent to tw 1 Proof: Hlustrative Example 1.
angles of the other, the triangles are similar. (A.A. Similarity Corollary.) :
8.12. Corollary: If two right triangles have an acute angle of one com STATEMENTS REASONS
gruent to an acute angle of the other, they are similar. ,. Ny
8.13. Corollary: Two triangles which are similar to the same triangle o 2: L AD; DE 1 AD. Given.

two similar triangles are similar to each other.

8.14. Corollary: Corresponding altitudes of two similar triangles have tHf
same ratio as that of any two corresponding sides.

(Suggested proof: AADC ~ NA'D'C'.)

£LCAB and ZEDB are right 4.
LABC = /DBE.

AABC ~ ADBE.

- AC:DE = AB:BD.

1 lines form right 4.

Theorem 3.12.

§8.12.

If two A are ~, their correspond-
ing sides are proportional.

Bl

(@14

Gt Q0N o~
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8.17. Illustrative Example 2: c
Given: NABC with right ZACB; A Given:
CD 1 AB. i
Prove: CD:CB = AC:AB. rove.
A D B
p TOOf‘ Hlustrative Example 2.
STATEMENTS REASONS
1. LACBisaright 2. 1. Given.
9. CD 1 AB. 2. Given.
3. £ADCis aright £. 3. §1.20. - Given:
4. InAADC and ACB, £A = £ A. 4. Reflexive property. 5. Gwen:
5. AADC ~ NACB. 5. §8.12. b .
6. ..CD:CB = AC:AB. 6. §8.9. rove:
C
Exercises A
1. Given: AABC with DE || 4B. D \E
Prove: ADEC ~ AABC. a B
Ex. I
6. Given:
Prove:
. [, N
2. Given: ARST with ST 1 RS;
MN 1 RT.
Prove: ARMN ~ ARST. R - S
Ex. 2.
|(D 7. Given:
C
Prove:

3. Given: ©O with chords AB, CD,

AD, BC.
Prove: NABE ~ ACDE.

Ex. 3.
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E
OO0 with AC a diameter; m/\
DE 1 AD. A

AABC ~ AEDC.

(0, with diameter RS; chords RT
and PS intersecting at Q.
ARPQ ~ ASTQ.

AABC with altitudes CD and BE.
ABDF ~ ACEF.

Ex. 6
C
OO0 with diameter AC, tangent
BC, secant AB.
ABDC ~ ABCA.
A D B
Ex. 7
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PROPORTION — SIMILAR POLYGONS 265

— — B
8 Gi BC L AR DE L A% 19. Given: Right AABC with ZABC aright £; BD L AC.
iven: ; . -
' ’ 4AD  BD
Prove: BC _DE Prove: E:D_Cand (BD)?= AD X DC.
rove: i~ =T
Ex.12. A ) c
13. To find the height of a flag pole, a boy scout whose eyes are 5 feet 6 inches
from the ground placed a 10-foot rod in the ground 50 feet from the flag
pole. Then stepping back 8 feet 6 inches, he found that he could just
sight the top of the flag pole in line with the top of the rod. How high
iy 5
9. Given: Secants AB and AC is the flag poler
intersecting at 4.
Prove AC_AD
rove: —p =
e T T T T 56
10. Given: ©O with tangent TP and I, K ¥
sccant SP intersecting at P.
PS PT 8'_6'/ 501
Prove: P_T: “I‘J‘E and ’

(PT)2 = PS X PR. 14. A boy notices that the shadow of a tree is 52 feet 3 inches long while his
shadow is 6 feet 6 inches long. If the boy is 5 feet 9 inches tall, how tall is
the trec?  (Note: we assume the sun’s rays are parallel.)

11. Given: BD bisects ZABC; chords AC and
BD intersecting at E.
Prove: AE  CD
rove:. E = E 5/_g

\_)l 6/-6" le—




© 8.18. If two triangles have an angle of one congruent to an angle of tht.a ot'her |
and the sides including these angles proportional, the triangles are similar. |
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Theorem 8.13

Theorem 8.13. A S E e

Given: AABC and FGH with £C = LH; AC:FH = BC:GH.
Conclusion: NABC ~ AFGH.

Proof:
STATEMENTS REASONS
1. £C = LH. 1. Given.

9. Let D and E be points of CA and 2. Postulate 11.

CB such that DC = FH and
EC = GH.
3. Draw DE. 3. Postulate 2.
4. ACDE = AFGH. 4. S.A.S.
5. LCDE = LF. 5. §4.28.
6. AC:FH = BC:GH. 6. Given. . :
7. AC:DC = BC:EC. 7. E-2 and E-8 properties.
8. DE || AB. 8. §8.8. Corollary.
9. LA = LCDE. 9. Theorem 5.14.
10. £4 = /LF. 10. E-3 property.
11. .. AABC ~ AFGH. 11. §8.11. Corollary.

Theorem 8.14

8.19. If two triangles have their corresponding sides proportional, they are §

similar.

Theorem 8.14.
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. .. AB BC AC
G . AABC and FGH —_—— ==
wen an with FC - GH_ FIf
Conclusion: AABC ~ AFGH.
Proof:
STATEMENTS REASONS

267

1.

9. Draw DE. 2. Postulate 2.
, AC _ BC ..
3. FH - CH' 3. Given.
AC BC .
4. D CE 4. E-2 and E-8 properties.
5. £LC = £LC. 5. Reflexive property.
6. AABC ~ ADEC. 6. Theorem 8.12.
AC AB AC 4B
7. C_D_ﬁorﬁ:ﬁ' 7. §8.9; E-2.
8. Butggzﬁg 8. Given.
9. FG= DE. 9. Theorem 8.6.
10, ADEC = AFGII. 10. S.S.S.
H. " A4BC ~ AFGH. 11. §8.13." Corollary.
Exercises

Let D and E be points on C4 and
Czsuch that CD = HF, CE =
HG.

1.

Postulate 11.

tions.
D F c
M
A B
Ex.1. DC |78, 2L = £E

In Exs. 1 through 10, prove two triangles similar and complete the propor-
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¢ J In Exs. 11 through 16, find the length of line segment x.
D L
E < L &
/ 9 15 K
A B D H I 15
s
B . = 1 77. K _H] 5
Ex.3. %Q“’?C—' Bt KEIHLRE= 4 12 E\xQ/B
5 =l
H
I J
c B C L 20 >
Ex. 11, Ex. 12,
c P
4 14 21 y, T 2
K 12 I
E
A 28 B DTy 15 .
, ; g x
Ees. SE- P Ex.6. A::B_?C- 5 g V
c R S M 30 N
Ex.13. UV | RS. Ex. I4.
T E .
/7\ .
/ \ =
R ’;‘ S A D B
<
AE ED
Bx.7. pe=tL Exf. = PYANT: s
' Q
<
P
Ex.15. Ex. I6.

R
C
B
S 7 P
A

11_\9

Ex. 9.

S

AP _PC

Ex. 10. PC 7

Theorem 8.15

8.20. The altitude on the hypotenuse of a right triangle forms two right

triangles which are similar to the given triangle and similar to each other.

Given: AABC with £ ACB a right 2

CD 1| AB.
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C
Conclusion: Right AADC ~ right AACB;
right ACDB ~ right AACB;
right AADC ~ right ACDB.
Proof: A D
Theorem 8.15.
STATEMENTS REASONS
1. £LACBisaright £. 1. Given.
9. CD L AB. 2. Given.
3. 2£.ADC and £BDC are right 4. 3. §1.20.
4. In right A4DC and ACB, £A4 = 4. Reflexive property.
/A
5. .. AADC ~ AACB. 5. §8.12.
6. In right ABDC and ABC, LB = 6. Reflexive property.
/B.
7. .. ACDB ~ NACB. 7. Reasonb.
8. ..AADC ~ ACDB. 8. §8.13.

8.21. Corollary: The altitude on the
hypotenuse of a right triangle is the mean
proportional between the measures of the
segments of the hypotenuse.

Suggestions: NADC ~ ACDB A D
by Theorem 8.15. Then
AD:CD = CD: DB. Corollary 8.21.

|
b

8.22. Corollary: Either leg of a right triangle is the mean proportional ,:
between the measure of the hypotenuse and the measure of the segment of '
the hypotenuse cut off by the altitude which is adjacent to that leg.

Suggestions: Dropa L from C to AB;
ABDC ~ ABCA by Theorem 8.15.
Then AB:BC = BC:BD.

Theorem 8.16

8.23. The square of the measure of the hypotenuse of a right triangle is equal
to the sum of the squares of the measures of the legs. %

Given: ANABC with £ACB aright 2.
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|
|
L

Conclusion: ¢® = a®>+ b%.
>
b , c >
roof:
f Theorem 8.16.
STATEMENTS REASONS
1. Draw CD L AB. 1. Theorem 5.3; theorem 5 .4.
2. cca=a:sandc:b=b:r. 2. §8.22.
3. a’>=cs, b= cr. 3. Theorem 8.1.
4, *+b*=cs+or. 4. E-4.
5. 2+ =c(s+r). 5. Factoring (distributive law).
6. s+r=c. 6. §1.13.
7. >+ 02 =% 7. E-8.
8. =a*+ b 8. E-2.

‘Theorem 8.16 is known as the Pythagorean theorem. Although the truths
Qf the theorem were used for many years by the ancient Egyptians, the first
formal proof of the theorem is attributed to the Pythagoreans, a mathematical

society which was founded by the Greek philosopher Pythagoras.

Since that

tume manv other proofs of this famous theorem have been discovered.

8.24, Corollary: The square of the measure of the leg of a right triangle is
equal to the square of the measure of the hypotenuse minus the square of the

measure of the other leg.

[lustrative Example 1:

T
Given: Right ARST with .TQ 1 to hypotenuse RT;
RQ=3and QS =5. Find QT.
Solution: From §8.21, RQ:Q8 =0QS:QT. Substi-
tuting, 3:5=5:QT. Therefore, 30T = Q
25, QT =2,
R S

Hlustrative Example 1.
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Illustrative Example 2:
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18-25. Find the length of segment x in each diagram.

Draw a perpendicular

. if necessary.
Given: Right AHJK with hypotenuse HK = 17, leg H] = 15. Find JK.
K T
Solution: By §8.24, (JK)*>= (HK)*— (HJ )*. C f
Substituting, (JK)? = (17)*— (15)® m ¥ & 9
| = 989 — 225 ® R
i — 64 . J A 30 B B x S
‘ - JK =8 Hlustrative Example 2. Ex.18. Ex. 19.
Exercises D )
5
In AABC, LACB is aright /.and CD L AB. Eh c
1. Find CDif AD = 9 and BD = 4.
9. Find BCif AB = 16 and BD = 4. c L 10 X
8. Find BCifAD =12, AC = 15,and CD = 9. 16 .
4. Find ACif AD =24, CD = 18, and BC = 22.5. x o
5. Find ACit BD =9, BC = 15,and CD = 12. 4 s
6. Find CDif AC = 20, and BC = 15. 4 1 AT B i s S
7. Find BDif AC = 21, and CD = 15. .
8. Find ACif BD =12, BC = 13, and CD = 5. Exs. 1-12. Ex. 20. Ex.21.
9. Find BDif AD = 2and CD = 4.
10. Find CDif AD = 16 and BD = 4. D 15 A
il. FindBCif AB = 20 and BD = 5. R__20 S B E
12. Find ACif AB = 18 and AD = 8. ~ 8 *
_ o /1, ’
18. Given: AB is a diameter of ©O,CD L AB. :
— — [1
If4D = 3 and BD = 27, find CD. P ~ %
(Hint: Draw chords AC and BC.) < 36 !
Ex. 22. Ex.23.
Ex. 13. L 10 M Q
/ 5/\\
al X
In AMNT, ZMNT is aright £. 12 B R s 2 q°
14. Find MTif MN = 16 and NT = 12. ] 7
15. Find NT if MN = 24 and MT = 30. G n 8 [
16. Find MN if MT = 13 and NT = 5. M N8 P
17. Find NTif MN = 15 and MT = 17. Exs. 14-17. Ex. 24. Ex. 25
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Theorem 8.17

8.25. If two chords intersect within a circle,
the product of the measures of the segments
of one chord is equal to the product of the
measures of the segments of the other.

Given: ©O with chords 4B and CD intersect-
ing at E.
Conclusion: AE X EB = CE X ED.

Theorem 8.17.

Proof:

STATEMENTS REASONS

1. Draw chords CB and 4D. 1. Postulate 2.

9. /DAE = /BCE. 2. §7.17.

3. LAED = LCEB. 3. Theorem 3.12.
4. .. NAED ~ ACEB. 4. §8.11.

5. AE:CE = ED:EB. 5. §8.9.

6. . AE X EB = CE X ED. 6. Theorem 8.1.

8.26. Segment of a secant.
When a circle is cut by a
secant, as AP in Fig. 8.6,
we speak of the segment AP
as a secant from P to OO.
PB is the external segment
of the secant and B4 is
the internal segment of the
secant.

Theorem 8.18

8.27. If a tangent and a secant are drawn
from the same point outside a circle, the
measure of the tangent is the mean propor-
tional between the measures of the secant
and its external segment.

Given: OO with tangent PT and secant PBA
drawn from P.
Conclusion. PB:PT = PT:PA.

Theorem 8.18.

Proof:

STATEMENTS
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REASONS

Draw chords T4 and TB.
msTAP =+mTB.

m/BTP = mTB.
L TAP = £ BTP.
LP = LP.

5. ATAP ~ ABTP.

PB:PT = PT:PA.

e 00 10—

N

Postulate 2.
Theorem 7.3.
Theorem 7.14.
Theorem 3.4.
Reflexivity.
§8.11.

§ 8.9.

Theorem 8.19

8.28. If two secants are drawn from the same point outside a circle, the
product of the measures of one secant and its external segment is equal to
the product of the measures of the other secant and its external segment.

Given: OO with secants PA

and PC drawn from P.
Conclusion: PA X PB = PC X PD.

Prooj}
Theorem 8.19.
STATEMENTS REASONS
I. Draw chords AD and BC. 1. Postulate 2.
2. msDAP = imBD. 2. Theorem 7.3.
3. m4BCP = imBD. 3. Theorem 7.3.
i' £ZDAP = £/ BCP. 4. Theorem $.4.
O LP = /P 5. Reflexive property.
6. ADAP ~ ABCP. 6. §8.11.
7. PA:PC = PD:PB. 7. §8.9.
8. P4 X PB = PC X PD. 8. Theorem 8.1.
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Exercises

In the following exercises, O is the center of the circle.

1.

Find AEif EB=4,CE = 8,ED = 5.
Find ED if AE = 12, CE = 8, EB = 6.
Find CEif AB=20,EB = 15,ED = 1.
Find ACit CE=9,EB=3,BD =5.
Find CDif EB = 6,AB = 18, ED = 8.

Find PTitPS=4, PR=09.

Find PRif PS =5, PT = 8.

Find PTif RS =7, PR = 16.

Find RTif PT= 18, TS =9, PS = 12.
Find PTif RS = 24, PS = 8.

Find PT it 04 = 15. PA = 10.

N

14.
15.
16.
17.
18.
19.
20).
21.
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Find P4 if PC = 24, PB =10, PD = 8.
Find PBit AP =18, PC =24, PD = 6.
Find PCif PD =6, PB =8,BA4 = 10.

Find ADif AP =16, BC = 12, PC = 20.

Find PDif PB =8, AD = 10, BC = 16.
Find EDif 04 = 8, OF = 3, CE = 10.
Find BDif O4A =8,CD = 3,4D = 5.
Find OA it AD=8,BD=5,CD = 4.

277

19.
13.

Find AP it PT = 12,04 = 9.
Find OA if PT = 8, PA = 4.

Exs. 14-18.

Exs. 11-13.

Ex. 19.

/CQ \
E i
A 5 B

D b

T




Summary Tests

Test 1

COMPLETION STATEMENTS

1.

bl e

o

2]

.Iff- then

10.
11.
12.
13.
14.
15.
16.
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Given right AMNP with £N a right angle and NT the altitude on MP. |

Then NP is the mean proportional between and MP.
A statement of equality of two ratios is termed a
If two polygons have the same shape, they are

If chords MN and RS of ©O intersect at P, then RP: MP =_

If ABC and EDC are secants from external point C to ©O, then AC >< (BC=—==

X

. If PR is a tangent and PTS is a secant of @O drawn from external point

P through points T and S of the O, then PS X PT = X

The perimeter of a rhombus having diagonals of 6 inches and 8 inches is

inches.

. The square of a leg of a right triangle equals the square of the hypotenuse

the square of the other leg.
xty_

b’
Ifxy: 7S, thenx s=
The mean proportional between 4 and 9 is
The fourth proportional to 6,8,12is .
1f7a=3b,thena:b= .
b:b=a:10 & a:b= .
Bix=Dh:yex:y=
ay=bx <> x:y=

Test 2
TRUE-FALSE STATEMENTS

1. A proportion has four unequal terms.

2. If two triangles have their corresponding sides congruent, then their
corresponding angles are congruent.

3. If two triangles have their corresponding angles congruent, then their
corresponding sides are congruent.

4. The mean proportional between two quantities can be found by taking the
square root of their product.

5. Two isosceles triangles are similar if an angle of one is congruent to a
corresponding angle of the other.

6. The altitude on the hypotenuse of a right triangle is the mean propor-
tional between segments of the hypotenuse cut off by the altitude.

7. Of two unequal chords of the same circle, the greater chord is the farther
from the center.

8. If a line divides two sides of a triangle proportionately, it is parallel to the
third side.

9. If two polygons have their corresponding sides proportional, they are
similar.

10. Two isosceles right triangles are similar.

11. The square of the hypotenuse of a right triangle is equal to the sum of the
legs.

12. 1f a line divides two sides of a triangle proportionately, it is equal to half
the third side.

13. The diagonals of a trapezoid bisect each other.

14. If two triangles have two angles of one congruent respectively to two
angles of the other, the triangles are similar.

15. Corresponding altitudes of similar triangles have the same ratio as that of
any two corresponding sides.

16. Congruent polygons are similar.

17. If two chords intersect within a‘circle, the sum of the segments of one
chord equals the sum of the segments of the other.

18. If a tangent and a secant are drawn from the same point outside a circle,
the tangent is equal to one-half the difference of the secant and its external
segment.

19. If two right triangles have an acute angle of one congruent to an acute
angle of the other, the triangles are congruent.

20. Two triangles congruent to the same triangle are similar to each other.

Test 3

PROBLEMS

279
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Find the value of x in each of the following:

RN

T
12 10 5
6 10 m
P Q x B c
8 15 A
X
R s n \ .
Prob. 1. DE || 4B. Prob.2. PQ | RS. /
D
12 ' Prob. 9. L] m ]| n. Prob. 10. ED = 20; BD = x.
X
| 4
Prob. 3. Prob. 4.

D

Aiwic A
X

8 et e

A B

| B . ‘ ,
| Prob. 11. BD bisects LADC; AD = 94; Prob. 12,
i DC = 25; DE = 90; AE = 16; BC = x.

x
Prob. 5. Prob. 6.
|
| 6 23
12 P 18
10 *
(1
12
Prob. 7. Prob. 8. Prob. 13.




est 4

XERCISES

_ Given: . URST with
diagonal RT.
Prove: PM:SM = MT:RM.

9. Given: HK = LK,
IK bisects £ HK].
Prove: LH:HJ =KI:1J.

3. Given: AOB a diameter of ©0;
DE 1 AOB extended.
" Prove: AADE ~ AACB.

282

9

Inequalities

9.1. Inequalities are commonplace and important. In our study thus far we
have found various ways of proving things equal. Often it is equally import-
ant to know when things are unequal. In this chapter we study relationships
between unequal line segments, angles, and arcs.

9.2. Order relations. Since we will use the order relations given in Chapter 3
as operating principles in this chapter, the student is advised to review them at
this time. The student will note the relation between Postulates 13 and 14
and the partition property (0-8). In Fig. 9.1, we use Postulate 13 to justify the
relationship mAB + mBC = mAC (or AB+BC = AC). Postulate 14 can be
cited to express the relation mZ ABC = m/ ABD + m/ DBC.

By using the partition property, it immediately follows that

1. mAC> mAB and mAC > mBC.
2. m£ABC > m/ABD and m2 ABC > m/.DBC.

Often AB and BC are referred to as the parts ofAZ‘, while ZABD and
£DBC are the parts of ZABC. Thus the partition property could be stated
as: “The whole is greater than its parts.”

»IMPORTANT. Hereafter we will frequently follow the practice of refer-
ring to a given segment as being “equal to” or “greater than” another seg-
Mment instead of stating that the “measure of one segment is equal to” or
“the measure of one segment Is greater than” the measure of a second seg-
Mment.  The student is reminded that we are now using mAB and AB inter-
changeably, and we are now accepting mAB = mCD, AB = CD, and AB = CD
4s equivalent statements. Also “AB > CD” will be considered equivalent

283
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to mAB > mCD and AB+ BC and mAB +mBC will be two ways used to say

thing. . |
th?Fshairsnf;)ractigce will be followed in order to shorten otherwise long and

@ ()
Fig. 9.1.

cumbersome statements. The student should keep in mind, however, that §
the measures of geometric figures are being compared in these instances. 4

9.3. Sense of inequalities. Two inequalities are of the same sense if tliff ‘samc;
symbol is used in the inequalities. Thus a < b apd ¢ < d are inequa 1t1§s of |
the same sense. Two inequalities are of the opposite sense if the symbol odone §
inequality is the reverse of the symbolin the other. Thusa < band ¢ > dare

of opposite sense. o L E
A study of the basic propertics of and thcorems for inequalities w ill reveal_sg;

Juil |
processes which will transform an inequality to another inequality o1 the same amme

sense. Some of them are:

(@) Adding equal real numbers to both sides of fan inequal'ity. .

(b) Subtracting equal real numbers from both sides of an inequality.

(¢} Multiplying both sides of an inequality by equal PQSltlve real numbers.
(d) Dividing both sides of an inequality by eq}lal p051.t1ve real numbers.

(¢) Substituting a number for its equal in an inequality.

. . . . iy,
The following processes will transform an inequality to another inequality ‘
of opposite sense:

(a) Dividing the same (or equivalent) positive number by an inequality.
(&) Subtracting both sides of an inequality from the same rea.l numbelx)‘.
(¢) Multiplying both sides of an inequality by the same negative number.
(d) Dividing both sides of an inequality by the same negative number.

[Note: To divide by a number a is the same as to multiply by its multiplicativé
inverse 1/a.]
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Exercises (A)

Answer each question. If no answer is possible, indicate with “no answer
p()ssible.”

1. Bill has more money than Tom. Each earned an additional 10 dollars.
How do Bill’s and Tom’s total amounts compare?

2. Bill has more money than Tom and Frank has less than John. How do
Bill's and John’s compare?

3. Bill has the same amount of money as Alice. Alice spends more than
Bill. How then do their remaining amounts compare?

4. John has more money than Tom. John loses half his money. How do
their remaining amounts compare?

5. Bill has less money than Mary. Each decides to give half of his money
to charity. How do the amounts they have left compare?

6. John has more money than Tom. Fach doubles his amount. Who,
then, has the more money?

7. Ann is older than Alice. Mary is younger than Alice. Compare Mary’s
and Ann’s ages.

8. Mary and Alice together have as much money as Tom. Compare Tom’s
and Alice’s amounts.

9. Ann and Bill are of different ages. Mary and Tom are also of different
ages. Compare the ages of Ann and Tom.

ohn has twice as much ras M: 3

as Alice.  Compare the amounts of John and Alice.

Exercises (B)

Copy and complete the following exercises. If no conclusion is possible,
Write a question mark in place of the blank.

. 1fg > bandc=d, thena+c______ p+4
12, Ifr < sandx > b,thenr—b___ __ s—x.
13, Ifx = 2y,r=2s,andy < s,thenx_____ .
411> pand k > m,then{___ ___m.

15, Ifx+y=zthenz_ ___ .

16. IfAB+BC > AC,thenAB_____4C—-BC.
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C
17. Wix = Ly
and mZr > m Ls, then
msABC____ m/DEF. 5 r
C
18. 1fBC L JB; EF L DE;
and mZ 3 < m4$8, then 5

mioa_____mly.

19. If £z4 = /Band CD < CE,
thenAD____ BE.

20. If AD > BE and EC > CD,

- thendAC______~ BC. —

i 21. If ms CAB = m/ ABC,
| thenBD____ AC.
22. If AC = BC,
thenm/ABC ________ m/BAD.

Exs. 19, 20.

Exs. 21,22.
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923. If Lais an exterior £ of
AABC,thenmsZa___ __m/ A.

A
Ex.23. B D

24. Hmd4R > msS,
RK bisects 2SRT,
SK bisects ZRST,
thenm/Za mZ .

Ex. 24. R S

Theorem 9.1

9.4. If two sides of a triangle are not congruent, the angle opposite the
longer of the two sides has a greater measure than does the angle opposite
the shorter side.

Given: AABCwithBC > AC.
Conclusion: m/ BAC > m/B.

Pmof}

Theorem 9.1. A
STATEMENTS 'REASONS
1. BC > 4c. 1. Given.
2. OnCB letDbe a point such that 2. Postulate 11.

CD = 4,

3. Draw AD. 3. Postulate 2.
‘_1- mla=m/sp. 4. Theorem 4.16.
9 mLBAC = m/ BAD + m/ «. 5. Postulate 14.
6. ms/BAC > msa. 6. O-8.
7. mLBAC > muB. 7. O-7.
8. msB8 > msB. 8. Theorem 4.17.
% msBAC > muB. 9. O-6.

o |
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Theorem 9.2

9.5. If two angles of a triangle are not congruent, the side opposite the larger
of the two angles is greater than the side opposite the smaller of the two ]

angles.

(o
Given: NABC withm/A > mZB.
Conclusion: BC > AC. |
Theorem 9.2. A B
Proof:
STATEMENTS REASONS
1. meA > miB. 1. Given.
9. In AABC, since BC and AC are 2. Trichotomy property.

real numbers, there are only the
following possibilities: BC = AC,
BC < AC,BC > AC.

$. Assume BC = AC. 3. Temporary Assumption 1.
4, Thenm/A=miB. 4. Theorem 4.16.
5. Statement 4 is false. 5. Contradicts Statement 1 (the

given).
. 'Temporary Assumption 2.
. Theorem 9.1. )
. Contradicts Statement 1.
Rule for denying the alternatives. ¥

. Nextassume BC < AC.

. Thenm/A < m/B.

. Statement 7 is false.

. The only possibility remaining is
isBC > AC.

[dole SRR S oy]
_q:m\T@

9.6. Corollary: The shortest segment joining a point to a line is the»"i

perpendicular segment.
Note. Here we can prove what we stated in §1.20.
9.7. Corollary: The measure of the

D
h 3 . . ‘\\\
ypotenuse of a nght.trlangle is greater ‘
than the measure of either leg. l‘

|

|

|

i

Theorem 9.3

Theorem 9.3. A
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9.8. The sum of the measures of two sides of a triangle is greater than the
measure of the third side.

Given: NABC.
Conclusion: AB+ BC > AC.
Proof:
STATEMENTS REASONS
1. Let D be the point on the ray 1. Postulate 11.
opposite BC such that DB = AB.
2. Draw AD. 2. Postulate 2.
3. DC= DB+ BC. 3. Postulate 13.
4. DC= AB+BC. 4. E-8.
5. mL{DAC = m/DAB+ m/ BAC. 5. Postulate 14.
6. m/DAC > m/.DAB. 6. O-8.
7. m£DAB = m/ ADB. 7. Theorem 4.16.
8. m£DAC > m/ ADB. 8. O-7.
9. DC > AC. 9. Theorem 9.2.
10. AB+BC > AC. 10. Substitution property.

‘This.theorem may be used to show that the shortest route between two
points is the straight line route.

Theorem 9.4

9:9. If two triangles have two sides of one congruent respectively to two
sides of the other and the measure of the included angle of the first greater
than the measure of the included angle of the second triangle, the third side
of the first is greater than the third side of the second.

F
¢ c
a8
A ™
B
D E ANI'H B
!
\G
\
\
\\K
\

Theorem 9 4.
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Given: AABC and ADEF with AC = DF, CB = FE, and m£C > m.F. 9.11. Tllustrative Example 1:
Conclusion: AB > DE Given: D a pointin the interior of AABC; AC = CD.
P""C o ' Prove: DB < AB. c
roof: Proof:
STATEMENTS REASONS
1. Draw CK (see third figure) with 1. Postulate 12. N
K onthe same side of BC as 4 and A 5
such that LACK = L,DFE. Hlustrative Example 1.
9. CK take a point G such that 2. Postulate 11. .
CG=FE. STATEMENTS REASONS
3. Draw AG. 3. Postulate 2.
4. AC= DF. 4. Given. 1. AC (of AABC) = CD (of ADBC). 1. Given.
5. AACG = ADFE. 5. S.A.S. 2. BC (of AABC) = BC (of ADBC). 2. Reflexive property.
6. AG = DE. 6. §4.28. 3. Disin the interior of ZACB. 3. Given.
7. Bisect ZBCK and let H be the 7. O-1. 4. m/ACB = m/DCB+m/ACD. 4. Postulate 14.
| point where the bisector 5. m/DCB < m/ ACB. 5. O-8.
intersects AB. 6. ..DB < AB. 6. Theorem 9.4.
8. La=LB. 8. §L.19.
9. Draw HG. 9. Postulate 2. ’
10. CH=CH. 10. Reflexive property.
1L CI% =FE. 11. Given. 9.12. Illustrative Example 2:
12. CG = ?B. 12. Theorem 3.4. Given: ST = RT;
13. ACHG = ACHB. ‘ 13. §.A.S. K any point on RS,
— 4 GH=BH. = I A4 §4.728 J— Prove: ST >KT-
15. GH+AH > AG. 15. Theorem 9.3.
16. BH+ AH > AG. 16. O-7. Proof:
17. BH+ AH = AB. 17. Postulate 13.
18. AB > AG. 18. O-7.
19. AB > DE. 19. O-7.
R X S
Hlustrative Example 2.
Theorem 9.5 STATEMENTS REASONS
9.10. If two triangles have two sides of one congruent respectively to two f’ l. ST = RT L Given
sides of the other and the third side of the first greater than the third side (.’f i 9 ms S — W;LR 2' 416 ’
the second, the measure of the angle opposite the third side of the first 15 § 3. mé}{KT = m.LS %' 4'17'
greater than the measure of the angle opposite the third side of the second. 4. m/RKT > mLR.. 4 0'_7.'
g : 5. RT > KT. 5. Theorem 9.2.
(Note: This theorem is proved by the indirect method. The proof is left w:" 6. ST > KT. 6. O-7.

the student.)
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Exercises

1. In AABC, mzZA =60, m£B ="10.

shortest side?

9. Is it possible to construct triangles with sides the lengths of which are:
(a)6,8,10; (b) 1,2,3; (¢)6,7,8;(d) 7,5, 1.

3. Given: AC = BC.
Prove: AC > DC.

4. Given:

5. Given:

Prove:

6. Given: ARST with RT = ST.

Prove:

BC > AC,;
AD bisects ZBAC;
BD bisects £ ABC.
BD > AD.

DA 1 ﬁ,
AC > AB.
DC > DB.

Prove: QS > OR.

Which is (a) the longest side; (b) the

11.

12.

13.

. Gwen: DC = BC.

Prove: m/ ADC > ms A.

. Given: DC = BC.

Prove: AD > BD.

. Gwen: DC = BC.

Prove: m/CDB > m/.A.

. Gwen: DC = BC.

Prove: AC > DC.

Gwen: RP = RS;
PT = ST;
PT > RP.
Prove: m/ PRS > m/PTS.

Given: AM is a median of AABC.

Prove: AM < $(AB+ AC).

(Hint: Extend AM to D making MD
= AM.)

INEQUALITIES 293

D
C
B
A
Exs. 7-10.
P
R T
S
Ex. 11.

It is desired in the figure to find the
shortest path from point 4 to line A
and then to point B. Prove that the
shortest line is the broken line
formed which makes Za = /8.
Given: La = LS.

Prove: AR+ RB < AT+ TB.

Ex. 12.

Ex. 13.
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Proof:

STATEMENTS REASONS
1. Draw BM 1 \. 1. Why?
9. Extend BM and AR until they 2. Why?

intersect at S. Draw TS.
3. Lo = LB. 3. Why?
4., Lo = Ly. 4. Why?
h. ZP= /7. 5. Why?
6. RM = RM. 6. Why?
7. ARMB = ARMS. 7. Why?
8. RB=RS. 8. Why?
9. BM = SM. 9. Why?

0. _° =_2 10. Why?
11. ATMB = ATMS. 11. Why?
12. TB=T8S. 12. Why?
18. AS < AT+ TS. 13. Why?
14. AR+ RS = AS. 14. Why?
15. AR+ RS < AT+ TS. 15. Why?
16. AR+ RB < AT+ TB. 16. Why?

Theorem 9.6

9.13. In a circle or in congruent circles, if two central angles have unequal —t
measures, the greater central angle has the greater minor arc. -—

Given: OO0 = ©Qwith \ml0 > mLQ.
Conclusion: mAB > mCD.

Proof.

B C D

Theorem 9.6.
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STATEMENTS REASONS

. 00 = 0. 1. Given.
2 msl0 > mLQ. 2. Given.
3. mLO = mAB, B, mLQ = mCD. 3. §7.9.
4. *mAB > mCD. 4. O-7.
Theorem 9.7

9.14. In a circle or in congruent circles, if two minor arcs are not congruent,
the greater arc has the greater central angle.
(The proof of this theorem is left to the student.)

Theorem 9.8

9.15. In a circle or in congruent circles, the greater of two noncongruent
chords has the greater minor arc.

Theorem 9.8.

Given: OO0 = @anh chord AB > chord CD.
Conclusion: mAB > mCD.

Proof’

STATEMENTS REASONS

1. ©0 = Q. 1. Given.

2. Draw radii 04, OB, QC, QD. 2. Postulate 2.

3. 04 =QC; OB = QD. 3. Definition of = ®.
4. Chord 4B > chord CD. 4. Given.

5. mLo > mLQ. 5. Theorem 9.5.

6. mAB > mCD. 6. Theorem 9.6.
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Theorem 9.9

9.16. In a circle or in congruent circles the greater of two noncongruent j
minor arcs has the greater chord.
(The proof of this theorem is left to the student.)

Theorem 9.10

9.17. In a circle or in congruent
circles, if two chords are not con-
gruent, they are unequally distant
from the center, the greater chord
being nearer the center.

Given: ©O0 with chord AB > chord CD;
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Exercises

In each of the following circles, O is assumed to be the center of a circle.

1. In AABC, mAB = 4 inches, mBC = 5 inches, mAC = 6 inches. Name the
angles of the triangle in order of size.

2. ARST is inscribed in a circle. mRS = 80 and mST = 120. Name the angles
of the triangle in order of size.

3. In AMNT, m{N=60and m£ M < mzT. Which is the longest side of the
triangle?

4. In quadrilateral LMNT, LM = MN, and mzL > m/N. Which is the
longer, NT or LT ? Prove your answer.

5. In quadrilateral QRST, QR > RS and 2Q = £§. Which is the longer,
QT or ST ? Prove your answer.

C
OE L AB; OF 1 CD.
Conclusion: OE < OF.
Proof Theorem 9.10. °
6. Given: AC > AB.
STATEMENTS REASONS Prove: AC > AD.
1. Draw chord AH = chord CD. 1. Postulate 11.
9. Draw OG 1 AH. 2. Theorem 5.4.
3. Draw GE. 3. Postulate 2. Ex 6
4. OF 1L AB. OF L CD. 4. Given. A B
506 = OF: 5 Theorem 7.9
6. AB > CD. 6. Given. 7. Prove that, in a circle, if the measure of one minor arc is twice the measure
7. AB > AH. . ) 7. O-T. E-1. of a second minor arc, the measure of the chord of the first arc is less than
8. G is midpoint of AH; E is mid- 8. Theorem 7.7. twice the measure of the chord of the second arc.
point of AB. 8. Prove that, if a square and an equilateral triangle are inscribed in a circle,
9. AE > AG. 9. O-5. 1 the distance from the center of the circle to the side of the square is
10. mlo > mip. AEO i(l) ;h;((;r%rﬁeg(;rém 3.7 greater than that to the side of the triangle.
11. m£AGO = m£L . - YL2U; -
12, msy < mi. 12. O-3. g C
13. OE < OG. 13. Theorem 9.2. ) L R
14. ..OF < OF. 14. O-7. 9. Given: Pa point of diameter CD;
chord AB 1 CD; EF any /
Theorem 9.11

9.18. In a circle or in congruent circles, if two chords are unequally dlst.imt 3
from the center, they are not congruent, the chord nearer the center being i
the greater. :
(The proof is left to the student.)

other chord containing P. 0 F
Prove: AB < EF.

Ex. 9. D
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10. Given: © O with O4 L PR;

11

12.

13.

14.

15.

Prove:
Given:

Prove:

Given:

Prove:
Given:

Prove:

Prove that the measure of the hypotenuse of a right triangle 1s greater
than the measure of either leg.
Prove that the shortest chord through a point inside a circle is perpendi-
cular to the radius through the point.

OB L ST;
OB > OA.
m/ POR > m/ROS.
®OwithOA4 L PR;
OB L ST;
m/ POR > m/ROS.
OB > 0OA.

© O with PT = ST;
m/STR > m/ RTP.
mIi\S' > mf’-l\{

© O with PT = ST;
mI/ETS’ > mﬁ{
ms/STR > m/RTP.

Exs. 12,13.

19. Prove that the shortest dis-

20.

tance from a point outside a
circle to the circle is along a
radius  produced. (Hint:
PS+S0O>...; SO = RO;
PS> ...)

Given: Chord AC > chord BD.
Prove: Chord AB > chord CD.

INEQUALITIES

Ex. 20.

D
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16.

17.

18.

Gven:
Prove:

Given:

Prove:

Prove that the shortest dis-
tance from a point within a
circle to the circle is along a
radius. (Hint: Prove PB <

CM is a median of AABC;

CM is not L AB.
AC # BC.

CM is a median of AABC;

AC # BC.
CM cannot be 1 AB.

PA,any A # B.)




Summary Tests

Test 1

COMPLETION STATEMENTS

[

The sum of the measures of any two sides of a triangle is
measure of the third side.

19. In ARST, it m/ZR =60and msS > m/T, then
the triangle.

20. The shortest chord through a point inside a circle is

through the point.

is the longest side of

to the radius

Test2
TRUE-FALSE STATEMENTS

I. The shortest distance from a point to a circle is along the line joining that
point and the center of the circle.

2. The measure of the perpendicular segment from a point to a line is the
shortest distance from the point to the line.

3. Either leg of aright triangle is shorter than the hypotenuse.

4. If two triangles have two sides of one equal to two sides of the other, and
the third side of the first less than the third side of the second, the
measure of the angle included by the two sides of the first triangle is
greater than the measure of the angle included by the two sides of the
second.

5. No two angles of a scalene triangle can have the same measure.

6. The measure of an exterior angle of a triangle is greater than the measure
of any of the interior angles.

7. If two sides of a triangle are unequal, the measure of the angle opposite

©

11.

12.
13.

14.
15.
16.
17.
18.
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. In AHJK,H] > JK,m/ ] = 80. Thenms/H
. In quadrilateral LMNP, LM =MN and m/ZMLP > m/ZMNP.

. In a circle or in congruent circles, if two central angles are not congruen

50.

m/NLP m/ LNP.
In AABC,m/A=50,m/B=060,m C= 70. Then AB

AC.

the greater central angle has the arc.

The measure of an exterior angle of a triangle is equal to the
measures of the two nonadjacent interior angles.

If x+y =k, theny k—x.

Ifea< bandc¢ > d,thena+d
Ifx < y,thenx—a y—a.
Ifx < yand z > y, then z
Ifxy < Oand x > 0, theny 0.

In quadrilateral PQRS, if PQ = QR, and m4P > m/.R, then PS
In quadrilateral PQRS, if PQ > QR,and m£P = mZR, then PS

b+ec.

X.

iy

t, §

of the f

than Alice.

10. Bill has twice as much money as Tom, and Tom has one-third as much as

Harry. Then Bill has more money than Harry.

1. Angle Qs the largest angle in APQR. Then the largest side is PQ.

12, 1fk > mand m < ¢, thenk > ¢,

13. 1fx > 0andy > 0, thenxy < 0.

4. Ifx < yand z < 0, thenxz < yz.

- In acircle or in congruent circles, if two central angles are not congruent,
the greater central angle has the greater major arc.

- The difference between the lengths of two sides of a triangle is less than
the length of the third side.

- The perimeter of a quadrilateral is less than the sum of its diagonals.

- It a triangle is not isosceles, then a median to any side is greater than the
altitude to that side.

2. Angle Tis the largest angle in triangle RST. The largest side is the greater side is less than the measure of the angle opposite the smaller
3. Ifk > h,thenk+1 h+1. . ;lide

4. Hfm< nandn < p, thenrm B . [h \ :

5. Ifl > w, th —1 a—w. le center. o .

6. Iftd <ZZ e <enfaf= h, thend h 9. If John is older than Mary, and Alice is younger than Mary, John is older
7

8
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90. The diagonals of a rhombus that is not a square are unequal.

Test3

EXERCISES

1. Supply the reasons for the statements
in the following proof:

Given: AABC with CD bisecting £ ACB.
Prove: AC > AD.

A D

Proof: Ex. 1.
STATEMENTS REASONS
1. m£ACD = m/BCD. 1.
2. m£LADC > m/BCD;

m/BDC > m/ACD.
3. ms£ADC > m/ ACD. 3.
4. AC > AD. 4.

P

2. Given: PR = PT.
Prove: m/ PRS > m/S.

R
Ex. 2
3. Prove that the shortest chord
through a point within a circle is
perpendicular to the radius drawn
through that point.
& P Ex. 3.
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10

Geometric Constructions

10.1. Drawing and constructing. In the previous chapters you have been
drawing lines with a ruler and measuring angles with the protractor. Mathe-
maticians make a distinction between drawing and constructing geometric
figures. Many instruments are used in drawing. The design engineer and
the draftsman in drawing blueprints for airplanes, automobiles, machine
parts, and buildings use rulers, compasses, T-squares, parallel rulers, and
drafting machines. Any or all of these can be used in drawing geometric
figures (Fig. 10.1).

When constructions are made, the only instruments permitted are the
T—SHF Cage -"“‘: l' ;_i;‘i“i;” C . '.:' S
for constructing straight lines and the compass is used for drawing circles or
arcs of circles. It is important that the student distinguish between drawing
and constructing. When the student is told to construct a figure, he must
not measure the size of angles with a protractor or the length of lines with a
ruler.  He may use only the compass and the straight edge.

If we are told to construct the bisector of an angle, the method used must
be such that we can prove that the figure we have made bisects the given

oo |

angle.

10.2. Why use only compass and straight edge? The restriction to the use of
only a compass and straight edge on the geometry student was first established
by the Greeks. It was motivated by their desire to keep geometry simple and
desthetically appealing. To them the introduction of additional instruments
would have destroyed the value of geometry as an intellectual exercise. This
ntroduction was considered unworthy of a thinker. The Greeks were not
'Mterested in the practical applications of their constructions. They were
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Fig. 10.1.

fascinated by exploring the many copstructions possible with the use of only
the instruments to which they had limited thems.elves..

The constructions which we will consider in this chapter Sho'llllld sery
objectives similar to those set by.the early Greeks. We, too, wili restrict
ourselves to the use of only the straight edge and the compass. |

be solved by steps as follows:

Step I: A4 statement of the problem which tells what is to be construcled.
Step I1: A figure representing the given parts. ‘

Step I11: A statement of what is given in the representation Aof Step 11 . l bg: :
Step IV: A statement of what is to be constructed, that is, the ultimate result to b ]
obtained. .

Step V: The construction, with a description of each step. An authority for each step o
in the construction must be given. ' . . l

Step VI: A proof that the construction in Step V gives the desired resulls.

Most constructions will involve the intersection properties of two lines, '

. 10NSy i}
line and a circle, or of two circles. In the developments of our constructt g
we will assume the following:

ate 2).

; ; ; i tef§
2. It is possible to construct a circle in a plane with a given point P as cent€
and a given segment AB as radius [see Fig. 10.2 (Postulate 19)].
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Fig. 10.2.

. 'T'wo coplanar nonparallel lines intersect in a point (Theorem 3.1).

Two circles O and P with radii ¢ and b intersect in exactly two points if
the distance ¢ between their centers is less than the sum of their radii but
greater than the difference of their radii. The intersection points will
lie in different half-planes formed by the line of centers (Fig. 10.3).

A line and a circle intersect in exactly two points if the line contains a
point inside the circle.

o
N

(4
v \/

c

Fig 103, a+b>c.a—b < ¢.

The student will find the solution to a construction problem easier to follow if,

in the solution, he is able to distinguish three different kinds of lines. We will
employ the following distinguishing lines:

(@) Given lines, drawn as heavy full black lines.
(b) Construction lines, drawn as light (but distinct) lines.
(c) Lines sought for in the problems, drawn as heavy dash lines.

Construction 1

104, Ata point on a line construct an angle congruent to a given angle.
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Construction 1.

Given: £ ABC,line MN, and a point P on MN.

To construct: An angle congruent to ZABC having P as vertex and PN as one

side.

Construction:

STATEMENTS

REASONS

I.

With B as center and any radius,
construct an arc intersecting
BA at E and BC at D.

. With P as center and radius = BD,

construct RT intersecting MN at R.

. With R as center and a radius =

DE, construct an arc intersecting
RT at §.

. Construct P3.

1. Postulate 19.

2. Postulate 19.

3. Postulate 19.

4. Postulate 2.

Given: £ ABC.
To construct: The bisector of 2 ABC.

Construction:

STATEMENTS

GEOMETRIC CONSTRUCTIONS

Construction 2.

REASONS

307

. With B as center and any radius,

construct an arc intersecting BA at
Dand BC atE.

- With D and E as centers and any

radius greater than one-half the
distance from D to E, construct
arcs intersecting at F.

. -
. Construct BF.

4. BF is the bisector of ZABC.

1. Postulate 19.
2. Postulate 19.

3. Postulate 2.

. ZRPS = £ABC.

Proof:

STATEMENTS REASONS

1. Draw ED and RS. 1. Postulate 2.
2. BE= PR; BD = PS. 2. §7.3.

3. ED=RS. 3. §7.3.

4. ARPS = AEBD. 4. S.S.S.

5. ZRPS = / ABC. 5. §4.28.

Construction 2

10.5. To construct the bisector of an angle.

Proof:

STATEMENTS

O N —

O Ot

. Draw DF and EF.

BD = BE; DF = EF.
BF = BF.

ADBF = AEBF.
Lo = /[f.

. BE bisects £ ABC.

. Postulate 2.
. §7.3.

. S.S.S.
5. § 4.98,
6. § 1.19.

1
2
3. Theorem 4.1.
4

Construction 3

l1.0.6. To construct a perpendicular to a line passing through a point on the
ine.
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Given: Line land a point P of the line.
To construct: A line containing P and

Construction: (The

Exercises

. Draw a quadrilateral. Then construct an angle whose measure is equﬂi“
. Draw two angles. Then construct an angle whose measure is the differ- S
. Draw an obtuse angle. Then construct the bisector of the given angle4

. Construct an angle whose measure is (a) 45, (b) 135, (¢) 673.
. Draw an acute triangle.

FUNDAMENTALS OF COLLEGE GEOMETRY

perpendicular to L. y
construction and
proof are left to the stu-
dent. The student will
recognize this to be a

special case of Construc- “
tion 2.) Al B
¥
Construction 3.

Draw an obtuse angle. Then, with a given ray as one side, construct ‘:,
an angle congruent to the obtuse angle. -
Draw two acute angles. Then construct a third angle whose measure }
is equal to the sum of the measures of the two given angles.
Draw a scalene triangle. Then construct three adjacent angles whose |
measures equal respectively the measures of the angles of the given 4
triangle. Do the three adjacent angles form a straight angle? ;

Ex. 3.

to the sum of the measures of the four angles of the given quadrilateral-?’

sy

K

ence of the measures of the given angles. Label the new angle Za.

i
R

Label the bisector RS.

Construct the bisectors of the three angles 9
the acute triangle. What appears to be true of the three angle bisectors]

9.
10.
11.

12.
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Repeat Ex. 8 with a given right triangle.
Repeat Ex. 8 with a given obtuse triangle.
Draw a vertical line.
to the line.

Usmg a protractor, draw ZABC whose measure is 45. At any point P
on side B4 construct a perpendicular to 4B. Label R the point where
this perpendicular intersects side BC. AtR constructaline perpendicular
tg_jf? Label S the point where the second perpendicular intersects
AB. Whatkind of triangle is ASPR?

At a point on this line construct a perpendicular

Construction 4

10.7. To construct the perpendicular
bisector of a given line segment.

Given: Line segment AB.

To construct: The perpendicular

bisector of AB.
Construction: Construction 4
STATEMENTS REASONS

. With 4 and B as centers and with

: 1. Postulate 19,
aradius greater than one-half 4B,
construct arcs intersecting at C

and D.

2. Construct D intersecting AB at 2. Postulate 2.
M.

3. D s the perpendicular bi-
sector of AB.

Proof:
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STATEMENTS REASONS Exercises
1. Draw AC, AD, BC, BD. 1. Postulate 2. I. Draw a line segment. By construction, divide the segment into four
9. AC=BC; AD = BD. 2. §7.3. congruent segments.
3. CD = CD. 3. Theorem 4.1. 2. Draw an acute scalene triangle. Construct the three altitudes of the tri-
4. AACD = ABCD. 4. 8.8.8. angle.
5. LADM = /BDM. 5. § 4.28. 3. Repeat Ex. 2 for an obtuse scalene triangle.
6. DM = DM. 6. Theorem 4.1. 4. Draw an acute scalene triangle. Construct the perpendicular bisectors
7. NADM = ABDM. 7. S.A.S. of the three sides of the triangle.
8. AM = BM. 8. § 4.28. 5. Repeat Ex. 4 for an obtuse scalene triangle.
9. LZAMD = /BMD. 9. §4-28.~. ) 6. Draw an acute scalene triangle. Construct the three medians of the
10. .~ TD is L bisector AB. 10. Definition of 1 bisector. triangle.
7. Repeat Ex. 6 for an obtuse scalene triangle.
ion 5 t 8. Construct a square.
Construction :1’ 9. Construct an equilateral triangle ABC. From C, construct the angle
10.8. To construct a perpendicular | blezctor, altitude, and median. Are these separate segments? If not,
. . which are the same?
to a given line from a point not on the |
line. : Construction 6
ven: Li int P not on L . .
Given: Lme. llifmd Lp01rlltf omnl(; © l A ! 10.9. Through a given point to con-
Toconstruct: A line L to Lir ' \\L//// struct a line parallel to a given line.
|
|
_ ] _ Y Given: Line I and point P not on the
Construction: Construction 5. e B line
T Al
STATEMENTS REASONS o construct: A line through P || L.
Construction:
1. With P as center and any conven- 1. Postulate 19. Tuction
ilent radius, construct an arc
intersecting [ at 4 and B.
2. With 4 and B as centers and a 2. Postulate 19. Construction 6.
radius whose measure is greater STATE
than the measure of one-half ATEMENTS REASONS
segment AB, construct arcs inter- 1

Through P construct any line ST 1. Postulate 2.
intersecting latR. Label 3T so

that P is between S and T.

- With P as vertex and P as a side 2. § 104,

construct ZB = £ q.
3. m 7. ‘

secting at C*._,
3. Construct PC. 3. Postulate 2.
4. PC is L toline L.

Proof: (The proof is left to the student.) Hint: See prgof of Construction.
Discussion: Point C can be either on the same side of { as is P or on the oppos! 3
side. ‘
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Proof:

STATEMENTS REASONS

l. La=2L8. 1. By construction.
2. m| L 2. Theorem 5.12.

10.10. Impossible constructions. Many geometric constructions are im-
possible if only the unmarked straight edge and compass are used. Among
these impossible constructions are three famous ones. These three con-
struction problems were very popular in Greece. Greek mathematicians
spent long years of labor in attempting to solve these problems.. .

These problems are called “trisecting the angle,” “squaring the circle,”
and “doubling the cube.” The first problem required the dividing Qf any
angle into three congruent parts. The second required the construction of
a square the area of which was equal to that of a given circle. The third
problem required constructing a cube the volume of which doubled that of a
given cube.

Greek mathematicians made repeated efforts to solve these problems,
but none succeeded. Mathematicians for the past 2000 years have per-
sistently attempted theoretical solutions without success. '

In the past half century it has been proved that these three constructions
never can be accomplished. The proof of this fact is beyond the scope of
this book. In spite of this fact, many people are still challenged to attempt
theoretical constructions. Occasionally, a suggested solution to one of the W]
problems has appeared, but in each case the solution involved the introduction
of modifications of the two instruments permitted.

Each of these constructions can easily be performed by using more
complicated instruments. For instance, the angle can be trisecte(‘l if
we are permitted to make just two marks at any two points on the straight
edge.

The reader may question the value of the rigor and persistence of these

\H |

mathematicians. However, it can be shown that the search for solutions to
such “impractical” problems has led to a deeper insight and understanding
of mathematical concepts as well as to the advanced stage of mathematical
science existing today.

Exercises

. Construct a line passing through a point parallel to a given line by f
constructing a pair of congruent alternate interior angles.
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. Perform Construction 6 by using Theorem 5.5
. Draw ascalene A4BC. Through C construct a lme | 4B.
4. Draw a scalene AABC. Bisect s1de AB. Label the point of bisection M.
Through M construct a line | BC.
5. Construct a quadrilateral the opposite sides of which are parallel.
6. Draw AABC. Through each vertex construct a line parallel to the
opposite side.
7. Construct a quadrllateral with two sides both congruent and parallel.
8. Inscribe a square in a circle.
9. Circumscribe a square about a circle.
10. Inscribe a regular octagon in a circle.
11. Inscribe a regular hexagon in a circle. (Hint: The measure of the
central 4 drawn to the vertices of an inscribed hexagon is equal to 60. D
12. Construct a right A4BC with m£ZB = 90). Bisect AB at M. Bisect BC at
N. Through M construct a line /|| to BC. Through N construct a
linem || AB. Where do lines and m appear to intersect?

Construction 7

10.11. Divide a segment into a given
number of congruent segments.

Given: Segment AB.

To construct: Divide AB into n con-
gruent segments.
(In this figure, we show
the case n = 5.) A

Q1 Qo Q3

Construction: Construction 7.

STATEMENTS REASONS

I. Construct any ray AP not on line
AB:.

2. Starting at A, lay off congruent
segments AP,, PP, 1P, >P;, cee
P, P, (any length, as long as the
segments are of the same length).

3. Construct

4. Through points P, Py, Py ... P, _,
construct lines parallel to m, in-
tersecting AB in points Qi Q.
Qs ..., Q.

1. Construction.

2. Construction.

3. Postulate 2.
4. Construction 6.
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5. The points Q1 Q. Qs -+ Qu—r
divide AB into n congruent seg-
ments.

Proof:

STATEMENTS REASONS

|. AP, =P \Py=P,Py=...=P,P,. 1. By construct.ion.
9. PO, || PsQo || PsQs |l ... || P.B. 2. By construction.
3. AQ; = 01Qx= Q0= ... = Q,,B. 3. Theorem 6.8.

Construction 8
10.12. Circumscribe a circle about a triangle.

Given: NABC.
To construct: Circumscribe a © about AABC.

Construction:

Construction 8.

STATEMENTS RFASONS

1. Construct the perpendicular bi- 1. Construction 4.
sectors of two sides of the A.

2. The two lines meet at a point 0.

3. With O as the center and mOA
as the radius construct the circle O.

4. ® 0O isthe circumscribed circle.

2. Theorem 3.1.
3. Postulate 19.

(The proof of this construction is left as an exercise.)

Construction 9

10.13. To inscribe a circle in a given
triangle.
Given: NABC.

To construct: Inscribe a circle in AABC.

Construction 9.
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Construction:

STATEMENTS REASONS

1. Bisect two angles of AABC.

2. Let O be the point of intersection
of the bisectors.

3. Construct OD from O perpen-
dicular to AC.

4. With O as center and mOD as
as radius, construct © O.

5. ©O0istheinscribed ©.

1. Construction 2.
2. Theorem 3.1.

3. Construction 5.

4. Postulate 19.

(The proof of this construction is left as an exercise.)

Exercises (B)

l. Draw two points 3 inches apart. Locate by construction all the points
2 inches from each of these given points.

2. Draw two lines intersecting at 45° and two other parallel lines which are
I inch apart. Locate by construction all the points equidistant from the
intersecting lines and equidistant from the parallel lines.

3. Draw two lines /; and /; intersecting at a 60° angle. Locate by construction
all the points that are 1 inch from {, and .

4. Draw a circle O with a radius length of 2 inches. Draw a diameter 4B.
Locate by construction the points that are | inch trom the diameter AB
and cquidistant from 4 and O.

3. Draw a triangle ABC with measures
ot the sides equal to 2inches,
2% inches, and 3 inches. Locate
by construction the points on the 2 2
altitude from B that are equi-
distant from B and C.

6. In the triangle of Ex. 5, locate by A B
construction all the points on the
altitude from C that are equi-
distant from sides 4B and BC.

- Inthe triangle of Ex. 5, locate by construction all the points on the median
from C that are equidistant from 4 and C.

- In the triangle of Ex. 5, locate by construction all the points equidistant

from sides AC and BC at a distance of § inch from side AB.

Draw a triangle ABC. Locate by construction the point P that is equi-

distant from the vertices of the triangle. With P as center and mPB as

Ny

Exs. 5-8.




10.

dius, construct a circle.  (This circle is said to be circumscribed about the
ra , s

-iangle. . . o
[Il)rtmg a )triangle ABC. Locate by construction the point P equidistant
raw .

1(1( f }l : nstru e 1 P -

(0411 th(, S s oI the Irldllgl( . ( ons ct [he S gnlent PM fron pel

I) Ildl(‘u a O - W nd mPM as r. us, construct a
€ . l r t 1‘1} 1ith l as center a S ad] t

circle.  (This circle is said to be inscribed in the triangle.)
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Summary Test

Constructions Test

1-4. With ruler and protractor draw 4B = 3 inches and Za whose measure
1s 40.

1. Construct an isosceles triangle with base equaling 4B and base angle with
measure equaling mZ a.

2. Construct an isosceles triangle with leg equaling 4B and vertex angle with
measurce equaling mZa.

3. Construct an isosceles triangle with altitude to the base equaling 4B and
vertex angle with measure equaling m/ a.

4. Construct an isosceles triangle with base equaling AB and vertex angle
with measure equaling m/ «.

5-9. With ruler and protractor draw segments AB = 2 inches, CD = 3 inches,
EF = 4inches, and Za whose measure is 40.

5. Construct CIPQRS with PS = 4B, PQ = CDand PR = EF.

6. Construct CIPQRS with PS = AB, PR = EF, and $Q=CD.

7. Construct LIPQRS with PS = AB, PR = CD, and £SPR = La.

8. ConstructZIPQRS with PQ = AB, PR = EF, and altitude on PQ = CD.

J. Construct CIPQRS with PQ = (D, /SPQ = /. and altitude on PQ = A4B.

- Construct an angle whose measure is 75.

- Draw a line 5 inches long.  Then divide it into five congruent segments
using only a compass and straight edge.
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13.

14.
15.

16.

Draw any AABC. Let P be a point outside the triangle. From P con- ‘:‘“‘

; 1 three sides of AABC. 3
struct perpendiculars to the ' o ' |
Draw E1)n o}i)tuse triangle. Then construct a circle which circumscribes the

triangle. . o ' .
Drawga triangle. Then constructa circle which is inscribed in the triangle.

Draw an obtuse triangle. Then construct the three altitudes of the

triangle. . .
Drawga triangle. Then construct the three medians of the triangle.

11

Geometric Loci

11.1. Loci and sets. The set of all points is space. A geometric figure is a
set of points governed by one or more limiting geometric conditions. Thus, a
geometric figure is a subset of space.

In Chapter 7 we defined a circle as a set of points lying in a plane which are
equidistant from a fixed point of the plane.

Mathematicians sometimes use the term “locus” to describe a geometric
figure,

318

Definition: A locus of points is the set of all the points, and only those
points, which satisfy one or more given conditions.

Thus, instead of using the words “the set of points P such that...,” we
could say “the locus of points P such that ....” A circle can be defined as the
“locus of points lying in a plane at a given distance from a fixed point of the
plane.”

Sometimes one will find the locus defined as the path of a point moving

according to some given condition or set of conditions.

Consider the path of the hub of a wheel that moves along a level road
(Fig. 11.1). 4, B, ¢, D represent positions of the center of the wheel at
different instants during the motion of the wheel. It should be evident to
the reader that, as the wheel rolls along the road, the set of points which re-
Present the positions of the center of the hub are elements of a line parallel
' the road and at a distance from the road equal to the radius of the wheel.

‘e speak of this line as “the locus of the center of the hub of the wheel as
the wheel moves along the track.” In this text locus lines will be drawn with

319
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Fig. 11.1.

long dash lines to distinguish them from given and construction lines
As a second simple illustration of a /*GL
locus, consider the problem of finding Q}/ N
the locus of points in a plane 2 inches
from a given point O (Fig. 11.2).
Let us first locate several points, such
as Py, Ps, P3, Py ..., which are 2
inches from O. Obviously there are
an infinite number of such points.

Next draw a smooth curve through AN /

these points. In this case 1t appears \132\ {Qf

that the locus is a circle with the cen-

ter at O and a radius whose measure Fig. 11.2.

is 2 inches. 4
If now, conversely, we select points such as Q., Q2 Qs Qs - > each one}

of which meets the requirement of being 2inches from O, it is evident tha{j
they too will lie on this same circle.
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Step IV: Prove your conclusion by proving that the figure meets the two characteris-
tics of loci listed in § 11.1.
One of the difficulties encountered by the student of geometry is that of

describing the geometric figure which represents the locus. These descrip-
tions must be precise and accurate.

11.3. Illustrative Example 1. What
is the locus of the center of a circle
with radius R, that rolls around the
outside of a second circle the radius
of whichis R;?

Conclusion: The locus is a circle
the center of which is the same as that
of the second circle and the radius
measure of which equals the sum of
the measures of radii R, and R,.

Hlustrative Example 1.

Exercises

Using the method outlined in § 11.2, describe the locus for each of the
following exercises. No proof is required. Consider only 2-dimensional
geometry in these exercises.

1. The locus of points equidistant from two parallel lines /, and /,.
2. The locus of points which are & inch from a fixed point P.
. The locus of points § inch from a given straight line L.

Thus, to prove that a line is a locus, it is necessary to prove the followmgg
two characteristics:

1. Any point on the line satisfies the given condition or set of conditions. o ]
9. Lither (a) any point that satisfies the given condition or set .o.f conditions 15 ORTHE
the line or (b) any point not on the line does not satisfy the condition. ;

. T PRAPSIEANE- 1 rd meaning

The word locus (plural loci, pronounced “lo’-s1 ) is the Latin wo : -
“place” or “location.” A locus may consist of one or more points, ¢
surfaces, or combinations of these.

- ¢ ; at
11.2. Determining a locus. Let us use the example of Fig. 11.2 to illustr

the general method of determining a locus.

Step I: Locate several points which satisfy the given conditions. '

Step I1: Draw a smooth line or lines (straight or curved) th'rough these points. il
Step IIL: Form a conclusion as to the locus, and describe accurately the ge0 ki
figure which represents your conclusion.

T'heTocus of the midpoints of the radii of a given circle 0.

5. The locus of points equidistant from sides B4 and BC of ZABC.

6. The locus of points equidistant from two fixed points 4 and B.

7. The locus of points one inch from a circle with center at O and radius
equal to 4 inches.

8. The locus of points less than 3 inches from a fixed point P.

- The locus of the center of a marble as it rolls on a plane surface.

- The locus of points equidistant from two intersecting straight lines [;,
and /,.

I1. The locus of the midpoints of chords parallel to a diameter of a given
circle.

12. The locus of the midpoints of all chords with a given measure of a given
circle.

13. The locus of the points equidistant from the ends of a 3-inch chord

: drawn in a circle with center at O and a radius measure of 2 inches.

4.

The locus of the centers of circles that are tangent to a given line at a
given point.
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5. The locus of the vertex of a right triangle with a given fixed hypotenuse

as base.

11.4. Fundamental locus theorems. The following three theorems can
easily be discovered and proved by the student. The proofs will be left to

the student.

Theorem 11.1. The locus of points
in a plane at a given distance from
a fixed point is a circle whose center
is the given point and whose radius
measure is the given distance.

Theorem 11.2. The locus of points
in a plane at a given distance from a

given line in the plane is a pair of
lines in the plane and parallel to the
given line and at the given distance
from the given line.

Theorem 11.3. The locus of points
in a plane equidistant from two
given parallel lines is a line parallel
to the given lines and midway
between them.

Theorem 11.3.

Theorem 11.4

11.5. The locus of points in a plane which are equidistant from twq glV e
points in the plane is the perpendicular bisector of the line segment JOINTTH

the two points.
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Theorem 11 4.

PART L1 Any point on the perpendicular bisector of the line segment joining two
points is equidistant from the two points.

Given: <C_D> 1 Af; AM = MB; P is any point on ZI—D), P # M.
Conclusion: AP = BP.

Proof:

STATEMENTS REASONS

1. CD 1 AB; AM = MB. 1. Given.

2. LAMP and ZBMP are right 4. 2. §1.20.

3. DrawPAand PB. - v o 3. Postulate 2
4. PM = PM. 4. Theorem4.1.
5 AAMP = ABMP. 5. Theorem 4.13.
6. -.AP = BP. 6. §4.28.

PART 110 Any point equidistant from two points lies on the perpendicular bisector

of the line segment joining those two points.

Given: P any point Su(c_h}hat AP = BP; CM 1 AB; AM = BM.

Conclusion: P lies on CM.
Proof:

STATEMENTS

REASONS

1. P lies on CM or P does not lie on
CM.

2. Assume P does not lie on CM.

1. Law of excluded middle.

3. Draw PM. é Temporary assumption.

Postulate 2.
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4. AP = BP. 4. Given.
5. AM = BM. 5. Given.
6. PM = PM. 6. Theorem4.1.
7. AAMP = ABMP. 7. S.S.S.
8. LAMP = LBMP. 8. §4.28.
9. MP L 4B. 9. Theorem 3.14.
10. CM L 4B. 10. Given.
11. There are two distinct lines pass- 11. Statements 9 and 10.
ing through Pand perpendicular
to AB.
12. This is impossible, 12. Theorem 5.2,
13. ..P must lie on CM. 13. Either p or not-p; [not(not-p)] <
p.
Theorem 11.5
11.6. The locus of points in the interior of an angle which are equidistant

from the sides of the angle is the bisector of the angle minus its endpoint.

PART 1: Any point on the bisector of the angle is equidistant from the sides of the
angle.

Given: BF bge_:)cts LAB_C); E)int ﬂ#
Bon BF; PE L BA; PD \ BC.
Conclusion: PE = PD.

Proof:
Theorem 11.5.
STATEMENTS REASONS
1. BF bisects £ ABC. 1. Given.
2. Lo = LS. 2. §1.19.
3. PE L B4,PD 1 BC. 3. Given.
4. /BEP and £BDP are right 4. 4. §1.20.
5. BP = BP. 5. Theorem 4.1.
6. Right ABEP = right ABDP. 6. §5.27 and A.S.A.
7. PE = PD. 7. §4.28.
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P?RT 1 Any point equidistant from the sides of an angle is on the bisector of the
angle.

Given: BT bisects L ABC; PE | B—/I; PD 1L BT: PE = PD,B?
Conclusion: P lies on BF.

Proof:

STATEMENTS REASONS

1. PE 1 m,P_D— 1 BC. 1. Given.

2. LBEP and £BDP are right 4. 2. §1.20.

3. PE = PD. 3. Given.

i}. BP : BP. 4. Theorem 4.1.
5. ABEP = ABDP. 5. Theorem 5.20.
6. La= /8. 6. §4.28.

7. .. BP bisects £ ABC. 7. § 1.19.

11.7. Corollary: The locus of points equidistant from two given intersect-

ing lines is the pair of perpendicular lines which bisects the vertical angles
formed by the given lines.

Theorem 11.6

hn.e segment as hypotenuse is a circle having 4B as a diameter, except for
points 4 and B themselves.

11.9. Intersection of loci. In our study of loci thus far we have limited our-
selves to finding points which satisfy only one condition. Sometimes a point
must s’atisfy each of two or more given conditions. In such cases each condi-
tion will determine a locus.  The required points will then be the intersection
of the loci, since only those points will lie on each of the lines which, in turn
I‘GP‘resent the given conditions. ’
Ihqs to locate the point (or set of points) which satisfies two or more conditions
determme the locus for each condition. The point (or set of points) at which these loc;'
mlersect will be the required point (or set of points).
In solving a problem involving intersecting loci, it is customary to place the
given parts in the most general positions in order to determine the most
general solution for the problem. Then, in a discussion that follows the

general SOlutl()I.l, consideration is given to special positions of the given parts
and to the solutions for these special cases.
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i i f all the points that are a
. Illustrative Example 1.  Find the set o s
;Vi(l)l dis:l:nl;:e d from a fixed point 4 and which are also equidistant from

two points B and C.

Given: Points 4, B, and C. ,
Find: All points a distance d from 4 and
equidistant from B and C. Y,

Solution: %S/

Hlustrative Example 1.

STATEMENTS REASONS

i. 7?_§, the 1 bisector of BC,is the 1. Theorem 11.4.
locus of points equidistant {rom
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Given: Points 4 and B; lines CD *Pz
and EF intersecting at O.

Find: All points equidistant
from A and B and also
equidistant from inter-
secting lines CD and EF.

Solution:

Hlustrative Example 2.

STATEMENTS REASONS

1. The locus of points equidistant 1. Theorem 11.4.
from A and B is line /; the 1 bi-
sector of AB.

2. The loci of points equidistant 2. § 11.7. Corollary.
from CD and EF are [, which bi-
sects LCOE, and [,, which bisects
LEOD.

B and C.
2. Circle 4 with center at 4 and 2. Theorem 11.1.
radius equal to d is the locus of all
points a distance d from 4.
3. The required points are P, and 3. §11.9.
P,, the intersection of RS, and OA.

Discussion:

1. If RS is a tangent to O 4, the required solution set will be only one point.

9. If RS falls outside OA (i.e., if distance from 4 to R.S. is more than d),‘ ther;
are no points which will satisfy the required conditions. The solutions 1

1s a null set. . . .
3. There can never be more than two points in the solution set.

11.11. Illustrative Example 2. Find all the points thE.lt are equidistant frOm,b,&
two fixed points and equidistant from two intersecting lines. “

3. The solution set is P, and P,, the 3. §11.9.
intersections of line I, with lines /,
and [,.

Discussion:

L If 4 || & (orif Iy || 1), the solution set will consist of only one point.

If I3 coincides with either I, or &, the solution set will consist of an infinite
number of points.

3. If Iy passes through O, there is one point in the solution set.

4. Inall other cases there will be two points in the solution set.

ro

Exercises

State and prove the solutions for each of the following locus problems.
Discuss each.

L. Find all points a given distance from a fixed point and equidistant from
two parallel lines.
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9. Find all points within a given angle equidistant from the sides and a give:
distance from the vertex.
3. Find all the points equidistant from two parallel lines and equidistant from
the sides of an angle.
4. Find all the points equidistant from the three vertices of AABC.
Find all the points equidistant from the three sides of A4BC.
6. Find all the points that are equidistant from two parallel lines and lie on
a third line.
. Find all the points a distance d, from a given line and d, from a given
circle.
8. Find all points equidistant from two parallel lines and a given distance
from a third line.
9. Find all points equidistant from two parallel lines and equidistant from
two points.
10. Find all points equidistant from two intersecting lines and also at a given
distance from a given point.

b

~1

Additional Loci (Optional)

' 11.12. Loci other than straight lines and circles. FEuclidean geometry con-

fines itself to figures formed by straight lines and circles. Our loci have thus
far all resolved into straight lines and circles or combinations of them. The
locus of points equidistant from two straight lines, for example, is another
straight line. The locus of points equidistant from two points is a straight
line. The locus of points a given distance from a fixed pointis a circle.
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Thus, in Fig. 11.3, if P,D, = P,F, Dy o
2Dy = PyF, . .., the curve is a para-
bola. Conversely, if the curve is a p, B
parabola, P3;D;=P,F,.... With a
little study the student should dis- My F X

cover that the shape of the parabola

varies as the distance from the fixed

point to the fixed line varies. 2,
We know that many moving objects

travel in parabolic paths. A ball

thrown in the air, the projectile

fired from a cannon (see Fig. 11.4),

the bomb released from an airplane, Fig.11.3.

a stream of water from a garden hose

would all follow a parabolic path if the resistance of air could be neglected.

Path of
projectile

Fig. 11.4.

Let us briefly consider three other loci configurations.  The early Greeks
were familiar with these curves but were not able to relate them to our physical
world. By the seventeenth century the advances of science and technology
had produced a need for a clearer understanding of the properties of these
curves. By that time mathematicians had developed powerful techniques of
algebra and analysis which aided them in the study of these curves. We shall
leave the algebraic analysis of these curves to the student when he studies
analytic geometry in his future mathematical pursuits and limit ourselves in
this text to a general discussion of these curves.

8.13. The parabola. As mathematicians studied loci of points equidistant
from two points and loci of points equidistant from two straight lines, it was
only natural that they should consider the locus of points equidistant from a
pointand aline. Such alocus is the parabola.

Definition: A parabola is the locus of the points whose distances from a
fixed line and a fixed point are equal.

Thus, in firing an artillery shell, if
the angle of elevation of the gun and
its muzzle velocity are known, it is
possible to calculate the equation of the
path of flight. It is then possible to
calculate in advance how far the pro-
Jectile will go and how long it will take
to go that distance. By varying the
angle of elevation of the gun, the path
of flight can be varied.

In like manner the equation of the
p.ath of the bomb released from an
airplane can be determined (Fig. 11.5).
F'rom the equation, the speed of the
airplane, the height of plane and the
position of the target, it can be deter- Fig. 11.5.

Target
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mined when to drop the bomb. Today the whole procedure is so mechanized
that the bombardijer does not need to consider the equation, nor even be
aware of its existence. However, the persons responsible for the mechanized
ively these equations.
rocedure had to use extensively . ' . -
b The parabolic curve is also useful in construction of many }?hy51cal objects.
A parabolic arch is often used in constructing bridges since it 1s stronger than

any other. (See Fig. 11.6.)

Fig. 11.6.
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Parabolic curves are used extensively in constructing reflectors of light,
sound, and heat. In order to understand why the parabola is used, con-
sider Fig. 11.7. Let D,D, be the fixed line and F the fixed point. LetP be any

it T

Fig.11.7.

point on the curve. Through P draw ﬁtangent to the curve. Draw FP.
Draw PR so that ZTPR = / FPS. [t is known that, if a ray of light strikes a
smooth surface at a point such as P, it will be reflected and that the receding
reflected ray PR will make the same angle with the tangent as does the on-
coming incident ray FP. It can also be shown in analytic geometry that, if
the incident ray passes through F, T d MX. -
cause of this property, if a small source of light is placed at the focus F of
a polished parabolic surface, all the rays will be reflected parallel to the line
MX passing through the focus and perpendicular to the fixed line. MX is
called the axis of the parabola. Searchlights, spotlights, headlights and radar
antennae are examples of parabolic reflectors which are obtained by rotating
4 parabola about its axis. The surface thus formed is called a paraboloid of
revolution.  Since all the reflected rays travel in the same direction, they form
astronger beam.

Conversely, if parallel rays strike a parabolic surface, the reflected rays
will converge at the focus of the parabola. This property is used in some of
our reflecting telescopes. The rays coming from the heavenly bodies are very
nearly parallel when traveling through the telescope. These rays are
toncentrated at the focus of the parabolic mirror of the telescope, thus form-
ing a relatively bright and clear image.

Figure 11.8 illustrates how the parabolic reflector can be used to concen-
trate heat rays from the sun to the focal point of the reflector.  This principle
1s used in some solar-radiant water heaters today.
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/L
‘ N

=0
5

Radiant heat rays
from the sun

\Concentrated
reflected rays

Fig. 11.8.

11.14. The ellipse. We recall that the circle is the locus of points that are
a given distance from a fixed point. We shall now consider two loci associated
‘ with distances from two fixed points.

. Definition: The ellipse is the locus of all points the sum of whose distances
from two fixed points is a constant. P

The fixed points are called foci of the ellipse.
A simple mechanical construction of an
ellipse can be obtained with the aid of two
thumbtacks and a piece of string (see Fig.
'11.9). Place two thumbtacks in a drawing
board at points F, and F,. These points will Fig. 11.9.
be the foci of the ellipse. Then take a piece
of string the length of which is larger than the distance F,F,. Fix the ends of
the string to the tacks. Place a pencil in the loop F,PF, and let it move, keep-
ing the string taut. Then F,P + F,P is constant and the curve traced will be
an ellipse. Again, the student should discover the varying shapes of the
ellipses when F,F, remains fixed and the length of the string is varied.
The ellipse can be constructed by ruler and compass, but we are primarily
interested in this discussion in the properties and applications of the curve.
The ellipse is frequently used for artistic effects. Flower gardens, curved
walks, swimming pools, and pieces of furniture and chinaware are often seen
in elliptic shapes. The elliptic arch is used in construction work where beauty
is desirable and strength is not critical. The elliptic arch is considered more
beautiful than the parabolic arch (Fig. 11.10).

Elliptic gears are used on machines where a slow drive and a quick retur* 4

are desirable.

Fig. 11.10.

Astronomers have proved that the orbits of planets are ellipses with the
sun at oné focus. Our earth, for example, in its yearly journey around the
sun travels in an elliptical path with the sun at one focus. Thué, at different
seasons of the year, the distance from the sun to the earth will vary. In like
manner, the path of the moon with respect to the earth is an ellipse with the
carth at one focus.  Orbits of the satellites of other planets are also elliptical.
A knowledge of the paths (loci) along which these planets and their satellites
move 1s essential in the study of astronomy. Astronomers are able to
¢Xpress these motions by equations and, from these equations, predict with
a 1}lgh degree of accuracy such things as lunar and solar eclipses.

The ellipse, like the parabola, has a geometric property which makes it
HS?ful for reflecting light and sound (see Fig. 11.11). Two lines drawn from
f'()Cl Fyand F, to any point P on the ellipse will make congruent angles with the
tangent to the curve at P. Thus ZRPF = £SPF, Because of this geometric
(I:r()perty apd the property of reﬂecti'ng st.lrfaces mentioned in the discussion

0 parabolic reflectors, if a source of light is placed at either focus of an ellipti-
cal surface, the rays on striking the surface will be reflected to the other focus
Actually, when such elliptical reflectors are used, the reflecting surface is thaé

'Obtaillqed. by rotating the ellipse about the line 1‘7772. This surface is termed
an ellipsoid of revolution.
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S

Fig. 11.11.

Sound waves are reflected in the same way as light waves. Th}ls, if the
ceiling of a room is in the shape of half an ellipsoid (Flg. 11.12), a faint sound 3
produced at one focus is clearly heard at the other focus which may be a 4§
considerable distance away. The sound is usually not heard at other points.
Such rooms are known as whispering galleries. Examples of such rooms are
found in the dome of the Mormon Tabernacle in Salt Lake City and in

Statuary Hall in the capitol at Washington, D.C.

AN

\ N
\ N
Source of Audible
sound echo

Fig. 11.12.

11.15. The hyperbola. Another locus associated with distances from two &
fixed points is the hyperbola.

Definition: The hyperbola is the locus of all points the difference of whose
distances from two fixed points is a constant. (The fixed points are called the
oct of the hyperbola. ] 4
/ A mechailli)cal conltruction of the hyperbola is as follows (see Fig. 11.'13)- b
Place two thumbtacks in a drawing board at points Fy and F». These pOl_ms *
will be the foci of the hyperbola. Tie a pencil to a string at P so.that the strlﬂE :
does not slip on the pencil. Let one end of the string be carried under (tia;l
F, and then join the other end over the tack Fy. 1If the two ends R, ar}l)F :
coincide as both string ends are pulled in or let out the same length, then z,“ 4
PF; will be a constant (if the string is kept taut). The resultant path 1
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Ry
Rg

Fig. 11.13.

describe a hyperbola.  The left branch of the hyperbola can be obtained by
reversing the role of F, and F,.

Simple applications of the hyperbola are not as common as those for the
parabola and ellipse. Equations for various hyperbolas are studied in analy-
tic geometry courses. Many laws of nature are represented by hyperbolic
equations. The physics student learns that the relation between the volume
and pressure of a gas is an equation of a hyperbola. Other relationships
which graphically are represented by hyperbolic curves are (a) distance,
velocity, time; (b) area of square, its length, its width; (c) total cost, cost per
article, number of articles; (d) current, voltage, and resistance in electricity.

Hyperbolas are utilized in warfare for locating hidden enemy artillery
emplacements.  The navigator of an airplane often uses the hyperbola in
determining his position.  The system involves reception of radio signals
from several radio stations at known fixed positions. By noting the times of
arrivals of the signals and the finding of the point of intersection of two
hyperbolas derived from plotting these times of arrivals, the navigator can
determine the plane’s position. -

If the hyperbola of Fig. 11.13 is rotated around the line F,F,, a surface
called a hyperboloid of revolution is formed. This type of surface is some-
times used as a sound reflector in the form of a band shell for large outdoor
amphitheaters. If the sound of the speaker or of a musical ensemble
originates near the focus of the shell, the sound will be directed toward the
audience in front of the shell. The sound is spread more uniformly through-
out the audience than would be true if the shell were in the shape of a para-
boloid of revolution.

Exercises

I. Define a parabola.
2. Determine from the accompanying figure




how to construct a parabola. Then con-
struct a parabola with the focus one inch
from the fixed line.

(Hint: MN = FP = DP.)

3. List five of the applications of parabOla&
4. What is the advantage of using a para-
bolic reflector in the searchlight?
5. Define an ellipse. - liptical
jects that have e
O apes obe | | Summary Tests
7. What property of the ellipt.lc curve 1s
used in the “whispering galleries™?
8. What heavenly body is at one focus of the
earth’s elliptic path of movement? Test 1
9. Define a hyperbola.
10. List three applications of the hyperbola. COMPLETION STATEMENTS
In each problem, the figures are assumed to lie in a single plane.
1. A point equally distant from the ends of a line segment lies on the
of that segment.
2. The distance from a point to a line is the length of the line seg-
ment from the point to the line. e -
3. Thelocusof all points at a given distance from a fixed point is a .
4. The maximum number of points that are a given distance from two
intersecting lines is .
5. The number of points on a circle equidistant from the endpoints of its
diameter is .
6. The perpendicular bisectors of the legs of a right triangle intersect on the
of the triangle.
7. The maximum number of points taken at random through which it is
possible to draw a circle is .
8. The locus of a point which is a given distance from a fixed point is a
9. The locus of a point equidistant from two sides of a triangle is the
of an angle of the triangle.
10. The locus of the middle of a chord of a given length in a given circle is
a .
I Two circles have the same center. The locus of the center of a circle
tangent to both is a
337
336
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12. To inscribe a circle in a triangle, it is necessary to construct two of the ’:'
of the triangle. ]

13. The locus of a point equidistant from two concentric circles and also
equidistant from two given points, in general, is b

14. The locus of the vertex of a right triangle with a given hypotenuse is !

a
Test 2

MULTIPLE-CHOICE STATEMENTS

In each problem, the figures are assumed to lie in a plane.

1. The locus of a point equidistant from two intersecting lines is (a) one
line; (b) a circle; (¢) two parallel lines; (d) two intersecting lines; (e) none
of these.

9. The locus of a point equidistant from two points and a fixed distance ,
from a line, in general, is (a) one line; (b) two points; (¢) a circle; (d) two
intersecting lines; (¢) none of these. -

3. The locus of a point a given distance from a fixed point and equidistant 4
from two parallel lines is, in general, (a) one point; (b) one line; {¢) a ;
circle; (d) two points; (¢) none of these. P

4. The locus of a point a given distance from a fixed line and a second
given distance from a fixed point, in general, is (a) two intersecting lines;
(b) one point; (c) four points; (d) two points; (¢) none of these. '

5_The locus-of a point equidistant from two fixed points 4 and B and also —

11.

12.

14.
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T'he locgs Of_ a point a given distance from a circle and a given distance
from a lm.e, n general, is (a) one point; (b) four points; (¢) three points;
(d) two points; (¢) none of these. , b 5
The Iogus of the midpoint of chords parallel to a fixed diameter of a circle
and a given distance from the circle, in general, is (a) two circles; (b) two
points; (c) one point; (d) two lines; (¢) none of these. ’

. The locus of a point equidistant from two concentric circles and also

eqt_lidistant from 'two given points, in general, is (a) one point; (b) two
p0¥nts; (.C) foux.‘ points; (d) six points; (¢) none of these.

P.’omt Ais on llrﬁBC. The locus of a point at a given distance from A4 is a
line parallel to BC.

equidistant from two other points C and D, in general, is () two points, ==
(b) two intersecting lines; (¢) four points; (d) one point; (¢) none of these. ¥R

6. The locus of a point equidistant from two intersecting lines and a given
distance from a fixed line, in general, is (a) four points; (b) two intersecting ‘
lines; (c) two points; (d) one point; (¢) none of these.

7. The locus of the vertex of a right triangle with AB as base is (a) a line.
parallel to AB; (b) a line perpendicular to AB; (¢) a circle; (d) a point
(e) none of these.

8. The locus of a point equidistant from the three sides of a triangle is (@)
three intersecting lines; (b) three points; (¢) three parallel lines; (d) one
point; (¢) none of these.

9. The locus of a point equidistant from two intersecting lines and a give
distance from a fixed point, in general, is (a) three lines; (b) three points;
(¢) one point; (d) four points; (¢) none of these. 3

10. The locus of a point equidistant from two parallel lines and a given dist- &
ance from a third line is (@) one point; (b) three lines; (c) three pointsi
(d) four points; (¢) none of these.

-
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Areas of Polygons

12.1. Need for determining areas. From ecarliest times the measurement of
surface areas has been an important and necessary practice. The early '!
Egyptians were assigned plots of land by their rulers. The size of these
plots had to be determined. Frequently the Nile river would overflow and
sweep away the boundaries of these parcels of land. To re-establish these
boundaries, the Egyptians developed a crude system of measuring the land.
Surveyors today have developed the art of measuring land boundaries to .
a precise science. The history of the growth and expansion of the United
~States nvolves the determining ot areas: As this nation expanded-in-a west—am=s
erly direction, new frontiers opened which eventually had to be measured == 1
and the areas of which had to be determined. 1
Anyone wishing to buy a farm or a tract of land is interested in the area of ;j
the land. When a person builds a new house, he is concerned with the “area A
of his floor plan.” The paint required to cover a given surface depends upon
the area of that surface. The engineer, architect, tinsmith, carpenter, and
artist find that an exact knowledge of the subject of areas is fundamental
to their vocations.
12.2. Polygonal regions. In previous chapters we have defined various
polygons. We are now going to be concerned with the “‘regions” of these

polygons and their areas.

Definitions: A triangular region 1s a set
of points which is the union of a triangle
and its interior (see Fig. 12.1). A polygonal
region (see Fig. 12.2) is a set of points
which is the union of a finite number of
triangular regions lying in a given plane,

C
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such tl?at, if any two of them intersect, the intersection is either a segment
or a point.

The shaded portions represent the regions of the figures. A polygonal
region can be .“cut up” into triangular regions in many different ways. The
mgngular regions of any such decomposition are called component triangular
regions of the polygonal region. Fig. 12.3 shows three ways of cutting into
triangular regions the region of a parallelogram and its interior.

Fig. 12.3.

12.3. Areas of polygonal regions. We have discussed measures of segments
and measures of angles. Let us now consider the measures of areas.  After
we have discussed units of area measures, we will give as a postulate the basis
for the computation of area.

The “unit of area” is closely associated with the unit of distance and can be
considered as the region formed by a square of unit length and its interior
points.  Thus, if ABCD in Fig. 124 is a square the side of which is one inch
long, the measure of the region enclosed is called
a square inch. Other common units of area are
the Square foot, square yard, square mile, and the
Square centimeter. Unit area
The area of a polygonal region is the number of
. hich tells how many times-a given unit of area + sauare ineh
s C(?ntained in the polygonal region. Thus, if,
In Fig. 12.5, AEFG is a square unit, we can count 4 1inch B
the number of such units in the total area of
ABCD. We state then that the area of ABCD is

}2 such u'nits. If the area of AEFG is 1 square inch, the area of ABCD is
2square inches.

D C

linch
w

Fig.12.4.

341
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D , C
l ‘ |
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F ‘ 4
Gy | |
A i I
i
00 \ ‘
A E B
Fig. 12.5.

Thus, areas of polygonal regions can be found by dfrawi;llg s.rzlall ;}r:;
, i i ber of such units.
1 d region and counting the num :
squares in the enclose . ouchupis. LS
i and 1 rate. In many figu
would be tedious and in most cases inaccu : : ould b
i i 1 ber of square units. Fore ple,
i 1t, if not impossible, to count the num ‘
:inlf?‘“f; 12.6, it WOIl)lld be difficult to count the squares and fractions of squares
i parall : in circle O.
the parallelogram ABCD and in circ _ . (
" Foert}l)mately gwe will be able to derive formulas by which ar;ec‘lisb can tzs
computed when certain linear measurements are known. Itshou € no

that the length of a line segment can be measured directly by using a ruler or .

tape measure, but the area of a region is computed by formula. FQ(;mul(;isC il;il\;e
been developed for areas of the triangle, parallelogram, trapezoid, an .

itti up into
The areas of other shapes can often be found by sp!lttmg tltlﬁznar[e)as )
triangles, rectangles, and trapezoids, and then summing up :
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Postulate 23. If two polygons are congruent, then the corresponding polygonal
regions have the same areq.

Hereafter we will denote the area measure of aregion R simply by “area R.”
We will also use “region’ to stand for “polygonal region.”

12.4. Area of arectangle. If the base of a rectangle (see Fig. 12.5) measures
4 linear units and its altitude 3, its area is 4 X 3,0or 12 corresponding square
units of surface. If the base of a rectangle (see Fig. 12.7) measures 6 linear
units and its altitude 3} units, it is possible to count 18 whole square units and
6 one-half square units. These 6 one-half square units are equivalent to 3

square. units, making a total of 21 square units of surface. This number
could also be obtained by multiplying 6 3%,

these figures. N
Postulate 21. (area postulate). Given a unit of area, to eacl.z polygonal regio
there corresponds a unique number, which is called the area of the region.

ion 1. 7 an
Postulate 22. The area of a polygonal region is the sum of the area measures of any
set of component regions into which it can be cut.

~ ™N

.O

T TN

Fig. 12.6.

These examples suggest the following postulate.

Postulate 24. The area of @ rectangular region is equal to the product of the length
of its base and the length of its altitude (4 = bh).

Since a square is an equilateral rectangle, we can state: The area of a square
region is equal to the square of the length of a side (A4 = s2).

The student will note in Postulate 94 the use of the words “length of its base”
and “length of its altitude.” Hereafter unless confusion will result, we will
let the words “base” and “altitude” mean their lengths if the context of the
Sentence implies measurements, Thus, Postulate 24 will be stated, “The area
of a rectangle is equal to the product of its base and its altitude.”

The context of a given statement will usually make clear if the words
“rectangle,” “‘base,” “altitude,” and “side” refer to sets of points or to their
Measures. Thus, we will speak of “squaring the hypotenuse” and of “bisect-

ing the hypotenuse.” The meaning of the word “hypotenuse” in each case
should be evident.
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Exercises |
1. Find the area of a rectangle the base and altitude of which are: (a) 7 feet
by4* +feet; (¢) 23 feet by 34 feet.

4 feet; (b) 5 feet by 23 feet; (¢) 23 feet. y 3% ' .

2 l%yhe :rea (of a rectangle is 288 square inches. 'The base 1s 12 inches long.

How long is the altitude? o
3 Fi?l‘gll theg area of a rectangle the base of which is 12.3 yards and the
" Lltitude of which is 11.4 yards. o
4 ;i;d the altitude of a rectangle the area of which is 63.8 square feet and

the base of which is 7.6 feet. '
5. How many acres are in a rectangular plot of ground 60 rods wide and

i = ?
80 rods long, if 160 square rods =1 acre? '
6. What is thegcost of laying a cement patio 18 feet wide and 24 feet long at
40 cents a square foot? ' - .
7. How manyqsquare yards of carpeting will be required for a room that is
| 15 feet wide and 18 feet long? .
‘ 8. Compute the area of the cross section of the L-b'eam in the figure.
l 9. Determine the cross-sectional area of the T-section.
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I
?

1%

12. Compute the cross-sectional

area of the Z-bar. 6" 137 ]

1%”

‘<‘45§"—%

Theorem 12.1 Ex. 12.

12.5. The area of a parallelogram is equal to the product of its base and its
altitude.

Gwen: 1 ABCD with base AB = b ‘
units; altitude DE = A units. |

Conclusion: Areaof 7 ABCD = bh ;h
square units. !

D b C

I
|
l
|
|
|
[
. O
Proof: Theorem12.1. A - _ij

1 E B
= s 1 STATEMENTS REASONS
) 1. ABCDisa 7. 1. Given.
o 4 2. bZ | AB. 2. The opposite sides of 7 are||.
| 3. DE LAB. 3. §6.3.
B \ 4. DrawCF 1 4B 4. Theorem 5.3.
*4;________? 1 5. DE| CF. 5. Theorem 5.5.
o 6. EFCDisa—J. 6. Definition of a 7.
'(—1;38. Ex. 9. [(___76_/,] t 7. LDEFis aright £. 7. Definition of L lines.
8. EFCDisar. 8. Definition of a .
10. What is the area of the cross section of the I-beam showr} in the figure? 9. DE = CF: AD = BC. 9. Theorem 6.9.
11. Compute the area of the cross section of the accompanying H-beam. 10. AAED = ABFC. 10. Theorem 5.20.
11. Area EBCD = area EBCD. 11. Reflexive property.
i__yj 12. Area EBCD +area AED = area 12. Additive property.
%v EBCD + area BFC.
13. Area ABCD = area EBCD + area 13. Postulate 22.
5 AED; area EFCD = area EBCD
e 9 +area BFC.
1‘}. Area ABCD = area EFCD. 14. Substitution property.
v 15. AB = b; DE = . 15. Given.
*” ] 16. Area EFCD = bh. 16. Postulate 24.
e 5t 17. Area ABCD = bh. 17. Substitution property.

Ex. 10.
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92.6. Corollary: Parallelograms with equal bases and equal altitudes are
qual in area. . h
9.7. Corollary: The areas of two parallelograms having equal bases have

he same ratio as their altitudes; the areas of two parallelograms having
equal altitudes have the same ratio as their bases.

Theorem 12.2

12.8. The area of a triangle is equal to one-half the product of its base and
its altitude.

c D
Given: NABC withbase AB = b and N /7
altitude CE = h. :lh /
Conclusion: Area of AABC = bh. i /
E /
A B
DR
i P f Theorem 12.2.
- Proof:
STATEMENTS REASONS
1. AABC has base = b, altitude CE 1. Given.

=h.
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Exercises

. Find the area of a parallelogram the base of which is 16 inches and the
altitude of which is 10 inches.

Find the area of a parallelogram the base of which is 16.4 feet and the
altitude of which is 11.6 feet.

Find the altitude of the parallelogram the area of which is 204 square
inches and the base of which is 26 inches.

4. Find the area of CJABCD if AB = 24 yards, AD = 18 yards, and m£.4 = 30.
5. Find the area of L7 ABCD if AD = 12 inches, AB = 18 inches, m£A4 = 60.

C

By —-----—-

Exs.4,5.

6. Find the area of the rhombus, the diagonals of which are 35 inches and
24 inches.

; BD||AC, meet- 2. Postulate 18; Theorem 5.7 7. Given: GF || AE; CF | AG; CG || EF; GF = 14 inches; BG = 12 inches; 4B
* D'raw EBHEE and BOIAC, mee - i =DE =17 inches. Find the area of (a) [J ACFG; (b) CJ CEFG; (c)
Q ;g;g‘i?‘[;?., — %. Definitionota L. —a (IBDFG; (dy AABG; {(e) AGCF; () ACEF.

| Z 21:4‘;32‘:“503 4. §6.6. 3 8. Find the area of ARTKif RK =15, KS =12, ST = 18.

5. 226; ABDC = area ABC+area 5. Postulate 22. ) ., . )
6. Area. ABDC = area ABC+area 6. Substitution property.
ABC. s
7. Area ABDC = bh. 7. Theorem 12.1. 12 12
8. 2 Area ABC = bh. 8. Theorem 3.5. ;L g .
9. Areaof AABC = $bh. 9. E-7. 4 it C x y p . y
12.9. Corollary: Triangles with equal bases and equal altitudes are equal

in area.

i e 3
12.10. Corollary: The areas of two triangles having eql'lal bases hlaYt(; dthes 4
same ratio as their altitudes; the areas of two triangles having equal alt1 ;

have the same ratio as their bases.

e
12.11. Corollary: The area of arhombus is equal to one-half the product © ]

its diagonals.

Ex.7. Ex. §.

. Given: AABC with CD L AB, AE L BC, AB = %4 inches, CD = 15 inches,
BC = 2] inches. Find AE.

How long is the leg of an isosceles right triangle the area of which is
64 square feet?

- Find the area of trapezoid ABCD.
Find the area of trapezoid RSTQ.
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. Proof:
. STATEMENTS REASONS
D 14" C
l. Draw diagonal AC dividing 1. Postulate 2.
g the trapezoid into AA4BC and
ACD.
) - . 2 Area of AABC = }b,h. 2. Theorem 12.92.
, - B 3. Areaof ADAC = }b,h. 3. Theorem 12.2.
o Ex 11. 4. Area of AABC+ area of ADAC 4. E-4.
I = 2bsh+3boh = $h (b, + b,).
. 5. Area of AABC+area of ADAC 5. Postulate 22
s T = area of trapezoid ABCD. '
s 5 6. .. Area of trapezoid ABCD = 6. Theorem 3.5.
J 2h (b +b,).
o4 S .12.13. Other formulas for triangles. In this section we shall develop some
important formulas which are used quite extensively in solutions of geometric

l Ex.12.
| problems. It is assumed in this discussion that the student has a basic know-

13. Given: D is the midpoint of AF, area of [C1ABCD = 36 square inches. ! ledge of square roots and radicals. A table of square roots can be found on
. Grven: 3 page 421 of this text.
Find the area of AABF. . A £
14. K is the midpoint of RS. Area of ARST = 30 square inches. Area of |

Find area of ALST. Formulal: Relate the diagonal d and the side s of a square.

ARKL = 7 square inches.

| F s
% T
) i . 2=2 4 2
= 2s? d $
/7 V S ~d=sV2
R K
A B
Ex. I3, Er 1%
Theorem 12.3 d s
12.12. The area of a trapezoid is equal to half the product of its altitude and . Formula 1.
ormula2:  Relate the side s and the diagonal d of a square.

the sum of its bases.
Given: Trapezoid ABCD with altitude
CE=h, base AB=1b),, and

sV2=¢q (Formula 1)

base DC = b,. . - ¢
Conclusion: Area  of  trapezoid 7
ABCD = 3h(b,+b,).
o 4 V2_ave
4 b E Ve©ve T 2

Theorem 12.3.
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Formula 3: Relate altitude h and side s of an equilateral triangle.

ms RTM = 30; TM L RS. T
2
2 _ 2__|[3
| h=s <2> S
| h
_ 3
4
V3 2 3.
h="3 R M
Formula 3.
Formula4: Relate the area A and the side s of an equilateral triangle.
A=3RSXTM
3
| ==%s><£??—
i 7 V3
4

Exercises

1-8. Find the area of each of the following trapezoids.

D 16 C
D 15 C
|
11 }
|
| 45
A z 26 B A 24
Ex. 1. Ex. 2
D 8 ¢
D 10 C
o 7
~ (o] 6 N
45° 45
A 20 B A
Ex. 3 Ex. 4

AREAS OF POLYGONS
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D 15 C D 18 C
Y N7
60° 60° 60°
A B A B
Ex.5 Ex. 6.
D 1'10" ¢
D 20 C
18 2/6[/
30° l
n B A 73 B
Ex. 7. - x: §:
9-14. Solve for xin each of the following figures.
D C
M K T
10/ g
20
x| \10
» al
A T B R 24 S

Ex. 9. Given: ABCDisalT].

12

L M

Ex. 11. Given: LMNT isa (7,

Ex. 10. Given: KRST1sa [,
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J
C
8 x
10
60° 60° 20°
H K 1 A x B
Ex. 13 Ex. 14.

15-16. Find the areas of the following equilateral triangles.

c
N
6
5
A D

Ex. 16.

Ex. 15.
17. The area of a trapezoid is 76 square inches. The bases are 11 inches and ;

8inches. Find the altitude.

18. Find the area of the isosceles trapezoid the bases of which aff? 9 yarés‘:

and 23 Yards*aﬁéflf}ed%ag}aalef salfuchlsll,;;;rds L
19. Find the diagonal of a square of side (a) 6 inches; (b) 15 inches.
90. Find the side of a square the diagona
inches. o
91. Find the area of a square the diagonal of which is (a) 1
inches. . .
99. Find the altitude of an equilateral trian
b) 17 inches. ' o
23. ;i)nd the area of an equilateral triangle the side of which is (a) 7
(b) 52 inches. . .
12.14. Formulas for the circle. Finding the length a'nd area of. a c1rcl‘,(z’;1:‘i’“
been two of the great historic problems in mathematics. In this lt]ext Ve oy
not attempt to prove the formulas for the circ'le. The student has a -y
had many occasions to use these formulas in his cher mathematics co
We will review these formulas and use them in solving problems.

. . . ome_‘-
Definition: The circumference of a circle is the length of the circle (s

b

times called its perimeter).

1 of which is (@) 16 inches; (b) 32,:
9 inches; (5) 52 1§ _‘
gle the side of which is (a) 8 inches; 3%

inches; @&
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It can be shown that the ratio of the circumference of a circle to its diameter is a

constant. 'This constant is represented by the Greek letter 7 (pi). Thus, in
Fig. 12.8, C,/D; = Co/D, = 1.

12.15. Historical note on @. The above fact was known in antiquity.
Various values, astoundingly accurate, were found by the ancients for this
constant.

Perhaps the first record of an attempt to evaluate 7 is credited to an
Egyptan named Ahmes, about 1600 B.c. His evaluation of 7 was 3.1605.
Archimedes (287-212 B.c.) estimated the value of 7 by inscribing in and cir-
cumscribing about a circle regular polygons of 96 sides. He then calculated
the perimeters of the regular polygons and reasoned that the circumference
of the circle would lie between the two calculated values. From these results
he proved that 7 lies between 3% and 3. This would place 7 between
3.1429 and 3.1408. Ptolemy (?100-168 o.p.) evaluated 7 as 3.14166. Vieta
(1540-1603) gave 3.141592653 as the value of 7.

Students of calculus can prove that 7 is what is termed an irrational number;
l.e., no matter to what degree of accuracy the constant is carried, it will never
be exact. It can be shown in advanced mathematics work that = = 4(1—35+%

t+4—1r...). The right-hand expression is what is termed an infinite

series.
By using the modern calculating machines of today, the value of 7 has been
found accurate to more than 100,000 digits. This is a degree of accuracy

which has no practical value. The value of 7 accurate to 10 decimal places is
3.1415926536.

12.16. Circumference of a circle. Since C/D =7, we can now derive a
formula for the circumference. If we multiply each side of the equation by
D, we obtain C =xD. Since the diameter D equals two times the radius, we
can substitute in the equation and get C = 27 R.

Thus, the circumference of a circle is expressed by the formula C=mD, or C=27R.

Cy

C2

Fig. 12.8.
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In using this formula, it is best to use 7 rounded off to one more digit than i
the data, D or R, it is used with. Then round off the answer to the degree of
accuracy of the given data. o
12.17. Illustrative Example 1. Find the circumference of a circle the dia- :
meter of which is 5.7 inches.
Solution: C=mD

C = 3.14(5.7)
— e Answer: 17.9 inches. '
12.18. Illustrative Example 2. Find the radius of a circle the circum- \
ference of which is 8.25 feet.

Solution: C = 2w R

C
R=or

8.9
= 9(3.142)

=1.313

Answer: 1.31 feet. |

12.19. Area of a circle. It can be shown that the ratio of the area of a c1rFle ;
to the square of its radius is a constant. This is the same constant 7, which |
equals the ratio of the circumference and the diameter of a circle. In{

Fig. 12.9.
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~ 3. Find the diameter of a circle the circumference of which is (a) 280;
(b) 87.54; (c) 68.3562.
4. Find the radius of a circle the circumference of which is (a) 140; (b) 26.38;
(c) 86.6512.
5. Find the radius of a circle the area of which is (@) 24.5; (b) 37.843; (c)
913.254.
6. Find the diameter of a circle the area of which is (a) 376; (b) 62.348;
(c) 101.307.
7. If the radii of two circles are 2 and $ inches respectively, what is the ratio
of their areas?
8. If the radii of two circles are 3 and 5 inches respectively, what is the ratio
of their areas?
9. Find the area of a circle the circumference of which is 28.7 feet.
10. Find the perimeter of the track ABCDEF in the figure.
11. Find the area enclosed by the track ABCDEF in the figure.

E 440’ D
I .
[ |
o1 |
F 0\1 | c
‘ !
| !
|
A B
Exs. 10,11.

12. Find the area of a semicircle the perimeter of which is 36.43.

Thus, the area of a circle is given by the formula A= wR?.  Since R = Df2, we ‘;
can substitute in the formula and get 4 = (7 D?*/4). 4

Exercises

1. Find the circumference of a circle the radius of which is (a) 5.2; (b) 2.54; »

(c) 32.58. .
2. Find the area of a circle the radius of which is (@) 7.0; (b) 8.34; (¢) 25.63.

{37 Find the shaded area.
14. Find the area of the shaded portion of the semicircle.

Ex 13. Ex. 14.

15. Find the area of the shaded portion in the figure.
16. Find the perimeter of the figure.
17. Find the total area enclosed in the figure.




] /26.

Ex. I5. Ex. 16,17

18. Find the length of the belt used joining wheels O and O".

e 15— 10—

Ex. 18.

19. Find the area of the shaded portion. . '
90. Find the total area enclosed in the figure, given that the si
equilateral A are diameters of the semicircles.

18"

Ex. 20.
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Summary Tests

Test1
COMPLETION STATEMENTS

1. The ratio of the circumference to the diameter of a circle is

2. The area of a rhombus is equal to one-half the product of
rhombus.

3. The area of an equilateral triangle with sides equal to 8 inches is
square inches.

4. The area of the square with the diagonal equal to V32 inches is
square inches. ) o h

5. The number 7 represents the ratio of the area of a circle to its

6. If the altitude of a triangle is doubled while the area remains constant, the
base is multipliedby .

7. Doubling the diameter of a circle will multiply the circumference by

___ of the

8. The ratio of the circumference of a circle to the perimeter of its inscribed
square is

Test 2
TRUE-FALSE STATEMENTS

The median of a triangle divides it into two triangles with equal areas.
Two rectangles with equal areas have equal perimeters.

The area of a circle is equal to 27 R2.

If the radius of a circle is doubled, its area is doubled.

el e

he

357




358 FUNDAMENTALS OF COLLEGE GEOMETRY
SUMMARY TESTS 359

5. The area of a trapezoid is equal to the product of its altitude and its
median.
6. Triangles with equal altitudes and equal bases have the same areas. !
7. The area of a triangle is equal to half the product of the base and one of 4
the sides.
8. If the base of a rectangle is doubled while the altitude remains unchanged,
the area is doubled.
9. A square with a perimeter equal to the circumference of a circle has an
area equal to that of the circle.
10. Doubling the radius of a circle will double its circumference.
11. If a triangle and a parallelogram have the same base and the same area,
their altitudes are the same.
12. The line joining the midpoints of two adjacent sides of a parallelogram

20"

4. Find the area of the trapezoid. N

Prob. 4.

5. Find the shaded area.
6. Find the shaded area.

cuts off a triangle the area of which is equal to one-eighth that of the
parallelogram. =

13. The sum of the lengths of two perpendiculars drawn from any point on S 107
‘ the base to the legs of an isosceles triangle is equal to the altitude on a leg. 7 12/
‘ Test3

) 20

PROBLEMS Prob. 5. Prob. 6
1. Find the area of the I-beam. .
| . . . .
} 9. Find the area of the trapezoid. 7. Find the perimeter of the figure.

8. Find the ratio of the ci
| S rcumferences of ®0 and Q.
. ,
iy 16 T
y w
8 —>| te— L 12 3
! 24! B =
::]T R 40
Prob. 2. b
Prob. 1. 2
12 12 ‘f ‘ 30
3. Find the area of the triangle. ¢ Prob. 7
. " Prob. 8.
Prob. 3. 12’ b




13

Coordinate Geometry

13.1. The nature of coordinate geometry. Up to this point the student has §

received training in algebra and geometry, but probably had little occasion to 1

study the relationship between the two. |
In the year 1637 the French philosopher and mathematician René Descartes |

(1596-1650) established a landmark in the field of mathematics when his !

book La Geométrie was published. In this book he showed the connection ===

between algebra and geometry. By establlshmg this relationship, he was able ;

to study geometric figures by examining various equations which represented

the figures,

The geometric properties, in turn, were used to study equatiofis, =

The study of geometric properties of figures by the study of their equatlonsm:
called coordinate or analytic geometry. .

13.2. Plotting on one axis. In Chapter 1 we discussed the one-to-one cor- ,:
respondence that exists between real numbers and points on a line. A given i
set of points on the line is the graph of the set of numbers which correspond
to the points. The number line is called the axis. The diagram of Fig. 13. I
I NS U G S SR
-3 =2 -1 0 1 2 3
Fig.13.1. {-1,0,1,2}.

shows the graph of {—1, 0, 1, 2}. Fig. 13.2 shows the graph of {all real num 3§
bers x such that x > —1} Notice that the open dot indicates the graph to be *

Fig. 13.2. {x|]x> —1}.

360

e

a half-line which does not include the number —1 as a member of the set it
represents.

' In I.“ig. 13.3, we see the graph of the set of all real numbers from —1 to 2
inclusive. Mathematicians have developed a concise way to describe sets
such as the one shown in Fig. 13.3. It is written {x| —1 < x < 2} and is read
“the set of all real numbers x such thatx = —1 and x < 2.”

- | G | B |
-3 -2 -1 o0 1 2 3

Fig. 133, {x|-1 = x < 2}.

The intersection of the set of all real numbers x such that x is less than 2 and
the set of all real numbers x such that x is greater than or equal to —1 can be

xlvgr;tten as {x|x < 2} N {x]x = —1}. The graph of such a set is shown in Fig.

Fig. 13.4. {xlx < 2} N {x|x=1}.

Exercises

In Exercises 1-6, use set notation to describe the set that has been graphed.

| N | ! | | | >
-3 =2 -1 0 1 2 3
Ex. 1
2.
< ] | Py | | | |
-3 =2 -1 0 1 2 3
Ex. 2
3.
] i | l | l |
-3 -2 =1 0 1 2 3
Ex. 3
4.
| l | | | )i |

361
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| | | A W B S,
-3 -2z -1 EE
Ex. 5
6 R B I R
-3 -2 -1 0 1 3
Ex. 6.
In Exercises 7-12, draw a graph for each set.
7. {x|x< —2}. 8. {x|x = 2}.

9. {x]5 < x < 10}.
11. {x]-2=<x=< 3}

In Exercises 13-20, draw graphs ofA N BandA U B.

18. 4= {x|x> 1} B = {x|x = 2}.

14. A= {x}jx > 2} B = {x|x < 4}.

15. 4= {x|]x < 1} B = {x|x > —2}.
16. A= {x|x < —1} B = {x|x > 1}.
17. A= {x|x < 1} B = {x|x < —1}.
18, A= {x]x—1=3} B = {x|x+1=>5}.
19. 4= {x]x—2=1} B = {x|x < 3}.
90. A= {x}x < 1} B = {x|x > —1}.

13.3. Rectangular coordinate system. We will now develop a method of

representing  points in a plane by

- perpendicular lines x and y which intersect at the point 0 (see Fig. 13.5). Let = :

U and V be points on line x and line y,

10. {x|—4 < x < 2}.
12. {x|—1=x< T}

pairs of numbers. Consider any two

respectively, such that oUu=0V=1

Given any point in the plan

e of line x and line y, let L be the foot of the per-

pendicular from P to line x and let M be the foot of

to line x. The coordinate of

L on line x is called the x-coordinate or abscissa of

the perpendicular from P

point P. The coordinate of M onliney

is called the y-wordinate or ordinate of

P. The x-coordinate and y-coordinate taken together are called the coordi-

" nates of P. The matching of points with ordered pairs of real numbers
obtained in this manner is called a rectangular (or Cartesian) coordinate system:
Line x is called the x-axis and line y is called the y-axis of the system. The
point of intersection O of the axes is called the origin and the plane determined
by the axes is called the XY-plane.
‘The coordinates of a point is an ordered pair of real numbers in which the
x-coordinate is the first number of the pair and the y-coordinate is the second-
The coordinates of point P of Fig. 18.5 are (3,2), of Lis (3,0) and of M is (0,2)-

It should be clear that (3,2) and (2,3) are different ordered pairs. Itis tru€ 7‘

that (a, b) = (¢, d)ifand onlyifa = ¢ and b= d.

The coordinates of a point depend on the choice of the unit point. If you ]
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Fig 135,

[lgléxccoi)};ihlrel:tgth (;f a 1;1mt segment in a given coordinate system, you double
he es of each point in the system. If you double th ,
unit segment, the coordinate of each point will beyhalved. © the length of the

Post ] }
ulate 25. There is exactly one pair of real numbers assigned to each point in a

given ; , . .
tqh o isceoord;lnate system. .(Jonv.ersely, if (a,b) is any ordered pair of real numbers
i xactly one point Pina given system which has (a, b} as its coordinates. ’

13.4,

regm%u?;llll':gts. 3;{}16 rectangular coordinate axes divide a plane into four
sh;)wnfin e 1qSu6 rz?]ii}tls. These quadrants are numbered I, I1, 111, IV as
o 1 andg.y_co.or.d. e first quadmnt.(?r quadrant 1 is the set of all points
1L s o J-coor inates are both positive. The second quadrant or quadrant
s positine The%Z;?;SqZSdO;Z ;c—coordl;ate 1IsInegative and whose y-coordinate
] . or quadrant i é 1

and y-coordinates are both negatige. The fjulrst/tlh;uzztn?fztdgrpqoizgsr;j@}tlOIS\s 91:

the set of i
all points whose i i st
. x-coordina . .
Negative. te is positive and whose y-coordinate is
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¥ .
Example 2. Draw a line segment with endpoints of (2,—3) and (3, 1).
Solution:
1 I Y
=+ + 4)
x
O —
I v 1 G
l (= -) (+,-) /
| . 0 | | L X
| 1
Fig. 13.6.
The process of locating a point when its coordinates are given is called
plotting or graphing. Plotting is facilitated by the use of coordinate or graph -
paper whose parallel lines divide the paper into small squares.
Example 1. Plot the points 4(—3, 1),B(2,—1%),C(—1,—-23). L 2 -3
Solution: '
Ex. 2.
| y
Exercises

}. Plot the points 4(2,0), B(0,—1), C(—2,—2), D (8, 13), E(—4%, 13), F(3, 7).
2. In the accompanying figure, OU = 1. Name the coordinates of the points
shown.

. I Al Bl Cc|D|{E| P |P | P |P,
x-coordinate
| 1 i | L%
y-coordinate
B, —1%) 3. Using the figure of Ex. 2, but letting OU = %, complete the table.
C(=1,-2%)e

Al B|c |D{E|P |P | P |P,

x-coordinate

y-coordinate

Ex. 1.
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y
E——————— jpl
Pyp=————H |
: | |
|
D
[ | ! [ R R R *
{ B ol v a4 1T ¢
| |
[ |
[ a |
| |
‘ G————_ p,
N L F
Exs. 2-5.

Using the figure of Ex. 2, but letting OU = 5, complete the table.

12.
13.
14.
15.
16.
17.
18.
19.
20.

13.5. The distance formula.
ordinates (xp, yp) and (xg, vo). If
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(@) x=3,—2=<y=<4 (Read “yis greater than or equal to —2 and y is
also less than or equal t0 4.”)

by y=—2,—-1<x<3.

() 3 <x=<0,2=<y<3.

(d) x=3,y=1.

. Plot the set of points (x, y) which satisfies the following conditions.

(ay x=1,y= 2.

) x<2,y< 4.

(¢) x=3,-3=<sy=<—1

If A= (2,5)and B = (2,9), find AB.

IHR=(—3,6and S = (2, 6), find RS.

fC=@®,—7and D= (—2,—7), find CD.

If A= (x;,y,) and B = (x;, %), find 4B.

If K = (xy, y;) and L = (xz, 1), find KL.

IfE = (0, 1) and F = (0, 7), find the coordinates of the midpoint of EF.
If G = (4,6) and H = (4, —2), find the coordinates of the midpoint of GH.
If H= (x4, ;) and K = (xy, y;), find the coordinates of the midpoint of HK.
IfS = (x4, y;) and T = (x,, 3:), find the coordinates of the midpoint of 8T.

Suppose P and Q are two points with co-
is not perpendicular to either the x-axis,

or the y-axis, then perpendiculars from P and Q to the coordinate axes will

intersect at R and S (Fig. 13.7).

It can be readily proved that APRQ is a right

triangle. (Why?) PQ is the hypotenuse of right APRQ.

. Using the figure for Ex. 2, if OU = 1, find (a) 04; (b) UC; (c) BU; (d) OD;

A| B |C |DE |P |Py, | P3| Py

x-coordinate

y-coordinate

(e) 4B; ( f) CD; (g) CPy; (h) EPy; (i) HP; (j) BPy; (k) FPy; (1) GPs. .

If 4A=(0,0), B=(3,0), C=(4,5), D=(1,2), plot the set of all points
which belong to polygon ABCD.

Plot the points R(1,2), S(—1, 1), T(—1,3). Indicate the points which lie in
the interior of ARST.

Describe the set of all points for which the x-coordinate is 2.

Describe the set of all points for which the y-coordinate is—3.

. Plot the set of all points (x, y) for which x and y are integers which satisfy

the tollowing conditions.

y

L

Fig. 13.7.
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By the Pythagorean theorem,

(PQ)*= (PR)*+ (RQ)*

or

PQ =V (PR)*+ (RQ)*

But, PR=MN =x,—xp and RQ = KL =7y9—yp. Using the substitution
property of equality, we get

PQ= \/(XQ—xP)2+ (ya—yp)*

Since (xq—xp)2= (xp—xq)? and (yo—yp)* = (yp—yq)?, we can state the
following. ‘

Theorem 13.1 (The distance formula). For any two points P and Q

PQ= V(xg—xp)2+ (dg—yp)? = V (xp—x)2 (30 — ¥a)

The student should convince himself that the distance formula will also

work if the segment is perpendicular to either axis.
Example: Find the distance between P,(—3,—4) and P,(2,— 7).
Solution: Using Theorem 13.1, we get

PP,=V[R2—(—3)P+[-T— (D]
=\/954+9
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y B(xy, ;)
M(xy;, ¥y )~ i
M D Q(xB,yM)
Alxyg, ya) '4—— Pxy,y,)

‘ x

A 0 B

Fig. 13.8.
Similarly, by setting PM = QB, we get

J’M’—_L—LA;— =

' Theolrem 13.2 (the midpoint formula). M is the midpoint of AB if and only
?fxu = 2(x4 +xp) andyM = %(}’A +}’B)-

Exm.nple. Find the length of the median from vertex B of A ABC with the
following vertices: A(— 1, 1), B(8, 4), C(5,— 7).

= V34

13.6. Midpoint of a segment. Quite frequently we will wish to find the
coordinates of a point which bisects the segment between two given points. *
In Fig. 13.8, let M(xy, y) be the midpoint of the line segment joining A% Ya) «
and B(xg, y5). If through each point 4, M, and B we draw lines parallel to
the coordinate axes, two congruent right triangles will be formed. (Can you i 4
prove them congruent?). We know that AP = MQ. But AP = xyy— x4, and
MQ = xz3—xy. Therefore,

Xy~ X4 = Xp— Xy

Adding x), + x, to both terms,
Xy Xy = X4 Xp
Then, dividing by 2,

. XA_"‘xB

2

Xy

cG, =7
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Solution:
__xA—l—xC:—l—H’):Q :
A 2
Ay 1—7
yM:)H ch — 1 —_3
BM = \/(XM—XB)Z‘*' (yu—yp)?
=V(2—3)2+(—3—4)*
=V50o0r5Vve
Exercises

1. Given points 00, 0), A4(3,4), B(—5,12), C(15,—38), D(11,—3), E(—9,—4). E
Determine the lengths of the following segments: o)
(a) O4; (b) OB; (c) OC; (d) AD; (e) 4B; (f) AC; () BE. ]

2. Plot points A(— 1, 3), B(—4,7), C(0, 4). Prove A ABC isosceles. @

3. Find the perimeter of A ABC of Ex. 2.

4. Prove that points A(—2,—2), B(4,—2), and C(4, 6) are vertices of a rlght.
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15. Given points_R(— 6,0), $(6,0), T(0,8); M the midpoint of RT; N the
midpoint of ST. Show that A RST is isosceles and that RN = SM.

16. Given: Right A ABC with vertices at Y
A0, 0), B(a, 0), and C(0, b); M C(, b)
is the midpoint of the hypo-
tenuse BC.

Prove: AM=BM = CM.
17. Given: A ABC with vertices at
A(—a, 0), B(a, 0), and C(0, b).
Prove: A ABC is isosceles; median
AN = median BM.
18. Show that ABCD is a parallelogram
if its vertices are at 4(0,0), B(a,0),
Cla+b,c),D(b,c).

A@©0 B(a, 0)

Ex. 16.

19. Find the coordinates of the midpoints of the diagonals of L7 ABCD of
Ex. 18 and then show analytically that the diagonals bisect each other.

'y

triangle. (Assume the converse of the Pythagorean theorem.)
5. Find the area of A ABC of Ex. 4. y
6. Prove that A(—4,—3), B(1, 4), and C(6, 11) are collinear. ; Do) Clasb o
— f ht‘ i i ' B(b, ¢)
7. Prove that points R(—3, 1), §(5,6), and T(7,—15) are vertices of a rig % /\
triangle. - LN N
8. Prove that A(—2, 0), B(6, 0), C(6, 6), D(— 2, 6) are vertices of a rectangle. \
‘ 9. Prove that diagonals AC and BD of the rectangle of Ex. 8'are congruent. O L
10. Prove that A(—4,—1), B(1,0), C(7,—3), and D(2,—4) are vertices of a ¥ ' (2. 0) C, 0) A 0)
parallelogram.
11. Find the coordinates of the midpoint of the segment with the given end- ’
potns: :: Ex. 18. Ex. 20.
| (@) (8,—5)and (—2,9).

(by (7,6) and (3, 2).

(¢) (—2,3)and (—9,—6).

(d) (a, b)and (c, d).

(¢) (a+b,a—b)yand (—a, b),a # 0. 3
12. Graph the triangle whose vertices are A4(5,2), B(—3,—4) and C(8, —6)

Find the lengths of the three medians of the triangle.
13. Prove that the points 4(—8,—6), B(4, 10) and C(4,—6) are vertices of a:

right triangle.
14. Find the coordinates of the midpoint M of the hypotenuse of ANABC o

Ex.3. Show that MA = MB = MC. :

e m

20. Prove analytically that the measure of the segment joining the midpoints
of the two sides of a triangle is equal to half the measure of the third side.

21. Prove analytically that O(4, 3) is the center of a circle passing through
P(5,10),Q(11, 4), and R(— 1, — 2).

22. Draw a circle with center at O(2, 3) and passing through P(—8,9). Does
the circle pass through: (a) A(8, 13)? (b) B(12, — 8)? (¢) C(5, — 7)?

13.7. Slope and inclination. Let { be a straight line that is not parallel to
the y-axis. Let P(xp, yp) and Q(xq, y9) be any two distinct points on [ (see Fig.
13.9) and consider the number m defined by m= (yq—vp)/(xq—xp). The
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1

Y Qxgy, )
Plxp, )
B(xB,yB)// x
Alxy,3) C
Fig. 13.9.

question naturally arises, “Will different pairs of points on the line lead to 3
different values for m?”’
.
Consider any other two points of the line, A(x4, y) and B(xp, yp). It canbe
shown that A ACB ~ A PRQ. ;

Then
RQ _CB
PR AC
or
Yo " Yp _ YB Y4 -
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Fig. 13.10.

y-axis, or is coincident with it, mZa = 90 and slope m is not defined. Such

lines are called vertical lines. We also speak of horizontal and vertical segments
and rays.

A review of the slope function will reveal that:

L If 0 < mzZa < 90, the slope m is positive and the line slopes upward to
the right.

2. If. 90 < mZa < 180, the slope m is negative and the line slopes down-
ward to the right.

13.8. Parallel lines. When two lines are both parallel to the x-axis each has
a slope of zero. Hence their slopes are equal. Next consider two non-
horizontal, nonvertical lines /, and l, that are parallel (see Fig. 13.11). Let
the angles of inclination for lines fr-and 4, be &, and e, respectively

X — Xp Xp— X4

Theorem 13.3. (The slope formula). If P # Q are any pair of points on a line ‘&

not parallel to the y-axis of a rectangular coordinate system, then there is a unique real
number

m =2 Yp

Xq — Xp

This number is called the slope of the line. o
In layman’s language, the slope is a measure of the steepness of a line, 1.€.,

it is the ratio of the “rise” to “run” of the line. Thus a 10 percent slope
rises 10 feet for every 100 feet of horizontal run. ) 1
Let line [ intersect the x-axis at B (Fig. 13.10). If we take any point P On.l §
which lies on the positive y-side of the x-axis (quadrant I_or IT), then Ze :; 3
called the angle of inclination and mZa is called the inclination of I. It shoul 3
be evident that 0 < mzZa < 180. !
If a line is parallel to the x-axis, or coincident with it, then mZa = 0 and{

slopem=10. We say such alineis a horizontal line. 1f a line is parallel to the}

. Since
L] L, we know £ oy = /£ .

Y

Y'  Fig.1311.
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If we drop perpendiculars from any point C on /; to XX and from any §
point T on l, to }W, two similar triangles will be formed. Hence the corre- 1’-
sponding sides will be in proportion. That s,

BC_ ST
AB RS

But BC/AB=my, and ST/RS = m,. Then, m; =m, by the substitution property.
Thus, I, | I, = m, = m,. . ) 2

Conversely, when m, = m,, we can readily show that [, || {,. Forif m;= g
ms, then BC/AB = RT/RS. Since £LABC = £RST, we know by Theorem 8.13
that AdBF ~ ARST. Hence, Za; = Zasand !, || I, by Theorem 5.12.

Theorem 13.4. Two nonvertical lines I, and 1, are parallel if and only if their
slopes m, and my are equal:

, ”12(_)7”1:7’12

13.9. Perpendicular lines. Consider the two perpendicular lines [;
[, neither of which is vertical and with respective slopes m, and m, (see
Fig. 13.12). Let P be their point of intersection. Next select any point R

T e .
P fd
#

x By

Fig. 13.12.
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on /; lying above and to the right of P and a point S on [, above and to the
left of P such that PS = PR. By drawing lines through § and R perpendicular
to the x-axis and a line through P parallel to the x-axis, we form two right
triangles APQR and APTS.

By Theorem 5.19 we can prove APQR = ASTP. Therefore,

QR=TP and PQ=ST

and
QR _ TP
PQ ST
But
Q_R_ ST PQ
PQ =m; and m,= —Tp= OR
Therefore
__1
my, = o

Thus, we have shown that the slopes of two nonvertical perpendicular lines
are negative reciprocals of each other. The converse of this fact can be
proved by retracing our steps.

Theorem 13.5. Two nonvertical lines l, and Iy are perpendicular if and only if
their slopes are negative reciprocals of each other: -

1
ll _Ll?‘(—)ml:—‘

Exercises

In Exs. 1-6 find the slope of the line passing through the points.
1. (7,3),(4,—3). 2. (—3,3),(3,—4).
3. (4, 1), (—1,6). 4. (—=3,0),(1,2).
5. (—3,2),(2,1). 6. (6,—4),(2,—3).

In Exs. 7-12 check to see if AB || CD or if AB 1 CD.
7. A(—4,2),B(4,—1),C(3,2), D(11,~ 1).
8. A(2,~2), B—3,4),C(.0). D(~1,—5).
9. 4(2,4), B(0,0), C(—2, 1), D(~ 1, 3).
10. A(—1,-2), B(—2,—4), C(3,—2), D(1,—1).
11. 4(0,4), B, 11), C(3,— 3), D(4, - 3).
12. A(—4,—5), B(—3,4), C(3. 1), D(—6.2).
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In Ex. 13-15 prove the points are collinear.
13. A(3,4), B(4,6),C(2,2).
14. A(—3,0),B(—1,1),C(3,3).
15. A(—4,—6),B(0,—7),C(—8,—5).

Prove the following theorems analytically (figures are drawn as an aid for

your proofs):

16. The segment joining the midpoints of two sides of a triangle is parallel

to the third side.
17. The median of a trapezoid is parallel to the bases and has a measure

equal to half the sum of the measure of the bases.

COORDINATE GEOMETRY 377

310 Thfe graph of a condition. The graph of a condition imposed on two
variables is the set of points whose coordinates (x,y) satisty the condition
()ftep the condition is given in equation or inequation form. To graph m;
equation (or inequation) or condition in x and y means to draw its graph. To
obt.am it, we draw the figure which represents all the points whose coordinates
S'fmsfy the condition. The graph might be lines, rays, segments, triangles
circles, half-planes, or subsets of each. There follow examples which’
illustrate the relationship between a condition and its graph.

‘ Exqmple. Draw the graphs of the point P(x, y) which satisfy the following
conditions: (@) x=3; (b)) x=0; (¢c)y=—"D; (d)y=0; () | < x < 4, (/) OP < 2.

Solution:

18. The diagonals of a square intersect at right angles. y y
y y -
5) —
‘ —
D, ) Cbc) D, b) C(b,b) L B
‘, — 1 x | Y x
A@O,0) B(@®,0) B |
AQ,0) B@o - i
Ex.17. | Ex. 18. Example (q). , Example (b).
19. The lines joining the midpoints of the opposite sides of a quadrilateral
bisect each other. B
920. The diagonals of a rhombus intersect at right angles. B
y y L
T T
[N R R N R Lot 1 1
o 1 *
Db, c) Cla+b09 -
B(a, b) H C(c,d) -
K
M N I
e x B
x AQ© 0 B(a, 0)
A0 0 G D, 0)
Ex. 20. Example (c).

Ex. 19,
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Example (d).

Example (e). —

——

T ——

Example (f).
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Exercises

Draw and describe the graphs which satisfy the following conditions.

l.x=0. 2.y <.

3. x>0andy > 0. 4. x < 0Oandy > 0.

5. x> 0andy < 0. 6. —1 <x <2

7. x> 0o0rx < —2. 8 y<lory>4

9. -1 <x<3and2 <y <4, 10. 2= x<4and3 =y =< 5.
11. x=1landy = 0. 12. |x| = 3.

13. |y < 2. 14. |y| > 2.

15. x > 2andy < —1. 16. x > 0,y > 0,and y = .

13.11. Equation of a line. The equation of a line in a plane is an equation
in two variables, such as x and y, which is satisfied by every point on the line
and is not satisfied by any point not on the line. The form of the equation
will depend upon the data used in determining the line. A straight line is
determined geometrically in several ways. If two points are used to deter-
mine the line, the equation of the line will have a different form than if one
point and a direction were used. We will consider some of the more common
forms of the equation for a straight line.

13.12. Horizontal and vertical lines. If a line I is parallel to the y-axis,
then every point on /; has the same x-coordinate (see Fig. 13.13). If this
x-coordinate is a, then the point P(x, y) ison if and only ifx=a.

In like manner, y= 4 is the equation of ,, a line through (0, b) parallel to
the x-axis. : T

y
i
L P(x, y)
I y=b
(a, b)
B x=a
X
] 1 L [
0
-
Fig. 13.13,

13.13. Point-slope form of equation of a line. One of the simplest ways in
which a line is determined is to know the coordinates of a point through
which it passes and the slope of the line.
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Consider a nonvertical line ! passing through P,(x;,y) wit’h a s.lope m |
(see Fig. 13.14). Let P(x,y) be any point other than P, on the given line. P

]

Fig. 13.14.

will lie on [ if and only if the slope of PT’)I is m; that is P(x, y) is on [ <> slope of
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Solution:  We must first reduce our equation to the point-slope form, as
follows:
Sx—2y =11
S5x—11=2y (Why?)
2y =5x—11 (Why?)

or

Comparing this equation with the standard point-slope form equation, we
find that the line passes through (4, 0) and has a slope of 3.

13.14. Two-point form of equation of a line. The equation of a straight line
that passes through two points can be obtained by use of the point-slope form
and the equation for the slope of a line through two points. Thus, if Py(xy,
vi) and Py(x,y) are coordinates of two points through which the line
passes, the slope of the line is m = (31— 92)/ (%, —x,) and substituting this
value for m in the point-slope form, we get the equation

11s m, or
1Y
y—y y—y]:x—x (x—xy)
. ) — Yy 1 2
P(x,y) 1sonl<—>9—€_—x=
! This is called the two-point form of the equation of a straight linc.
and t%:“:

P(X,}‘) ison!l < y—y = m(x__.xl).

Theorem 13.6. For each point P(x,,y,) and for each' number. m, .the equation
of the line through P, with slope m is y —y, = m(x —x;). This equation is called the
point-slope form of an equation of a line.

Example. Find the equation of the line which contains the point with co-
ordinates (2,—3) and has a slope of 5.

Exercises
Find an equation for each of the lines described.

1. The line contains the point with coordinates (7,3) and its slope is 4.

2. The line contains the point with coordinates (—2,—5)and has a slope of 3.
3. The line has a slope of —~2 and passes through (—6, 8).

4. The line has an inclination of 45 and passes through (8, 5).

5. The line passes through (—9,—3) and is parallel to the x-axis.

6. The line contains the point (5, —7) and is perpendicular to the x-axis.

7. The line contains the points with coordinates (4, 7) and 6, 11).
8

Solution:
. The line contains the point whose coordinates are (—1, 1) and has an
y—y, = m(x—x,) inclination of 90.
y—(=3) =5(x—2) . . . .
y+3=5x—10 In Exs. 9-16 find the slope of each of the lines with the following equations.
Sx—y—13=10 9. 3x—y—17. 10. 2x+y=8.
e o % L obsx+3y=09. Y=
Example. Find the slope of the line whose equation is 5x— 2y = 11. 2 x+ 3y 12. y=x
& -
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13. 2x = v. 14. y=2x—7. b
In Exs. 17-22, points A(—2,4), B(2,—4), C(6, 6) are vertices of AABC.
17. Find the equation of @ y—b= X
18. Find the equation of BC. ]
19. Find the equation of the median drawn from C. This may be reduced to
20. Find the equauon of the median drawn from 4. bx+ ay = ab

21. Find the equatlon of the perpendicular bisector of AB.
992. Find the equation of the perpendicular bisector of BC.

and by dividing both sides of the equation by ab, we get

13.15. Intercept form of equation of a line.

of a line are defined as the coordinates
of the points where the line crosses the
x-axis and the y-axis respectively. The
terms are also used for the distances
these points are from the origin. The
context of the statement will make clear

y

\\\\\@w
\li»/i

The x-intercept and y-intercept ‘

M X,
(6.6 i a b
JU which is the intercept form of the equation of a line.
Example. Draw the graph of the line L whose equation is 3x —4y—12 = 0.
Solution: 3x—4y—12=0.
X, L X Adding 12 to both sides,
- Ix—4y=12
: Dividing both sides by 12,
7 = BQ@ -4 Xy,
Y or
Exs. 17-22. LTI
4 (=3)

Hence the x-intercept is 4 and the y-intercept is —3.

13.16. Slope and y-intercept form of the equation of a line. If the y-inter-
cept of a line is b and the slope of the line is m, we can determine the equation
of the line by using the point-slope form. " Thus,

if a coordinate or distance is meant. o 0 y—b=m(x—0)
If the x-intercept and y-intercept of a \ A

line are respectively @ and b (Fig. 13.15), o

the coordinates of the points of inter- y=mx+b

section of the line and axes are (a, 0)
and (0,b). Using the two-point form,

Fig. 13.15.

This is called the slope y-intercept form.
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and y-intercept b.
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Theorem 13.7. The graph of the equation y = mx—+b is the line with slope m “:

Example. What is the slope of the line whose equati()n‘ is 2x—5y—17=0.
éolution: Reduce the equation to y = mx+ b form, as follows

Ix—Hy—17=10

9x—17 =5y (Why?)

5y =2x—17 (Why?)
y=%—5 (Why?)

The slope of the line is 3.
13.17. The general form of the equation of a line. The most general form
of an equation of the first degree inx and y is

Ax+By+C=0

i where 4 and B are not both zero.

If B # 0, we can solve for y to get

y=—=x—0

B" B

straight line with

h
i

This equation has the form y = mx+b and, hence, must be the equation of a i

COORDINATE GEOMETRY. 385
Exercises

What are the x- and y-intercepts of the graphs of the following equations?
What are the slopes of each equation? Draw graphs of the equations.

3x+4y =12,
2x—3y—6=0.
x+5=0.
y—7=0.

O N r—

e

Determine the equations, in Ax—+ By+ C = 0 form, of which the following
lines are graphs.

5. The line through (2, 3) with slope 5.

6. The line through (-5, 1) with slope 7.

7. The line through (4, —3) with slope —2.

8. The line through (1, 1) and 4, 6).

9. The line through (2, —3) and (0,—9).
10. The line through (—10, —~7) and (—6,—2).
I'L. The line with y-intercept 5 and slope 2.
12. The line with y-intercept —3 and slope 1.
13. The line with y-intercept — 4 and slope — 3.
14. The x-axis.
15. The y-axis.
- The vertical line through (=5, 7).
- The vertical line through (3, —8).
I18. The line through (2, 5) and parallel to the line passing through (—2, —4)

A . o
slope m = 3 and y-interceptb = B

If B = 0, we can solve the equation for x to get x = _C/A,'Whl'Ch}IIS the eatgi)ar;
tion of a line parallel to the y-axis. 1fAd= 0,y=—C/B, which is the equ
for aline parallel to the x-axis. '

Thus, we have proved the following:

o . -y
Theorem 13.8. The graph of every linear equation in x and y is always a straigh
line (in the XY-plane). . , -
‘ T(he converse of Theorem 18.8 can be proved by noting that every stlr)ilix-
line must either intersect the y-axis or be paral‘lel to it and, hence, ‘czin o
pressed either by the equation x = a, where a is a conftant, or by y = m.
The equation y = mx+ b can be converted to Ax+ By + C = 0 form.

tion in x and y.

i
il

, . ua-
Theorem 13.9. Every straight line in the XY-plane is the graph of a linear eq §

a0, o)
19. The line through (4, 4) and perpendicular to the line passing through
(I, I)and (7, 7).
20. The line with x-intercept 5 and y-intercept 1.
21. The line through (—1, 8) and parallel to the line whose equation is
6x —2y— 15 = (.
. The line through (5, —2) and
2x+5y+20 =0,
- 'The line through (0, 0) and
Sx—y—9=0.
- The line through (—4,~7) and perpendicular to the line whose equation
isbx+5y—18 =0,

parallel to the line whose equation is

perpendicular to the line whose equation is




Summary Tests

Test 1

COMPLETION STATEMENTS

1.

C

1.

12.
13.

14.
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15.

16. 4y—10x—30 =0 and 2x+ (

3x—4y—12=10 and 6x+ (

) —6 =0 are equations of two parallel
lines.

) —15 =0 are equations of two per-

pendicular lines.

Test 2

PROBLEMS

1-7. Given AABC with vertices at A(—4,7), B(10, 5), and C(—6, —8).

lies in the

y-axisis .

500 feet.

The line through (2,—4) and (-3,
The midpoint of the segment whose endpoints are (—7,6) and (3,—4)
has the coordinates . .
A point lies in the quadrants if its abscissa is numerically equal to

its ordinate but opposite in sign.
The points (3, — 2), (4, 3), and (— 6, 5) are vertices of a

triangle.

Three vertices of a rectangle are the points whose coordinates are (—3, 4),
(—3%,—2),and (1,4). The coordinates of the fourth vertex are ———-
The points (1, 6), (4, —5), and (0, 17) are coordinates of a (an) tri-
angle.

1. Find the length of BC.
2. Find the coordinates of the midpoint of 4B.
3. Find the slope of AC.
4. Find the equation of 4B.
5. Find the equation of the median from C.
6. Find the equation of the altitude from B.
7. Find the equation of the line through B and parallel to AC.
8. What are the coordinates of the, center of a circle with a diameter whose
endpoints are at (3, —7) and (—5, 2).
The coordinates of the origin are ) 9. F%nd the area of ARS?‘ ifits' vertices are at R(7,5), $(—4,2), and T(0, —2).
9. The line through (2,—3) perpendicular to the x-axis intersects the x-axis 10. FTnd the area Qf the c1rcle‘c1rcumscr1b.ed about ARST of Ex. 9. _
at the point whose coordinates are ] 11. Flgd the equation of the line whose x-intercept is —2 and whose y-intercept
1 —5) lies in the uadrant. 18 6.
: ;I;hkeils)(:rrllte:(;ltive) number and 4 is aqpositive number, the point L—k,-hi); 12, Prot\'e tllmt the points (5, 2), (2, 6), (=6, 0), and (=3, —4) are vertices of a
o auadrant. rectangle.
. The coordinates o(flltllai((c:1 point which is the intersection of the x-axis and the 13. Determine the e.qua.tion of the line through (—2,5) and parallel to the
line whose equation is 6x — 3y — 24 = (.
. The line through (—2, —4) and ( ,—8) is vertical. 14. Find the equatiqn qf the line through (1,—4) and perpendicular to the
. A road with a 6% slope will rise feet for every horizontal run of line whose equation is Ix—dy= 12: . -
15. Draw and describe the graph which satisfies the conditions: —1 < x < 3
The slope of the line through A(a—b, b) and B(a+b, a) is and2 < y < 4, o . . o
) has a slope of 4. 16. Prove that the segments joining the midpoints of the opposite sides of a

quadrilateral bisect each other.
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14

Areas and Volumes of Solids

14.1. Space geometry. The set of all points is called space. Space geometry
(often called solid geometry) treats, primarily, figures the parts of which do
not lie in the same plane (see Fig. 14.1). Examples of space figures (also called
solids) are the cube, sphere, cylinder, cone, and pyramid (see Fig. 1.9).

A space figure is a combination of points, lines, and surfaces. The eight
corners of the solid in Fig. 14.2 are points; the twelve edges, such as AB and
CF, are line segments; the six faces, such as ABCD, are flat surfaces or portions
of planes.

14.2. Proofs of theorems in space geometry. All the definitions, postulates,

Fig. 14.1.

union of the edge and either half-plane is called a face, or side, of the di-
hedral angle. In Fig. 14.3, BD and BF arc faces and AB is the edge of

theorems, and corollaries we have studied in the first 13 chapters of this text
are applicable to the study of space geometry.

Most of the postulates and definitions used in plane geometry apply without
reference to a plane. Many theorems and corollaries of plane geometry
hold without reference to any plane. Among these are propositions on con-
gruence and similarity of triangles. If a proposition or postulate applies
only to figures lying in one plane, it cannot be used in space geometry.

Several simple theorems on space figures have been proved in other
chapters of this text. In this chapter, we will not be concerned with formal
proofs of theorems of figures in space. We will list the more important
theorems, without proof, and apply them to solutions of problems dealing
with the more common space figures. The reader can find the proofs of
each of the propositions in any standard text on solid geometry.

14.3. Dihedral and polyhedral angles. As defined in §1.18, a dihedral angk
is the union of a line and two noncoplanar half-planes having the line as their

common edge. The line is called the edge of the dihedral angle and the
388

dihedral ZC-BA-F.

H

o - JE
/
e

Fig. 14.2. Fig. 143,

389
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) i le formed by two rays, one
, le of a dihedral angle is the ang .
i T};ihplfzzz a:lvgirth gcommon vertex and both perpendicular tpf% fd:%;(i
;Iz tile Vertex.’ Thus, 2RST is a plane angle of dihedral £C-BA-F1

d ST L AB. All plane angles of a given dihedral angle are congruent.
an .

The measure of the plane angle of a dihedral angle is the measure of the di-

l : . . . .
heﬁaé?}?ég(iial angle is acute, right, or obtuse if its plane angle is acute, right, or

obtuse, respectively. Two planes are perpendicular, iff they intersect to form

rl%;l;glgfhi?;;r;gr:ges are congruent iff their plane angles are congrlllenlt/. e
Let ABCDE. .. be a simple closed polygon lying in one plane ztllrlléirzts frsm
oint not in the plane of the polygon. The set of points %’}(L)IZ{ < 12 yle e

II)/ through all the points P of the polygon is called a poiyhearal ang

14.4). The pointV is the veriex of the polyhedral angle.

Fig. 144. Fig. 14.5.

lyhedral angle can be named by th '
poj'l\ntpgfye:c}: edgegof the angle. Thus, in Fig. 14.4, the polyhedral angle

may be read “polyhedral £V’ or “polyhedral LV-A

form the polyhedral angle are called the faces of the angle.

planes which The intersections of ad-

Such faces are VAB, VBC, and VCD of the figure.
jacent faces are the edges of the polyhedral angle.

hedral angle.

. . : Cin \
A trihedral angle is a polyhedral angle having three faces; as LV-ABC 1 |

Fig. 14.5.

e vertex or by the vertex and a

BCDE.” The parts of the

Angle BVC is a face angle
i d by the planes, at the

lvhedral angle. The dihedral angles forme °

23;;: EI(J)C}III Zs LA—VE’-C and ZB-VC-D, are the dihedral angles of the poly
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14.4. Theorems on planes and polyhedral angles. There follows a list of
fundamental theorems on space geometry. We will not attempt to prove
the statements. 'The student is advised to study them carefully and consider

their implications. Many of these propositions will be analogous to theorems
we have proved in plane geometry.

Theorem 14.1.  If a line intersects a plane not containing it, then the intersection
is a single point.  1f there were two points of intersection common to the plane
and the line, the line would lie in the plane.

Theorem 14.2. All the perpendiculars
drawn through a point on a given line lie

e B 7N
in a plane perpendicular to the given line at /AN /
that point. Thus, in Fig. 14.6, if T4, / £/
TB,and TC are all perpendicular to //B ;T /
PT at T, then PTis perpendicular to 5/ =
plane MN. {

Fig. 14.6.

Theorem 14.3. Through a given point there passes one and only one plane per-
pendicular to a given line.

Theorem 14.4.  One and only one perpendicular line can be drawn to a plane

from a point not on the plane.

Theorem 14.5. The perpendicular from a point not on a plane to the plane is the
shortest line segment from the point to the plane. The distance from a point to a plane
is the perpendicular distance from the point to the plane.

Theorem 14.6. If two lines are perpendicular to a plane, they are parallel to

each other. Thus, in Fig. 14.7, if AB and CD are each perpendicular to plane
MN, AR is parallel to CD.

] e

Fig. 14.7.
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2 .
' nes is perpendicular to a plane, the other is
14.7. If one of two parallel lines s perpen lane ther i
Ls:l;j:);:rzilicular to {he plane. 1In Fig. 14.7, if 4B is Parallel to CD, Azilrll\(]i AB is
erpe/ndicular to plane MN, then €D is also perpendicular to plane .

Theorem 14.8. If each of three non—coll?near j.)o.ints of a plane is equ-zd;stanf[ j}:(::
0 points, then every point of the plane s equidistant from these pou(l)isrit . thé
f in Fig. 14.8, PA=0Q4, PB = Q_B, a.nc.l PC = QC, then every p

lane determined by 4, B, and C is equidistant from P and Q.

Fig. 14.8.

Theorem 14.9. The distance between two parallel plcme.s zs the perpendicular
- distance between them.  Two parallel planes are euer)uhere equidistant.

Theorem 14.10. Through one straight line an& number of planes may be passed

(see Fig. 14.9).

Fig. 14.9.

Theorem 14.11. If two planes are perpendicular to each other, a straight

If in Fig. 14.10, plane RS 1s perpendicular to

to plane MN.

' 7 @ on 1 dicular to the other.
ne 1 i ndicular to their intersection 1s perpendicul the
If i Fig. 1410, plane lane MN and intersects 1t 111

0S and if 4B in plane RS is perpendicular to QS, then 4B is perpendicular \

Jrom the faces of the angle.
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T
T
P

R
—(C—
;/

/) D
/ IB;#’
M = / 7
Q
Fig. 14.10.

Theorem 14.12.  If two planes are perpendicular to each other, a perpendicular to
one of them al a point of their intersection lies in the otheL Thus, in Fig. 14.10,
if plane RS is perpendicular to plane MN, and AB is perpendicular to
plane MN at a point B on the line of intersection of the planes, then AB must
lie in plane RS.

Theorem 14.13. If two intersecting planes are perpendicular to a third plane,
their intersection is also perpendicular to that plane. 1If in Fig. 14.11, planes RS

(i D1

sect at AB, then AB is perpendicular to plane MN.

R m
A Q
=
m
Me |
=) |
I L
P B
S—/
N
Fig. 14.11.

Theorem 14.14.  Every point in a plane bisecting a dihedral angle is equidistant
Thus, in Fig. 14.12 if /o = £ 8, then PA = PB.
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Fig. 14.12.

Theorem 14.15.  The set of points equidistant from the faces of a dihedral angle is
the plane bisecting the dihedral angle (see Fig. 14. 12).

Exercises

1. At a point on a line how many lines can be drawn perpendicular to the

line? : - ine?
Ae o pointon a line how manv planes can be perpendicular to the lines
r

i 3
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14. A straight line, not in either of two given planes, is parallel to the inter-

section of the planes. Is the line parallel to each of the planes?
15. How many lines can be drawn parallel to a plane through a point not in
the plane?
If two planes are parallel to a third plane, are they parallel to each other?
If one of two parallel lines is perpendicular to a plane, must the other
also be perpendicular to the plane?

Is it possible for a line to be perpendicular to each of two lines that are
not parallel? Explain.

19. Is it possible for a line to be
Ilustrate.
20. Describe the shortest distance from a point to a plane.

21. How many planes can there be parallel to a given plane through a given
point outside the given plane?

22. Is it possible to have a plane pass through two lines which are perpendic-
ular to a given plane? Illustrate.

. If a line is perpendicular to a line in a plane, is it perpendicular to the
plane?

24. If aline and a plane never meet, must the line be parallel to the plane?
25. In the figure, P4 1 plane MN at 4; AB = AC: AB and AC lie in

A

16.
17.

18.

perpendicular to two lines in the same plane?

plane

. . - ——
3. Is it possible for three lines to intersect in a point so that each 1s pe
3. . c

endicular to the other twor . .
4 i)s it possible for a line to be parallel to each of two planes without t

lanes being parallel? . ‘
Ili/I?th two gl;)nes be parallel if they are each perpendicular to a third
lane?
6. "I;hrough a line perpendicular to a plane, how many planes can be drawn
dicular to the plane? Illustrate. . )
I()](:irnpzl;ine be perpendicular to both of two planes if t.hey are not paralle:'_
8' How many planes can be drawn through a line oblique to a plane pe
1 ?
pendicular to the plane: el lines?
9. How many planes can be drawn through two para ; 4
10 ngvv man};pplanes can be drawn through a line parallel to a plane an
also be perpendicular to the plane? Les
11. Must two parallel lines be in a common plane: ;
12. Must linespthat are parallel to the same plane be parallel to each others:

. ane?
13. Are two lines parallel if they are perpendicular to the same planer:

[&14

~J

=

= SEIEES L |

Prove PB = PC.
A

Ex. 25,

26. In the figure circle O lies in plane RS; PO L plane RS. Prove / PAO =

Z PBO.
P S

Ex. 26.
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Study the facts given in the following exercises, draw figures if necessary,
and then state a conclusion reached from the facts.

97. Plane XY cuts plane RS in G<7{>, and plane XY cuts plane MN in 7{2;

98. PB L ﬁ; PB 1 <C_B); AB lies in plane MN; 4 # C.

29. Points E and F lie on both planes MN and RS; E # F.

30. Plane XY 1 line PQ; plane RS is L line PQ. -

31. Plane RS cuts plane XY in <E_j’; plane XY cuts plane GH in WZ; plane
RS || plane GH.

82. Line AB passes through points P and Q; P and Q are points in plane MN.

33. Line CD lies in plane RS; point Q is on CD.

34. Plane XY L1 plane WZ; plane WZ intersects plane XY in GHH; EF lies in
plane WZ and is L GH; line 4B lies in plane XY.

35. Plane RS || plane MN; points 4 and B lie in plane RS; points E and K
lie in plane MN.

36. Plane 4B || plane CD; plane EF L plane CD.

37. Line AB 1 plane RS; plane RS 1 line KL.

38. Plane KL 1 plane MN; plane KL intersects plane MN at F’—g; H lies on
PS; RH is in plane MN.

39. Plane XY L plane KL; plane HG is L plane KL; plane XY intersects
plane HG in line PQ.

40. Line PT is L plane MN,; Q and T are points in plane MN; m/QPT =
60; PQ = 30 feet. Find projection of PQ on plane MN.

14.5. Polyhedron. A polyhedron is

faces, and their intersections are called
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prism Al base ABCDE is congruent
to base FGHIJ. The faces which are
parallelograms are called the lateral

lateral edges. The lateral edges are
equal and parallel. The lateral area
is the sum of the areas of the lateral
faces. The total area is the sum of the
lateral areas and the areas of the two
bases. The altitude h of a prism is the
perpendicular distance between the
planes of the bases.

A right prism 1s a prism the lateral
edges of which are perpendicular to
the bases (Fig. 14.15). It can be shown
that, in a right prism, the lateral faces
are rectangles and the lateral edges
cqual the altitude.

A regular prism is a right prism the bases of which are regular polygons.

Fig. 14.14. A prism.

14.7. Parallelepiped. A parallelepiped is a prism the bases of which are

the union of a finite number of poly-
gonal regions, each of which contains
a polygon and its interior, such that
(1) the interior of any two of theregions
do not intersect and (2) every side of
any of the polygons is also a side of
exactly one of the other polygons.
Fach of the polygonal regions is called
a face of the polyhedron. The
intersection of any two faces of the
polyhedron is called an edge of the
polyhedron. The intersection of any
two edges is a vertex of the polyhedron. Figure 14.13 represents a polyhedron
of 8 faces, 16 edges, and 9 vertices.

Fig. 14.13. A polyhedron.

14.6. Prism. A prism is a polyhedron having two parallel faces, called the &

bases, with the remaining faces being parallelograms (Fig. 14.14). In

|
{
|
i
1
i

Fig. 14.15. Right prisms.

parallelograms (Fig. 14.16). It can be shown that the opposite faces of a
parallelepiped are parallel and congruent.

A rectangular parallelepiped is a parallelepiped the faces of which are rect-
angles (Fig. 14.17).  All the lateral edges of a rectangular parallelepiped are
perpendicular to the planes of the parallel bases.
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~

/ U -

Fig. 14.16. A parallelepiped. Fig. 14.17. A rectangular parallelepiped.

A cube is a rectangular parallelepiped the bases and faces of which are
congruent squares.

14.8. Area of a right prism. The lateral area of a right prism is equal to the
product of its altitude and the perimeter of its base. Thus, if we denote the lateral
area by §, the perimeter of the base by P, and the altitude by &, we get the
formula

S=hP

If we denote the total area by T and the area of a base by 4, we get the
formula
T=58+24
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A1

are passed parallel to the faces of the f
solid as shown, the solid will consist of ’

two layers, each layer containing 4 X 3,

or 12 cubic units.
The two layers contain 2 X 12, or 24

k 7777777777777777 —~ = l
cubic units. Thus, the volume of the // )/7
o
o

solid equals 24 cubic units. This num- /
ber may be obtained by multiplying
together the three dimensions or by
multiplying the area of the base by the Fig. 14.19.
altitude.

In Fig. 14.18, if we denote the volume by V and the area of the base by 4,
then

< 4 —>

V= lwh or V=Ah

It can be shown that the volume of any prism is the product of the area of its
base and its altitude.

14.10. Illustrative Example 1. A
storage vault has a rectangular floor 5 15'
72 feet by 48 feet. The walls are /} 777777777777777
vertical and 15 feet high. (a) Find / <
the total area of walls, floor, and /
ceiling; (b) find the storage space 72

width, and height of which are denoted
by [, w, and h respectively is equal to |
the sum of the areas of the six faces, !
2lw+ 2wh+ 2lh or {
|
|

T

h

- l
T =2(lw+ wh+h) R -

w+ w &>\

For a cube with a lateral edge e, J\(

T = 6¢2
Fig. 14.18.

14.9. Volume of a prism. The volume of a solid is defined as the
number of units of space measured in the solid. This unit of space, called
a cubic unit, is that of a cube the edges of which are equal to some unit for
measuring length. Consider the rectangular parallelepiped, shown 11
Fig. 14.19, which is 4 units long, 3 units wide, and 2 units high. If planés

tvotumejyof the room. ’ .
Hlustrative Example 1.

Solution:
{a) The total surface is found by using the formula
T=2w+wh+(h)
=2[(72)(48) + (48)(15) + (72) (15)]
= 10,512
Answer: 10,512 square feet.
(h) The storage space is found by using the formula

V= lwh
= (72)(48) (15)
= 51,840
Answer: 51,840 cubic feet.
Exercises

L. In a rectangular parallelepiped, there are how many faces? How many
edges? How many vertices?

N
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i 1 ? (¢) a cube?
Is a parallelepiped (a) a prism? (b) a polyhedron (
1: a ?ube (a) arectangular parallelepiped? (b) a prism? (¢) a polyhedron?

Find the lateral area of a right prism which has an altitude of 18 inches -
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14. Find the lateral area of the prismin Ex. 13.
15. Find the total area of the prismin Ex. 13.
16. How many packages 5 X 8 x 19 inches can be placed in a box that has the

4. ea dimensions of 24 X 30 X 60 inches?
and a perimeter of 30 inches. d 17. How many cubic yards of concrete are needed to build a retaining wall
5. Find the total area of a cubeg 11;1ches on a:de ege. 120 feet long, 8 inches‘ thick, and 5 feet high?
6. Find the volume of a cube 8 inc e; on alm glé inches wide, and 2 inches 18. How many gallons of water will be required to fill a pool 45 feet long, 30
7. Find the volume of a beam 12 feet long, ’ feet wide, and 6 feet deep? (Note: 231 cubic inches = 1 gallon.)
thick. . : 19. How many gallons of paint will be needed to paint the exterior walls of
: - . What is th oAy ga P paint th
8. A classroom is 42 fee.t long,. 30 feetpw13\t;halzci1 lfhiegtilrlilharea ina scllsuarz a building 60 feet long, 30 feet wide, and 15 feet high if 1 gallon of paint
volume of the room in cubic yards: at 1s will cover 500 square feet?
yards? ) . . ltitude 5 feet and a 20. Find the weight of a steel plate 12 feet long, 5 feet wide, and 2 inch thick
9. Find the lateral area of a right prism which has an altitu if steel weighs 490 pound bic foot.
bzlirsle of a regular hexagon with a side of 2 feet. Bhs pounds per cubic foo
14.11. Pyramid. A pyramid is a polyhedron with one face, called the base,
| a polygon of any number of sides, and the other faces are triangles that meet
| in a common point called the vertex. The triangular faces are called the
f lateral faces, and the meeting of the lateral faces are lateral edges. The altitude
‘ \ of the pyramid is the length of the perpendicular dropped from the vertex
} At to the plane of the base. The lateral area of a pyramid is equal to the
! sum of the areas of the lateral faces of the pyramid. The ftal area of a
! py
! pyramid is equal to the sum of the lateral area and the area of the base.
20" . | (See Fig. 14.20.)
60 ! A regular pyramid is one having a base which is a regular polygon and the
‘ altitude from the vertex perpendicular to the base atits center.  The lutersl
e e p— o AN
\ J/ S
&~ © _j__ / \\\
h
g
Exs. 10-12. Exs. 13-15.
10. Find the volume of a right prism the base of w.hi(:h is a right. t;‘(;
angle with legs of 6 inches and 8 inches and the altitude of which is
inches. .
11. Find the lateral area of the figure in Ex. 10. Fig. 14.20. A pyramid. Fig. 14.21. A regular pyramid.
12. Find the total area of the figure in Ex. 10. .
13. Find the volume of a right prism the base of which is a rhombus having

. ich is %
diagonals 18 inches and 24 inches long and the altitude of which I i

60 inches.

1

edges of a regular pyramid are congruent.

The lateral faces of a regu-

ar pyramid are congruent isosceles triangles. The slant height of a
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regular pyramid is the altitude of any of its lateral faces. (See Fig. 14.21) i

14.12. Volume of a pyramid. The volume of any pyramid is equal to one- 'Lﬁ
third the product of the area of its base and altitude. .

Volume = % area of base X altitude
V=3%A4h

14.13. Area of a regular pyramid. The lateral area of a regular pyramid is
equal to half the product of its slant height s and the perimeter p of its base.

Lateral area = 3 slant height X perimeter of base
S=13sp

A regular pyramid has a base of a regular
Find (a) the

14.14. Ilustrative Example 1.
hexagon with sides equal to 8 inches and an altitude of 15 inches.
volume and (b) the lateral area of the pyramid.

Solution: Draw sketches of the pyramid, its base, and a side view of one of its
lateral faces.

(a) To determine the volume, we must first find the area of the base.
Remembering our plane geometry, we know that the total area °
can be found by dividing it into twelve 30°-60° triangles, as
shown in (2) of the figure.
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04 = 24L = 8 inches
(OL)? = (8)>— (4)*
OL = V48
= 6.928 inches (by Table I)
Area of AAOL = (4) (6.928)
= 13.856 square inches.
A=12(13.856)
SV =34k
=3(12) (13.856) (15)
= 831.36

Answer: 831.36 cubic inches.

() We need to determine the slant height s before we can compute
the lateral area. In figure (3) we know that OL = V48 inches
and OH = 15 inches. Using the pythagorean theorem,

2= (0OL)*+ (OH)?
(V48)2+ (15)?
=48+ 225
s =273
s = 16.523 inches (by Table I)
S=13p
=3(16.523) (6 X 8)
= 396.53

I

M
LY

(3

@

Hlustrative Example 1.

Answer: 396.53 square inches.

Exercises

1. What is the volume of a pyramid the base of which has an area of 42 square
inches and the altitude of which equals 15 inches?
2. Find the lateral area of a pyramid the base of which has a perimeter of
36 inches and the slant height of which equals 23 inches.
3. What is the volume of a pyramid having a square base with a 10-inch side
and an altitude of 12 inches?
4. Find the lateral area of the pyramid having a square base with a 10-inch
side and an altitude of 12 inches.

9. ACGE is a cube with an 18-inch side.  Find the volume of pyramid ABEC.

6. Find the volume of a pyramid having a base a right A, with hypotenuse

RT = 18 feet, leg RS = 15 feet, and altitude PO = 94 feet.
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Ex. 5. Ex. 6.

7. Find the volume of a regular pyramid having as a base a regular hexagon
with a 6-inch side an an altitude of 10 inches.

8. Find the lateral area of a regular pyramid having as a base a regular
hexagon with a 6-inch side and an altitude of 10 inches.

9. Find the lateral area of a regular pyramid having as a base a regular
octagon (8 sides) with a 12-inch side and a lateral edge equal to 25 inches.

14.15. Conical surface. A conical surface
is a surface generated by a moving straight
line which turns around one of its points

Sl fgeet

and intersects- a - given-plane in-a eurve.
The moving line QS is Calleé_t)he generatrix.
In Fig. 14.22, point P on QS follows the

iven curve PRT called the directrix.
%E in any of its positions is called an element
ofthesurface. B isthe vertex of the surface.

14.16. Cone. A cone is that part of a
conical surface which is bounded by the
vertex and a plane cutting all the elements
on one side of the vertex. The cone in
Fig. 14.23 is labeled cone B-RST. The
base RST of the cone is the curve cut from
the conical surface by the plane. The
altitude of a cone is the perpendicular dis-
tance from the vertex to the plane of the
base. The lateral area of a cone is the

area of the lateral surface. Fig. 14.22
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A crcular cone is one the base of which
is a crcle. A right circular cone is one in
which the line through the vertex and center of
the base is perpendicular to the base. This &
perpendicular is often termed the axis of the & h
cone. The elements of a right circular cone are <
congruent.

The slant height of a right circular cone is the
length of an element of the cone. R

14.17. Volume of a cone. The volume of a
cone is equal to one-third the product of the

area of its base and its altitude.  For the circular cone, with R the radius of the
base and 4 the altitude, we get

Fig. 14.23.

Volume = %area of base X altitude
= {7R%*
14.18. Lateral area of a right circular cone. The lateral area of a right
circular cone is equal to half the product of its slant height and the circum-

ference of its base. Using 27R for the circumference of the base and s for
the slant height, we get

Lateral area = jcircumference of base X slant height
=3(27R) (s)
orS = 7Rs

The total area T of a cone is equal to the sum of the lateral area and the area
of the base.

Total area = lateral area + area of base
T=mRs+wR?

Exercises

1. What is the volume of a circular cone having an altitude of 18 inches and
aradius of 5 inches?

2. Find the lateral arca of a right circular cone having a slant height of 24
inches and a radius of 8 inches.

3. Find the total surface area of a right circular cone having a slant height of
40 feet and a radius of 10 feet.

4. Find the lateral area of a right circular cone having an altitude of 12 inches
and a radius of 5 inches.
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A

Find the volume of cone A-EFG.

Find the volume of cone A-BCD.

Find the lateral area of cone A-EFG.

Find the total area of cone A-EFG.

Find the volume of the solid RTLM cut from cone P-MNL by the plane
RST || plane MNL.

10. Find the lateral area of the solid RTLM.

11. Find the total surface area of the solid RTLM.

Lo s

o
i

14.19. Cylindrical surface. A surface generated by a straight line which

moves parallel to itselfl and intersects a given plane curve is called a ¢ylindrical———
surface. 'The moving line QS is called the generatrix. In Fig. 14.24, point R

on Q3 follows the given curve PRT, called the directrix. Q3 in any of its posi-

tions is called an element of the surface.

Vi

Fig. 14.24. Fig. 14.25.

>
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14.20. Cylinder. A olinder is that part of a cylindrical surface bounded
bet.wee.n two parallel planes cutting all the elements. The intersection of the
cylindrical surface and one of the parallel planes is a base of the cylinder.
The bases of a cylinder are congruent. The bounding cylindrical surface is
the lateral surface of the cylinder. The allitude of a cylinder is the per-
pendicular distance between the bases. (See Fig. 14.25.)

A cz'rc.ular cylinder is one the bases of which are circles. A right circular
eylinder is a circular cylinder in which the elements are perpendicular to the

Fi L
tolg. 14.26. Municipal water tank of Topeka, Kansas. A vertical cylinder on the inside, this water
wer on the outside seems to consist of vertically bisected cylinders with the concave outward.
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bases. The elements of a right circular cylinder are parallel and congruent. i

Fig. 14.26 shows an interesting use made of right cylindrical surfaces which is
functional and yet attractive. '

14.21. Volume of a circular cylinder. The volume of a circular cylinder is
equal to the product of the area of its base and the length of its altitude. 7
(See Fig. 14.25.) The formulais ¢

Volume = area of base X altitude
V = wR2h

14.22. Lateral area of a right circular cylinder. The lateral area of a righ’ ;¢
circular cylinder is equal to the product of the circumference of its base anc

the length of its altitude. The formula is

Lateral area = circumference of base X altitude
S =2mwRh

The total area T of a cylinder is equal to the sum of the lateral area and the ;
area of its two bases. The formulais ‘

Total area = lateral area— area of bases T -
T = 2aRh+2wR? !
{ 2
x
Exercises E
l. Isa reptangular parallelepiped a.right cylirlder? o }_\\ Y
2. What is the volume of the right circular cylinder? y —~
3. Find the lateral area of the right circular cylinder. Fxs. 24
4. Find the total area of the right circular cylinder.
5. How many gallons of gasoline will a cylindrical tank hold that is 6 feet

in diameter and 25 feet long? (Note: 1 cubic foot is equivalent to 7.5
gallons.)
6. How high is a right cylindrical tank that holds 100 gallons if its diameteT
is 30 inches? (Note: 1 gallon is equivalent to 231 cubic inches.) '
7. A steel roller is 4 feet long and 30 inches in diameter. What area will it
cover in rolling through 250 revolutions? .
8. How much will 1000 cylindrical steel rods % inch in diameter and 15 feet ;-
long weigh if 1 cubic foot of iron weighs 490 pounds?
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A right circular rod is made on a lathe from a solid steel bar 4 by 4 by

60 ‘inch_es. How much waste will result in making the largest possible
cylindrical rod from the bar?

- oo / \
N v
- N
|
| v
) _ 1
/
/
// 4
4//

Ex. 9.

10. Flnd the amount of steel in 480 feet of pipe having an inside diameter of
l inch and an outside diameter of 1% inches.

480’ ‘
Ex. 10.
14.23. Volume of a sphere. The volume of a sphere is equal to 37 times the
cube of its radius. The formula is
Volume = }mr (radius)®
= §7TR3
14.24. Surface area of a sphere. The area of the surface of a sphere is

€qual to the area of four great circles. The formula is

Area = 4 times area of great circle
A= 4nR?
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- 14.25. (optional). Relations of the sphere, cone, cylinder, and cube. Sor..

interesting relations can be proved to exist between the S?lids we hzlive thu.s
far studied. We will list several of them. If a right Flrcular cyhn.der is
circumscribed about a sphere (Fig. 14.27), the volume .of the sphere is two-
thirds that of the cylinder, and the area of the sphere is equal to the lateral
area of the cylinder.

Fig. 14.29.

Fig. 14.28.

Fig. 14.27.

If a cube is circumscribed about a sphere (Fig. 14.28), the volume of the

sphere is very nearly half the volume of the cube.

If the base and altitude of a cone are equal to the base and altitude of a

right circular cylinder (Fig. 14.29), the volume of the cone is one-third that
of the cylinder. o .

If a c)(/)ne is placed in Fig. 14.27 so that the base of the cone coincides with
one of the bases of the cylinder and the altitudes of the cylinder and cone are
equal (also equal to the diameter of the sphere), the volume of the cone 18
equal to one-half that of the inscribed sphere.

Exercises

1. Find the volume of a sphere the radius of which is.6 ir}cht?s.

2. Find the surface area of a sphere the radius of Wth}} 1s8 1nche§.

3. The area of a great circle of a sphere is 231 square inches. Find the area
of the sphere. . - ‘

4. What is the weight of an iron ball having a diameter of 30 inches if 1 cubic
foot of iron weighs 490 pounds?

5. A storage tank for gas is in the shape of a sphere. Its inside diameter 1 -

20 feet. How many cubic feet of gas is stored in the tank?
6. Find the volume enclosed in the figure.
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7. Find the total surface area of the figure.
Include the lateral surface area of the
cylinder, the area of the base, and the
area of the hemisphere.

8. A sphere just fits into a cube having a j
15-inch side. Find the volume of the
sphere.

9. A cylindrical vessel 12 inches in diameter
is filled with water. Then a rock is
immersed in it, causing some of the water 1
to overflow. When the rock is removed,
it is found that the water level in the
cylinder drops 10 inches. What is the
volume of the rock?

10. A sphere 8 inches in diameter is inscribed
in a right circular cylinder. What is (a)
the volume? (b) the lateral area of the
cylinder?

11. A hollow spherical metal ball has an
inside diameter of 11 inches and is % inch
thick. Find the volume of metal in the
ball.

T

12’

Exs.6,7.

14.26. (optional). Conic section. The curve formed by the intersection of
a plane and a right circular conical surface is called a conic section. 1If the
plane is perpendicular to the axis, the conic is a circle (Fig. 14.30a). If the
cutting plane is oblique to the axis, and cuts all the elements, the conic is an
ellipse (Fig. 14.30b). If the plane is parallel to one, and only one, element of
the cone, the conic is a parabola (Fig. 14.30¢). If the plane is parallel to the

axis, it will cut both parts of the surface, forming a conic which is a hyperbola
(Fig. 14.30d).

(@) (t)




\/

(d)

S —

Fig. 14.30.

.. - . . nd
The ancient Greek mathematicians were familiar with the conics a

e
discovered many properties of the conics. They w}tltre able to efxt}l)]reis dt:g;
t of thes -
tical equations. The conten
roperties by means of mathema
l)ngpequatwr)l]s and their properties are included in the study of analytic

geometry.

Summary Tests

Test 1

COMPLETION STATEMENTS

11.
12,
13,
14,

. The locus of points in a room equidistant from two adjacent walls and the

ceilingis a
The number of planes determined by four points not all in one plane is

The formula for the volume of a sphere is
The intersection of a plane and a sphereisa__- -

. The number of tangents that can be drawn from an external point to a

sphere is

The number of lmes that can be drawn through a point on a sphere
tangent to the sphere is

The number of tangent planes to a sphere that can be drawn at a point on
the sphere is .

Two lines may intersect in a

Two planes may intersect in a

. Given two intersecting lines, there is (are) exactly ___ plane(s) con-

taining them.

The number of edges in a tetrahedron is .

Two planes parallel to the same planeare_____ 1o each other.

The locus of points equldlstant from a circle is a

The locus of points in a plane at a given distance from a given point with-
out the plane is a

. At a given point in a g1ven line there can be only one______ perpen-

dicular to the given line.

413
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Test 2 24. It is possible to have two lines perpendicular to a given line at a point on

the line.

TRUE-FALSE STATEMENTS 25. If a line intersects two parallel lines, all three lines lie in the same plane.

1. A line perpendicular to one of two parallel planes must be parallel to the
other.
A line intersecting one of two parallel lines must also intersect the other. ,
3. It is possible to have two lines parallel to the same plane and be per- %
pendicular to each other.
4. Ttis possible for two planes to be perpendicular to the same line and inter-
sect each other. [
5. If two planes are parallel, then any line in one of them is parallel to any !
I

Problems Test

NS

1. Find the volume of the solid in cubic feet.
2. Find the total surface area in square feet.

line in the other.
6. Two lines parallel to the same plane are parallel to each other.
7. Given plane MN; line [ not in plane MN; plane MN || linem; [ || m. Then ST
plane MN || line L i e
8. Given plane MN; line [ not in plane MN; line m L plane MN; line ! 1 line
m. Thenline /| plane MN.
9. Given plane RS | plane MN; plane GH cuts plane RS and plane MN in §
lines l and m respectively. Then ! || m.
10. Given line || plane GH; line m|| plane GH. Then[||m.

54"

Probs. 1,2. Probs. 3, 4.

11. Given plane AB L plane MN; plane GH L plane MN. Then plane 4B || § ; F¥nd the volume of the tank.. ‘
plane GH. Eind + F}nd the total surface area (1F1Clud.e top and bottom) of the tank.
12. The projection of a segment on a plane is always another segment. 5. Find the lateral area of the right circular cone.
13. The projections of congruent segments on a plane will also be congruent. 6. Find the volume of the cone.
14. Itis possible for the projection of a segment on a plane to be greater than
the length of the segment. K
15. Given line {lies in plane MN; line [ L linem. Thenlinem 1L plane MN. i\‘»
16. Given 4B 1 BC BDL BC. ThenAB L BD. I
17. If two intersecting planes are each perpendicular to a third plane, then '
their line of intersection is perpendicular to the third plane. ‘ ! 12"
18. Given plane MN bisects AB. Then every point of plane MN is equidistant P!
fromAandB. B
19. The lateral area of a pyramid equals half the sum of its slant height and \
the perimeter of the base. A B
20. If a line intersects a plane in only one point, there is at least one line in the o —t
plane perpendicular to the line.
21. It' is always possible to have intersecting lines both perpendicular to 2 Frols. 5,6, robe. 7 8,
given plane. ’
22. Itis possible to have two planes perpendicular to a given line.
23. Itis possible to have two lines perpendicular to a given plane at a point ont 7. Find the volume of the solid ABCD.
the plane. g 8. Find the lateral area of the solid ABCD.




£,
4
fzgﬁ'

Appendix




GREEK ALPHABET

LETTERS NAMES LETTERS NAMES LETTERS NAMES

A o Alpha I ¢t lota P p Rho

B B Beta K« Kappa 2 o Sigma

' vy Gamma A A Lambda T = Tau

A 8 Delta M g Mu Y v  Upsilon

E € Epsilon N » Nu ® ¢ Phi

Z Zeta E & Xi X x Chi

H 7n Eta O o Omicron ¥ ¢ Psi

® ¢ Theta In = Pi Q2 ® Omega
SYMBOLS AND ABBREVIATIONS

Symbol Meaning

AUB the union of sets 4 and B

ANB the intersection of sets 4 and B

A the complement of set 4

ACB Ais a subset of B

x €B xis a member of set B

x&Z B x 18 not 2 member of set B

p N g pandgq

P Vg p or g (inclusive)

P Vyg p or g (exclusive)

p—q pimplies ¢; if p, then g

peg pisequivalent to ¢; pif, and onlyif, ¢

iff if, and only if

{1} notation for set

) null set

AB iterval AB

AB segment AB

419
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-

AB

AB

AB
mAB
AB

ya

5
7%/13 C
AB__
mAB

¢/——
Vx

x|

!

NV AVT =

JoJol RNy ek

w
>
w

AS.A.

S.S.S.

line AB
half-line AB
ray AB
the measure of segment 4B
the measure of segment AB &
angle i
angles

the measure of angle ABC

arc 4B

the degree measure of arc AB

is equal to; equals

is not equal to

the nonnegative square root of x
the absolute value of x.

is similar to

is perpendicular to

is parallel to

is greater than

is less than

is greater than or equal to

is less than or equal to

therefore

and so on

section

triangle

triangles

parallelogram

parallelograms

rectangle

rectangles

circle

circles

degree

e S g
: i,

G

Iz

If two triangles have two sides and the included angle of one con-
gruent respectively to two sides and the included angle of the other, g
the triangles are congruent. 1
If two triangles have two angles and the included side of one con- i
gruent respectively to two angles and the included side of the other, &
the triangles are congruent. j
If two triangles have the three sides of one congruent respectively 3
to the three sides of the other, the triangles are congruent. ;

OOTIDN D WN ~

VN
1.000
1.414
1.732
2.000
2.236
2.449
2.646
2.828
3.000
3.162

3.317
3.464
3.606
3.742
3.873
4.000
4.123
4.243
4.359
4.472

4.583
4.690
4.796
4.899
5.000
5.099

6.164
6.245
6.325

6.403
6.481
6.557
6.633
6.708
6.782
6.856
6.928
7.000
7.071

100

TABLE I. SQUARE ROOTS

VN
7.141
7.211
7.280
7.348
7.416
7.483
7.550
7.616
7.681
7.746

7.810
7.874
7.937
8.000
8.062
8.124
8.185
8.246
8.307
8.367

8.426
8.485
8.544
8.602
8.660
8.718
8.775
8.832
8.888
8.944

9.000
9.055
9.110
9.165
9.220
9.274
9.327
9.381
9.434
9.487

9.539
9.592
9.644
9.695
9.747
9.798
9.849
9.899
9.950
10.000

N

101
102
103
104
105
106
107
108
109
110

111
112
113
114
115
116
117
118
119
120

121
122
123
124
125
126
127
128
129
130

131
132
133

135
136
137
138
139
140

141
142
143
144
145
146
147
148
149
150

VN
10.050
10.100
10.149
10.198
10.247
10.296
10.344
10.392
10.440
10.488

10.536
10.583
10.630
10.677
10.724
10.770
10.817
10.863
10.909
10.954

11.000
11.045
11.091
11.136
11.180
11.225
11.269
11.314
11.358
11.402

11.446
11.489
11.533
11.576
11.619
11.662
11.705
11.747
11.790
11.832

11.874
11.916
11.958
12.000
12.042
12.083
12.124
12.166
12.207
12.247

151
152
153
154
155
156
157
158
159
160

190

191
192
193
194
195
196
197
198
199
200

VN
12.288
12.329
12.369
12.410
12.450
12.490
12.530
12.570
12.610
12.649

12.689
12.728
12.767
12.806
12.845
12.884
12.923
12.961
13.000
13.038

13.077
13.115
13.153
13.191
13.229
13.267
13.304
13.342
13.379
13.416

13.454
13.491
13.528
13.565
13.601
13.638
13.675
13.711
13.748
13.784

13.820
13.856
13.892
13.928
13.964
14.000
14.036
14.071
14.107
14.142

N

201
202
203
204
205
206
207
208
209
210

211
212
213
214
215
216
217
218
219
220

221
222
223
224
225
226
227
228

230

231
232
233
234
235
236
237
238
239
240

241

243
244
245
246

248
249
250

VN
14.177
14.213
14.248
14.283
14.318
14.353
14.387
14.422
14.457
14.491

14.526
14.560
14.595
14.629
14.663
14.697
14.731
14.765
14.799
14.832

14.866
14.900
14.933
14.967
15.000
15.033
15.067
15.100
15.133
15.166

15.199
15.232
15.264
15.297
15.330
15.362
15.395
15.427
15.460
15.492

15.524
15.556
15.588
15.620
15.652
15.684
15.716
15.748
15.780
15.811

251
252
253
254
255
256
257
258

260

261
262
263
264
265
266
267
268
269
270

271
272
273
274
275
276
277
278
279
280

281
282
283
284
285
286
287
288
289
290

291
292
293
294
295
296
297
298
299
300

VN
15.843
15.875
15.906
15.937
15.969
16.000
16.031
16.062
16.093
16.125

16.155
16.186
16.217
16.248
16.279
16.310
16.340
16.371
16.401
16.432

16.462
16.492
16.523
16.553
16.583
16.613
16.643
16.673
16.703
16.733

16.763
16.793
16.823
16.852
16.882
16.912
16.941
16.971
17.000
17.029

17.059
17.088
17.117
17.146
17.176
17.205
17.234
17.263
17.292
17.321
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PROPERTIES OF REAL NUMBER SYSTEM

Equality Properties
E-1 (reflexive property): a = « (p. 72).
E-2 (symmetric property): a = b — b= a(p. 72). ;
E-3 (transitive property): (a=5) A (b=¢) = a=c(p.72). ’
E-4 (addition property): (a=0b) A (c=d) = (a+¢) = (b+d) (p. 72). %
E-5 (subtraction property): (a=5b) A (c=d) = (a—c¢) = (b—d) (p.72). .
E-6 (multiplication property): (e =b) A (¢=d) — ac= bd (p. 72).

) : s a_b, ., —
E-7 (division property): (a=15b) A (c=d# 0) = i d(p. 72).
E-8 (substitution property): Any expression may be replaced by an equivalent

expression in an equation without destroying the truth value of the
equation (p. 73).

Order Properties
O-1 (trichotomy property): For every pair of real numbers, a and b, exactly
one of the following is true:a < b,a=b,a > b (p. 73).
O-2 (addition property): (a < b) A (¢ < d) = (a+¢) < (b+d) (p.73).
O-3 (subtraction property): (a < b) A (¢ = 0) = (a—c) < (b—c) (p. 73).
(a<b) ANlc=0)—> (c—a) > (c—b) (p.73).
O-4 (multiplication property): (a < b) A (¢ > 0) = ac < bc (p. 73).
{a<b) A (c<0)—ac> bc(p.73).
O-5 (division property): (a < b) A (¢ > 0) = alc < bjc A c/a > c/b (p. /3)‘.
(@ <b) A (c<0)—alc>blc N cla<c/b(p.73).
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O-6 (transitive property): (a < b) A (b< ¢) > a< ¢ (p. 73).
O-7 (substitution property): Any expression may be substituted for an

equivalent expression in an inequality without changing the truth value
of the inequality (p. 73).

O-8 (partition property): (c = atb) A (b>0) > c>a(p.73).
Properties of a Field

F-1 (closure property for addition): ¢+ b s a unique real number (p. 73).

F-2 (associative property for addition): (a+b) +¢c = a+ (b+¢) (p. 73).

F-3 (commutative property for addition): a+b = b+a (p- 73).

F-4 (additive property of zero): There is a unique number 0, the additive
identity element, such thata+0 = 0+ ¢ = 4 (p- 73).

F-5 (additive inverse property): For every real number a there exists a real
number —a, the additive inverse of a, such thata+ (—a) = (—a) +a =0
(p. 73).

F-6 (closure property for multiplication): a - b is a unique real number (p- 73).

E-7 (associative property for multiplication): (@ - b) - c=a- (b ¢) (p-73).

F-8 (commutative property for multiplication): a - b= b - a (p. 74).

F-9 (multiplicative property of 1): There is a unique real number 1, the

multiplicative identity element, such thata- 1 =1 -q = ¢ (p. 74).

F-10 (multiplicative inverse property): For every real number « (a # 0),
there is a unique real number 1/a, the multiplicative inverse of a, such
thata - (Va) = (Ya)ra=Ap- T4y e e

F-11 (distributive property): a(b+¢) =q - b+a - ¢ (p-74).

LIST OF POSTULATES

1. A line contains at least two points; a plane contains at least three points
not all collinear; and space contains at least four points not all coplanar
(p. 76). '

2. For every two distinct points, there is exactly one line that contains both
points (p. 76).

3. For every three distinct noncollinear points, there is exactly one plane
that contains the three points (p. 76).

4. If a plane contains two points of a straight line, then all points of the line
are points of the plane (p. 76).

5. If two distinct planes intersect, their intersection is one and only one line
(p. 76).
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6.

10.

11.

12.

13.

(The ruler postulate): The points on a line can be placed in a one-to-one
correspondence with real numbers in such a way that

(1) for every point of the line, there corresponds exactly one real numt_)er;
(2) for every real number, there corresponds exactly one point of the line;

and .
(3) the distance between two points on a line is the absolute value of the

difference between the corresponding numbers (p. 79).
To each pair of distinct points there corresponds a unique positive num-
ber, which is called the distance between the two points (p. 79).
For every three collinear points, one and only one is between the other
two (p. 80). .
If A and B are two distinct points, then there is at least one point C such
that C € 4B. (p. 80).
1f A and B are two distinct points, there is at least one point D such that
AB C AD (p. 80). B
(Point plotting postulate): For every AB and every positive number n,
there is one and only one point of 4B such that mAB = n (p. 80).
(Angle construction postulate): If AB is a ray on .the edge of the half-
plane %, then for every n between 0 and 180 there is exactly one ray AP,
with P in h, such that m/ PAB = n (p. 80). '
(Segment addition postulate): A set of points lying between the endpoints
of a line segment divides the segment into a set of consecutive segments
the sum of whose lengths equals the length of the given segment (p- 80).
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14.

15.

16.

17.

18.

19.

20.

21.

(Angle addition postulate): In a given plane, rays from thg vertex of an
angle through a set of points in the interior of the angle divides the angle
into consecutive angles the sum of whose measures equals the measure
of the given angle (p. 80).

A segment has one and only one midpoint (p. 81).

An angle has one and only one bisector (p. 81). '

(The S.A.S. postulate): Two triangles are congruent if two sides ?lnd
the included angle of one are, respectively, congruent to the two sides
and the included angle of the other (p. 113).

(The parallel postulate): Through a given point not ona gi.ven line, there
is at most one line which can be drawn parallel to the given line (p. 155).

In a plane one, and only one, circle can be drawn with a given point as
center and a given line segment as radius (p. 210). _ = '
(Arc addition postulate): If the intersection of 4B and BC of a circle 15
the single point B, then mAB + mBC = mAC (p. 214). ‘

(Area postulate): Given a unit of area, to each polygonal region there

22.

23.

24.

25.
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corresponds a unique positive number, which is called the area of the
region (p. 342).

The area of a polygonal region is the sum of the area measures of any set
of component regions into which it can be cut (p. 342).

If two polygons are congruent, their corresponding polygonal regions
have the same area (p. 343).

The area of a rectangular region is equal to the product of the length
of its base and the length of its altitude (p. 343).

There is exactly one pair of real numbers assigned to each pointin a given
coordinate system. Conversely, if (a,b) is any ordered pair of real

numbers, there is exactly one point in a given system which has (a, ) as
its coordinates (p. 363).

LISTS OF THEOREMS AND COROLLARIES

3-1. If two distinct lines in a plane intersect in a point, then their intersec-

tion is at most one point (p. 77).

3-2. If a point P lies outside a line /, exactly one plane contains the line and

‘the point (p. 77).

3-3. If two distinct lines intersect, exactly one plane contains both lines

3-4. For any real number, g, b, and ¢, if g = c,and b= ¢, thena=15% (p. 82).

(p. 77).

l = = —

. For anv re:

3-6. For any real numbers a, b; c,andd,ifa=¢, b= ci, andc=d, thena=15§

(p- 83).

3-7. Allright angles are congruent (p. 83).

3-8. Complements of the same angle are congruent (p- 84).

3-9.

Corollary: Complements of congruent angles are congruent (p. 85).
All'straight angles are congruent. (p. 84).

3-10. Supplements of the same angle are congruent (p. 84).

3-12.
3-13.
3-14.

Corollary: Supplements of congruent angles are congruent (p. 85).

- Two adjacent angles whose noncommon sides form a straight angle are
supplementary (p. 90).

Vertical angles are congruent (p. 91).
Perpendicular lines form four right angles (p. 91).

If two lines meet to form congruent adjacent angles, they are per-
pendicular (p. 92).

4-1. (Reflexive property): Every segment is congruent to itself (p. 102).

e | 1N
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4-2.
4-3.

4-4.

4-5.

4-10.

4-11.
4-12.

4-13.

4-14.

4-16.

4-17.

4-18.

5-1.

FUNDAMENTALS OF COLLEGE GEOMETRY

(Symmetric property): If AB = CD, then CD = Az(p‘. l()2).__ B
(Transitive property): If AB = CD and CD = EF, then AB = EF
(p. 102).

(Addition property): If B is between 4 and C, E between D and F, and
if AB = DE and BC = EF, then AC = DF (p. 102).

(Subtractive property): If B is between 4 and C, E is between D and F,
AC = DE, and BC = EF, then AB = DE (p. 103).

. (Reflexive property): Every angle is congruent to itself (p. 103).
. (Symmetric property): If £Z4 = 2B, then ZB = £ A (p. 103).
. (Transitive property): If £A4 =/B and /B = £C, then /4 = LC

(p. 103).

. (Angle addition property): If D is in the interior of £ABC, P is in the

interior of ZRST, ZABD = /RSP, and 2DBC = /PST, then LABC =
LRST (p. 103). N
(Angle subtraction property): If D is in the interior of ZABC, P is in
the interior of ~RST, /ABC = /RST, and 24ABD = /RSP, then
LDBC = LPST (p. 103).

If AC = DF, B bisects AC, E bisects DF, then AB = DE (p. 104).

If ZABC = / RST, BD bisects L ABC, SP bisects /RST, then £ ABD =
ZRSP (p. 105). '

If the two legs of one right triangle are congruent, respectively, to
the two legs of another right triangle, the triangles are congruent
(p. 114).

It two triangles have two angles and the includt.ed side of. one con-
gruent to the corresponding two angles and the included side of the
other, the triangles are congruent (p. 119).

. If a leg and the adjacent acute angle of one right triangle are con-

gruent, respectively, to a leg and the adjacent acute angle of another,
the right triangles are congruent (p. 120).

The base angles of an isosceles triangle are congruent (p. 126)‘.

An equilateral triangle is also equiangular (p. 126).

The measure of an exterior angle of a triangle is greater than the
measure of either of the two nonadjacent interior angles (p. 131).

Corollary:

If two triangles have the three sides of one congruent, respectively, to
the three sides of the other, the triangles are congruent to each
other (p. 131).

If two parallel planes are cut by a third plane, the lines of inter-
section are parallel (p. 141).

5-2.

5-3.

5-4.

5-5.

5-6.
5-7.

5-8.
5-9.

5-10.

5-13.

5-14.

5-15.

5-16.

5-17.
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In a given plane, through any point of a straight line, there can pass
one and only one line perpendicular to the given line (p- 147)

Through a point not on a given line, there is at least one line perpen-
dicular to that given line (p. 149).

Through a given external point, there is at most one perpendicular to
a given line (p. 150). )

If two lines are perpendicular to the same line, they are parallel to
each other (p. 153).

Two planes perpendicular to the same line are parallel (p. 153).

In a plane containing a line and a point not on the line, there is at
least one line parallel to the given line (p. 154).

Two lines parallel to the same line are parallel to each other (p- 153).

In a plane containing two parallel lines, if a line is perpendicular to
one of the two parallel lines, it is perpendicular to the other also (p-156)

A line perpendicular to one of two parallel planes is perpendicular to
the other (p. 157).

. If two straight lines form congruent alternate interior angles when they

are cut by a transversal, they are parallel (p. 158).

. If two straight lines are cut by a transversal so as to form a pair of

congruent corresponding angles, the lines are parallel (p- 159).

Corollary: If two lines are cut by a transversal so as to form interior
supplementary angles in the same closed half-plane of the transversal,
the lines are parallel (p. 159).

If two parallel lines are cut by a transversal, the alternate interior
angles are congruent (p. 163).

It two parallel lines are cut by a transversal, the corresponding angles
are congruent (p. 163).

If two parallel lines are cut by a transversal, the interior angles on the
same side of the transversal are supplementary (p. 163).

The measure of an exterior angle of a triangle is equal to the sum of
the measures of the two nonadjacent interior angles (p. 167).

The sum of the measures of the angles of a triangle is 180 (p- 167).

Corollary:  Only one angle of a triangle can be a right angle or an
obtuse angle (p. 168).

Corollary: If two angles of one triangle are congruent, respectively, to
two angles of another triangle, the third angles are congruent (p. 168).

Corollary: The acute angles of a right triangle are complementary
(p. 168).

Lo
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5-18.

5-19.

5-20.

5-21.

6-1.
6-2.

6-0.

6-7.

6-8.

6-9.

If two angles of a triangle are congruent, the sides opposite them are
congruent (p. 172).

Corollary: An equiangular triangle is equilateral (p. 173).

If two right triangles have a hypotenuse and an acute angle of one
congruent, respectively, to the hypotenuse and an acute angle of the
other, the triangles are congruent (p. 173).

If two right triangles have the hypotenuse and a leg of one congruent
to the hypotenuse and a leg of the other, the triangles are congruent
(p- 173).

If the measure of one acute angle of a right triangle equals 30, the
length of the side opposite this angle is one-half the length of the
hypotenuse (p. 175).

All angles of a rectangle are right angles (p. 186).

The opposite sides and the opposite angles of a parallelogram are
congruent (p. 188).

Corollary: Either diagonal divides a parallelogram into two congruent
triangles (p. 188).

Corollary: Any two adjacent angles of a parallelogram are supplemen-
tary (p. 188).

Corollary: Segments of a pair of parallel lines cut off by a second pair
of parallel lines are congruent (p. 188).

Corollary: Two parallel lines are everywhere equidistant (p. 188).

Corollary: The diagonals of a rectangle are congruent (p. 188).
. The diagonals of a parallelogram bisect each other (p. 189).

Corollary: The diagonals of a rhombus are perpendicular to each other
(p. 189).

. If the opposite sides of a quadrilateral are congruent, the quadri-

lateral is a parallelogram (p. 191).

. If two sides of a quadrilateral are congruent and parallel, the quadri-

lateral is a parallelogram (p. 192).

If the diagonals of a quadrilateral bisect each other, the quadrilateral
is a parallelogram (p. 192).

It three or more parallel lines cut off congruent segments on one

transversal, they cut off congruent segments on every transversal (p. 193).

If two angles have their sides so matched that corresponding sides
have the same directions, the angles are congruent (p. 196).

If two angles have their sides so matched that two corresponding
sides have the same direction and the other two corresponding sides
are oppositely directed, the angles are supplementary (p. 197).

6-10. The segment joining the midpoints of two sides of a triangle is parallel

7-4.

7-5.

7-6.

7-7.

7-8.

7-9.

7-10.

7-11.

7-12.

7-13.
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to the third side and its measure is one-half the measure of the third
side (p. 198).

. A line that bisects one side of a triangle and is parallel to a second side

bisects the third side (p. 199).

. The midpoint of the hypotenuse of a right triangle is equidistant from

its vertices (p. 199).

. If two central angles of the same or congruent circles are congruent,

then their intercepted arcs are congruent (p. 214).

. If two arcs of a circle or congruent circles are congruent, then the

central angles intercepted by these arcs are congruent (p. 215).

. The measure of an inscribed angle is equal to half the measure of its

intercepted arc (p. 217).

Corollary: An angle inscribed in a semicircle is a right angle (p. 218).
Corollary: Angles inscribed in the same arc are congruent (p. 218).
Corollary: Parallel lines cut off congruent arcs on a circle (p. 218).

In the same circle, or in congruent circles, congruent chords have
congruent arcs (p. 222).

In the same circle, or in congruent circles, congruent arcs have
congruent chords (p. 223).

In the same circle, or in congruent circles, chords are congruent iff
they have congruent central angles (p. 223).

A line through the center of a circle and perpendicular to a chord
bisects the chord-and its-are-(p- 227). -

If a line thorugh the center of a circle bisects a chord that is not a
diameter, it is perpendicular to the chord (p. 227).

Corollary: The perpendicular bisector of a chord of a circle passes
through the center of the circle (p. 227).

In a circle, or in congruent circles, congruent chords are equidistant
from the center (p. 227).

In a circle, or in congruent circles, chords equidistant from the center
of the circle are congruent (p. 228).

If a line is tangent to a circle, it is perpendicular to the radius drawn
to the point of tangency (p. 230).

Corollary: if a line lying in the plane of a circle is perpendicular to a
tangent at the point of tangency, it passes through the center of the
circle (p. 231).

If a line lying in the plane of a circle is perpendicular to a radius at
at its point on the circle, it is tangent to the circle (p. 231).

Tangent segments from an external point to a circle are congruent
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7-14.

7-15.

7-16.

8-1.

8-2.

8-3.

8-8.

8-9.
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and make congruent angles with the line passing through the point
and the center of the circle (p. 232).

The measure of the angle formed by a tangent and a secant drawn
from the point of tangency is half the measure of its intercepted arc
(p. 236).

The measure of an angle formed by two chords intersecting within
a circle is half the sum of the measures of the arcs intercepted by it
and its vertical angle (p. 236).

The measure of the angle formed by two secants intersecting outside
a circle is half the difference of the measures of the intercepted arcs
(p- 237).

Corollary: The measure of the angle formed by a secant and a tangent
intersecting outside a circle is half the difference of the measures of
the intercepted arcs (p. 238).

Corollary: The measure of the angle formed by two tangents drawn
from an external point to a circle is half the difference of the measures
of the intercepted arcs (p. 238).

In a proportion, the product of the extremes is equal to the product
of the means (p. 249).

In a proportion, the second and third terms may be interchanged to
obtain another valid proportion (p. 249). .
In a proportion, the ratios may be inverted to obtain another valid
proportion (p. 250).

quantities, either pair of quantities can be used as the means and the
other as the extremes of a proportion (p. 250).

. If the numerators of a proportion are equal, the denominators are

equal and conversely (p. 250).

- If three terms of one proportion are equal to the corresponding three

terms of another proportion, the remaining terms are equal (p. 250).

. In a series of equal ratios the sum of the numerators is to the sum of

the denominators as the numerator of any one of the ratios is to the
denominator of that ratio (p. 250).

It four quantities are in proportion, the terms are in proportion by
by addition or subtraction; that is, the sum (or difference) of the first
and second terms is to the second term as the sum (or difference) of
the third and fourth terms is to the fourth term (p- 251

If a line parallel to one side of a triangle cuts a second side into st:eg-
ments which have a ratio with interger terms, the line will cut the third
side into segments which have the same ratio (p. 253).

8-10.

8-12.

8-13.

8-14.

8-15.

8-16.
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A line parallel to one side of a triangle and intersecting the other two
sides divides these sides into proportional segments (p. 254).

Corollary: If a line is parallel to one side of a triangle and intersects
the other two sides, it divides these sides so that either side is to one
of its segments as the other is to its corresponding segment (p. 254).
Corollary: Parallel lines cut off proportional segments on two trans-
versals (p. 254).

- If a line divides two sides of a triangle proportionally, it is parallel to

the third side (p. 255).
Corollary: If a line divides two sides of a triangle so that either side is

to one of its segments as the other side is to its corresponding segment,
the line is parallel to the third side (p. 255).

If two triangles have the three angles of one congruent, respectively,
to the three angles of the other, the triangles are similar (p. 259).
Corollary: If two triangles have two angles of one congruent to two
angles of the other, the triangles are similar (p- 260).

Corollary: If two right triangles have an acute angle of one congruent
to an acute angle of the other, they are similar (p- 260).

Corollary: Two triangles which are similar to the same triangle or two

- similar triangles are similar to each other (p- 260)).

Corollary: Corresponding altitudes of two similar triangles have the
same ratio as any two corresponding sides (p. 260).

If two triangles have an angle of one congruent to an angle of the
other and the sides i i > S pr “tHott i

are similar (p. 266).

If two triangles have their corresponding sides proportional, they are
similar (p. 266).

The altitude on the hypotenuse of a right triangle forms two right
triangles which are similar to the given triangle and similar to each
other (p. 269).

Corollary: The altitude on the hypotenuse of a right triangle is the
mean proportional between the measures of the segments of the
hypotenuse (p. 270).

Corollary: Either leg of a right triangle is the mean proportional
between the measure of the hypotenuse and the measure of the

segment of the hypotenuse cut oft by the altitude which is adjacent to
that leg (p. 270).

The square of the measure of the hypotenuse of a right triangle is
equal to the sum of the squares of the measures of the legs (p. 270).
Corollary: The square of the measure of the leg of a right triangle is
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equal to the square of the measure of the hypotenuse minus the
square of the measure of the other leg (p. 271). )
ithi i res o
8-17. If two chords intersect within a circle, the product of the mealsures o
' the segments of one chord is equal to the product of the measu
the segments of the other (p. 274). ' y
'8-18. If a tangent and a secant are drawn from the same point outside a
‘ . circle, the measure of the tangent is the mean proportional between
? > .
‘ the measures of the secant and its external segment (p. 274). . .
8-19. If two secants are drawn from the same p01r'1t outside a circle, t e
B roduct of the measures of one secant and its external segmegtils
Icj)qual to the product of the measures of the other secant and its
()7;*)
external segment (p. 275). .
9-1. If two sides of a triangle are not congruent, the angle oppﬁsne tl;z
. longer of the two sides has a greater measure than does the ang
opposite the shorter side (p. 287). . .
9-2. If two angles of a triangle are not congruent, the 51d§: opposite ltl e
' larger of the two angles is greater than the side opposite the smaller
t . 988). _
of the two angles (p. 2 o . . _
Corollary: The shortest segment joining a pomnt to a line is the per

dicular segment (p. 288). . ‘ _
I()]i)r;o;lce:lry: Thge measure of the hypotenuse of a right triangle is greater

than the measure of either leg (p. 288).

9-3. The sum of the measures of two sides of a triangle is greater than the
the measure of the third side (p. 28Y). . :

9-4. If two triangles have two sides of one congruent, respectlvei}/,hto i;vrvS(:
sides of the other and the measure of the included angle o the s
greater than the measure of the included angle Qf thf: second triang di
the third side of the first is greater than the third side of the secon

. 289). .

9-5. (II; two)triangles have two sides of one congruent, respectlvely},l t(;}:;:((;
sides of the other and the third side of the first greater than ¢ : ed e
side of the second, the measure of the angle opposite th§ thl:r ﬂiird
of the first is greater than the measure of the angle opposite the
side of the second (p. 290).

9-6. In a circle or in congruent circles, if two central anglf:*s have u(negg:)l.
measures, the greater central angle has the greater minor arc(p- -

9-7. In a circle or in congruent circles, if two minor(arycs are not congruent,
the greater arc has the greater central angle (p. 295). ent

9-8. In a circle or in congruent circles, the greater of two noncong
chords has the greater minor arc (p. 295).
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9-9. In a circle or in congruent circles, the greater of two noncongruent
minor arcs has the greater chord (p. 296).

9-10. In a circle or in congruent circles, if two chords are not congruent,
they are unequally distant from the center, the greater chord being
nearer the center (p. 296).

9-11. In a circle or in congruent circles, if two chords are unequally distant
from the center, they are not congruent, the chord nearer the center
being the greater (p. 296).

11-1. The locus of points in a plane at a given distance from a fixed point
is a circle whose center is the given point and whose radius measure is
the given distance (p. 322).

11-2. The locus of points in a plane at a given distance from a given line in
the plane is a pair of lines parallel to the given line and at the given
distance from the given line (p. 322).

11-3. The locus of points in a plane equidistant from two given parallel
lines is a line parallel to the given lines and midway between them
(p- 322).

11-4. The locus of points in a plane which are equidistant from two given
points in the plane is the perpendicular bisector of the line segment
Joining the two points (p. 322).

11-5. The locus of points in the interior of an angle which are equidistant
from the sides of the angle is the bisector of the angle minus its
endpoint. (p. 324).

Corollary: the locus of points equidistant from two given intersecting
lines is the pair of perpendicular lines which bisects the vertical angles
formed by the given lines.(p. 325).

11-6. The locus of all points such that AAPB is a right triangle having 4B a
fixed line segment as hypotenuse is a circle having AB as a diameter,
for points 4 and B themselves (p. 325).

12-1. The area of a parallelogram is equal to the product of its base and its
altitude (p. 345).

Corollary: Parallelograms with equal bases and equal altitudes are
equal in area (p. 346).
Corollary: The areas of two parallelograms having equal bases have
the same ratio as their altitudes; the areas of two parallelograms having
equal altitudes have the same ratio as their bases (p. 346).

12-2. The area of a triangle is equal to one-half the product of its base and
its altitude (p. 346).
Corollary: Triangles with equal bases and equal altitudes are equal in
area (p. 346).
Corollary: The areas of two triangles having equal bases have the

e Y
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13-2.

13-3.

13-4.

13-5.

13-7.

13-8.

13-9.

14-1.

14-2.

14-3.

14-4.

. (The distance formula).

b. (Point-slope formula). :
m, the equation of the line through P with slope misy—y, = m{x — X )—o

FUNDAMENTALS OF COLLEGE GEOMETRY

same ratios as their altitudes; the areas of two triangles having equal
altitudes have the same ratio as their bases (p. 346).

Corollary: The area of a rhombus is equal to one-half the product of
its diagonals (p. 346).

. The area of a trapezoid is equal to half the product of its altitude and

the sum of its bases (p. 348).
For any two points P and Q.

PQ = V(xq—xp)*+ (o= yr)* = \/(xr' —x0)”+ (p —ya)* (p. 368).
(The midpoint formula). M is the midpoint of AB if and only if
xy; = 3+ xg) and yy = 3(y4 T y5) (p. 369). .

(Slope formula). If P # Q are any pair of points on a line not par.allel
to the y-axis of a rectangular coordinate system, then there is a unique
real number m, called slope, such that

_ Yo7 e
m = .
Xq—Xp

(p- 372).
Two nonvertical lines I, and [, are parallel if and only if their slopes
my and m, are equal (p. 374).

Two nonvertical lines [, and [, are perpendicular if and only if their
slopes are negative reciprocals of each other (p. 375).

For each point P (x,. y,) and for each number

(p- 380).

(Slope y-intercept formula). The graph of the equation y=mx+b
is the line with slope m and y-intercept b (p. 384). ‘
The graph of every linear equation in x and y is always a straight line
in the XY-plane (p. 384). o
Every straight line in a plane is the graph of a linear equation in ¥
and y (p. 384).

If a line intersects a plane not containing it, then the intersection is a
single point (p. 391). o
All the perpendiculars drawn through a point on a given line lie in 2
plane perpendicular to the given line at that point (p. 391).

Through a given point, there passes one and only one plane perpen-
dicular to a given line (p. 391).

One and only one perpendicular line can be drawn to a plane from a
point not on the line (p. 391).

14-5

14-6.

14-7.

14-8.

14-9.

14-10.

14-11.

14-12.

14-13.

14-14.

14-15.
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- The perpendicular from a point not on a plane to the plane is the
shortest line segment from the point to the plane (p. 391).

If two lines are perpendicular to a plane, they are parallel to each other
(p. 391).

If one of two parallel lines is perpendicular to a plane, the other is
also perpendicular to the plane (p. 392).

If each of three noncollinear points of a plane is equidistant from
two points, then every point of the plane is equidistant from these
points (p. 392).

‘Two parallel planes are everywhere equidistant (p. 392).

Through one straight line any number of planes may be passed (p. 392)

If two planes are perpendicular to each other, a straight line in one of

them perpendicular to their intersection is perpendicular to the other
(p- 392).

If two planes are perpendicular to each other, a perpendicular to one
of them at their intersection lies in the other (p- 393)

If two intersecting planes are perpendicular to a third plane, their
intersection is also perpendicular to that plane (p. 393).

Every pointin a plane bisecting a dihedral angle is equidistant from the
faces of the angle (p. 393).

The set of points equidistant from the faces of a dihedral angle is the
plane bisecting the dihedral angle (p. 394).

g T
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~J Ot

11.
13.

.Q)Q-—-

15. {0}
17.
19.
21.
23.
25.
27.

N oo

Answers to Exercises

Pages 4-5

Ten. None.

. No. Eis not a set; F is a set with one element.
. 1,2,3,4,5
. A,B,C,E,F,G

There are none.
2. € b€ c € d & e & f €
{Tuesday, Thursday}
0
{10,11,12,...}
{January, June, July}
{vowels of the alphabet}
{colors of the spectrum}
{even numbers greater than 1 and less than 11}
{negative even integers}

Pages 8-9

b. {2,3,4,5,6,7,8,9, 10}

a.true c.true e. false g.false i.false k. false
the null set

437
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1 13. R 27. 29.
R
| !
| |
Pages 14-16
15. 1. aninfinite number 3. one 5. no 7. no 9. false
11. true 13. false 15. true 17. true
m
\‘S\
R T
19. 21. S
;. P R Draw points R, S, T of aline in any
order.
19.
93, \ 95, F_
= T
- s s
27. P9 R S 29. Not possible.
Draw a line; label points P, Q, R, §
23 (any order) on that line.
De
31. Not possible. 33. 4 B ¢ £

A, B, C, E are collinear (any
order); D does not lie on the line.
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1.
17.

21.

25.
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-

W/

—4; 2 3. =5
9 19. 7

5.

2

37.

Pages 19-20

7.

13 9. 4 11. -3 13.
91. —2  93. 8 25. 8

D

ANSWERS TO EXERCISES

441

(I, m, n are 3 | lines taken in any order)

27. 29,
Q P R
{O between P and R)
31 K R L M

Pages 28-30

1. £DMC; £CMD; /8

3. W;FD; (D_E; (alsomorf\/l—é) 5. BD

e

Pave 23 7. L ABF; LAMC; /BMD 9. LAMD
age
. yes 3. yes 5. no 7. yes 9.{ } 11. 4B (ordCordD) 11. Q 13.
I/
1
P G . P
2 9 19. Not possible.
15. 17.
Q
Q i
@ P R 93,
(P between Q and R)
P — R
19. 21.
S
R hy
R P Q 1
R
(P between Q and R) ho

e
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25. 69 27. 45 ' Pages 47-50

| Pages 38-41 Test 1

|

1. scalene; obtuse 3. isosceles; acute 1. perpendicular 3. obtuse

5. scalene; acute 7. equilateral; equiangular 5. scalene 7' 1sosceles

9. scalene; right 11. isosceles; right ‘ 9. bisector ]1. o

13. AB,CD; AC,BC 15. ZAand 4B 13. 360 15. .

17. ZRST = 180; mzUSW =90. Subtracting the second equation from the first, 17. straight line 19. midpoint

- wegetmZa+msB =90. Hence, Lo and £f are complementary angles. 21. {1,2,3,4, 5} 23. o 2P3 4.5.6,7.8,9)
19. 2A0B and £BOC; £ AOD and £DOC; £ AOE and LEOC 25. {1,2,3,4,5,6,7,8,9} 27~ {5,} ,»3,4,5,6,7,8,
1. ~RPT and 2TPS; £TPS and /SPW; £SPW and 4WPR; AWPR and £RPT 29. {1,2,3,4,5,6,7,8,9} 31 >

93. / ABE and £LEBD; £ ACE and £DCE 33, = 35' -

25. (1) 150 (b) 135 (c) 90 180 —x 37. 10 39" 9

97. /L ABD = +CBD
29. AE = C:E; BE = DE

31. CD = BD Test 2
Pages 44—-16 1. T 3. T 5 T 7. T 9. F 11. F 13. F 15. T
;Z ; ?l)g ; 271. T 2. F 2. F 9.T 2 F 3LF
Exercises (A) 49. F T 4T 8. T 45. T 4. T
1. no conclusion; dog may be barking for a reason other than the presence of a - Test 3
stranger.
3. Mary Smith must take an orientation class.
5. no conclusion; the given statement does not indicate that only college students will 1. 3 3.3 5.3 7.1 9. 50 11, 20 13. 55
be admitted free. e —— 15 110 17. 95,95  19. 55 o S 3. 55
7. Mr. Smith is a citizen of the United States.
9. Bill Smith will not pass geometry.
11. no conclusion; the given statement does not indicate that only those who eat Pages 52-53
Zeppo cereal are alert on the diamond.
13. Itis not customary to bury living persons. Exercises (A)

15. A five-cent and fifty-cent piece.

. Itis not stated that the men played five games against each other.
19. Two. l. no d.yes  boyes T yes % yes 1l yes  15. yes

21. Coins are not stamped in advance of an uncertain date.
Exercises (B)

Exercises (B)
I. Itishot. Iam tired.

1. B(?b is heavier than Jack. 3. His action was deliberate. His action was careless

3. Misfortune will befall Mr. Grimes. 5. The figure is not a square. The figureis not a rec'tan le
5. Twill get a wart on my hand. 7. Heis clever. I am notclever. B
7. (a) yes; (b) yes; (c) doesn’tlogically follow; (d) not true 9. Sue dislikes Kay. Kay dislikes Sue.

9. (a) yes; (b) yes; (c) doesn’t logically follow; (d) doesn’t logically follow. l1. Two lines intersect. Two lines are parallel.
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The animal is a female.
The car costs too much.

The animal is a male.

ANSWERS TO EXERCISES

7. The two lines are not parallel; the two lines intersect.
9. The numbers are natural numbers; the numbers are either even or odd.

445

15. [ would buy the car.
11. Itis a parallelogram; it is a quadrilateral.
Page 55 13. Itis a bird; it does not have four feet.
15. He studies; he will pass this course.
17. The person steals; the person will be caught.
1. true; true 3. false; true 5. false; false 7. false; true 9. false; false 19. Heis a worker; he will be a success.
11. false; true 13. false; true 15. true; true 21. I have your looks; I will be a movie star.
Pages 56-57 Page 63
1. Gold is heavy. 1. Bob is heavier than Jack.
3. Not everyone who wants a good grade in this course needs to study hard. 3. My dog does not bite.
5. A hexagon does not have seven sides. 5. Figure ABCD is a quadrilateral.
7. Every banker is rich. 7. at+c=b+c.
9. Two plus 4 does not equal 8. 9. No conclusion.
'11. Not all equilateral triangles are equiangular. 11. T will get warts on my hand.
13. No blind men carry white canes. 13. Jones lives in Houston.
15. Not all these cookies are delicious. 15. a # b.
17. Not every European lives in Europe. 17. No conclusion.
19. There are no girls in the class. 19. y =4.
21. Every question can be answered. 21. a # b.
23. Notevery ZEPisa ZOP. 93. S & RT.
25. Itis not true that a null set is a subset of itself. 25. It lis not parallel to m, then! N m # @.
Pages 58-59
) i Pages 64-65 o
1. An apricot is not a fruit or a carrot is not a vegetable. False.
3. No men like to hunt or no men like to fish. False. I. True. Vegetables are carrots. False.
5. Some numbers are odd or not every number is even. True. 3. True. Carsare Fords. Flase.
7. The sides of a right angle are not perpendicular or not all right angles are con- 5. False. Ifheis nota poor speller, then he is ajournalist. False.
gruent. False. 7. Don’tknow. If he is a moron, then he will accept your offer. Dont’ know.
9. Not every triangle has a right angle or not every triangle has an acute angle. 9. Don’'t know. Ifa person studies, then he will succeed in school. False.
True. 11. True. Ifitis hard, thenitisa diamond. False.
11. Not every triangle has a right angle and not every triangle has an obtuse angle. 13. True. If it has three congruent sides, then it is an equilateral triangle. True
True. if you are talking about triangles; otherwise it is false. ’
13. No triangles have three acute angles or none have only two acute angles. False. 15. True. Ifxis larger thany, thenx—y=1. False.
15. A ray does not have one endpoint and a segment does not have two endpoints. 17. True (?). If he lives in California, then he lives in Los Angeles. False.
False. 19. True. Ifx*=25,thenx=5. False.
Page 60
Pages 66-67
1. Premise: Itis snowing. Conclusion: The rain will be late.
3. Heis a citizen; he has the right to vote. L. yes 3. yes 5. yes 7. no 9. yes Il. yes 13. no 15. yes
5. Heis a student; he must take a physical examination. 17. no 19. yes 21. no (in space geometry) 23. yes
=

b |
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ANSWERS TO EXERCISES 447

Pages 68-69 23. multiplicative property of order
25. given; addition property of equalit ; subtraction itve divici
. ( IfT € R_A’, thenT € Dk:X: property of equality y q y on property of equality; division
(by If T & RX.thenT & RX. 27. given; distributive property; addition property of equality; subtraction propert
(© UTE RX,then T & RX. of equality; division property of equality Y
3. (a) IfC € AB,thenC E‘ZB’- 29. given; addition property of order; subtraction property of order; division pro-
(b) IfC & AB,then C & 4B. perty of order ’ p
(©) IfC & 4B, then C & 4B.
5. (a) Ifa=—2&,thena+b=0. Pages 78-79
(b) Ifa # —b,thena+b # 0.
(¢) Ifa+b # 0,thena # —b. 1. (a) any natural number  (b) one
7. (a) If1 pass this course, then I have studied. 3. not necessarily
(b) If I do not pass this course, then I have not studied. 5. one
(c) If I do not study, then I will not pass this course. 7. four
9. (a) Iflines do not meet, then they are parallel. 9. Line 4B lies entirely in one plane.
(b) If lines meet, then they are not parallel. 1. yes
(c) If lines are not parallel, then they will meet. 13. any nonnegative whole number
11, (a) If thisis not asquare, thenitis not a rectangle. 15. six
(b) Ifthisisasquare, then itis a rectangle. 17. yes
(c) If thisis a rectangle, then it is a square. 19. collinear: d
13. (a) If the triangle is equiangular, it is equilateral. coplanar but not collinear: a, b, ¢
(b) If the triangle is not equiangular, then it is not equilateral. not coplanar: ¢
(¢) If the triangle is not equilateral, then it is not equiangular.
15. not valid 17. not valid Page 81
19. valid 21. valid
93. valid 95. not valid 1. B 3.5 5.1 7. 8 9.no 1. C 18. C
15. AEC 17. AED 19. 78 21. 42
Pages 70-71 T e e = =
Pages 98-100
I.T 3 F 5T 7T 9 F 1T 13 Test 1
17. T 19. F 21. T 23. T 25. F 27. F 29.
33.T 85T 37.F 39.F 41 F LT 8T 5 F  7F 9T ILT 15T 15T 17.F
19. F 21. T 23. T (except if one of the angles has a measure of 7€ro) 25. T
Pages 74-75
Test 2
1. commutative property under addition
3. additive property of zero 1. postulate 3. perpendicular 5. obtuse
5. distributive property 7. 132 9. congruent I1. right
7. addition property of equality 13. 60 15. plane 17. complementary
9. symmetric property of equality 19. line
1. subtraction property of equality
13. multiplication property of equality Pages 105-107
15. subtraction property of order Exercises (A)
'17. transitive property of order
19. division property of order L F 3. F 5 T 7. F 9. F 11. T 13. T 15 T
21. associative property of multiplication 17.T 19. F 21. T
— =
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Exercises (B)

AC = FD. Segment addition property.

AG = GE = BG = FG. Definition of segment bisector and Theorem 4.11.

/DAG = £CBE. Angle subtraction property.

. GHJ < KLM

GHJ <> KML
GHJ < LKM
GHJ <> MLK
GHJ < MKL

yes; no

. LA LB

£ADC <> £BDC
LACD < £BCD
AD <> BD
AC < BC
CD < CD
£DAB < LCBA
L ADB <> LBCA
LABD < LBAC
AD < BC
BD < AC
AB < 4AB

. yes 3. no 5. no

. yes 3. no 5. yes

. F 3. T 5 T
T 19.F 21. T

7. no 9. yes

3. corresponding

. AE = BG. Transitive property of congruence.

Pages 109-110

3. ABC < ABC
ABC < ACB
ABC < BAC
ABC < BCA
ABC <> CAB
ABC < CBA

9. LFAC <> LEBD
LACF < LBDE
LF < LE
AF < BE
AC < BD
FC < ED

Pages 116-117
11. no

Pages 122-123

. no 9. yes

Pages 136-137
Test 1

5. corresponding

Test 2

9. F 11. T 13.

25. T

7. base

~saaghiil

11. gand ware true

Page 146

13. @) B;¢ (b)no

Pages 151-153

1. T 3. T 5. F 7. T 9. T

1. 90 3. 150 5.

1. 180
9. isosceles
17. parallel

1. 360 3. (a) four (b) 720

7. 120 9. 144

. T 23. F

Pages 168-170

45 7. 80

Pages 178-181

Test 1
3. parallel 5.
11. complementary 13.
19. obtuse 21
Test 2

. F 7. F 9. T
. T 23. F 25. F

Test 3

Pages 187-188

Exercises (A)

. T 7. T 9. T
F

Exercises (B)

5. 1800
11.

Pages 203-205
Test 2

1. T 3. T 5 F 7. T 9. F

ANSWERS TO EXERCISES 449

11.

indirect

right

11. T

7. perpendicular

15. parallel

. vertical; congruent

15. F
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17.

—_

—

. 100; 140; 66; 54

. 60 3. 25

. mla="T70;msB=80;s=060

L (a) 16/5 (b) 6/5 (c) 3/2 (d) 48 (e) 102/7 (f) 5/9

FUNDAMENTALS OF COLLEGE GEOMETRY
T 19. T 21. F 23. T 25. T 27. F 29. T
Test3
. 30 3. 120 5. 14in. 7. 13in. 9.5 1. 4 13. 5
108 17. 36
Pages 215-216
F 3. T 5. T 7. F 9. F 11. F 13. T 15. F
F 19. T 21. 110 23. 60 25. (a) 90 (b) 120

Pages 219-221
3. (a) 50 (b) 50 5. 40 7. 50 9. 60
Pages 238-241

5. 160 7. 50 9. 30 11. 40

Pages 242-244

Test 1
. perpendicular 3. chords 5. one 7. diameter
. supplementary 11. perpendicular 13. congruent
Test 2
T 3. T 5 F 7. F 9. F 11. F 13. F 15. T
F 19. F 21. F 23. F 25. T

Test 3

3. mia = 88; msB = 65;s = 46.
mio= T2 mLB=555;s=111

Pages 246-248

(@) 2:3 (b) 5:3 (o) 3:5 (d) 2:3 (e) 4:5 3.64:345 5 72:18 7.
440-91 11. 68/83 =~ 0.819 13. m:1 15. AB:AC =1.25:1; BC:CD=2

. DE:BE = AE:CE = a constant

Pages 251 -252

3. (a) 5/2 (b) 4/9

11. (a) 65 (b) 65

13. mZLoa=25;msB =90
o mla=30;msB=60 17. mLa=45mLB= 70; 5 =70 19. mZa = 80; mLB = 35

7. mia= 115, msp="725;s=110

ANSWERS TO EXERCISES

5. (a) 12 (b) V126

(c) 5/3 (d) 1/3 () bla (f) r/s

Pages 255-256

1. 7.2 3. 10 5. 20 7. 16 9. yes I1.

Page 265
13. 36.5 ft

Pages 267-269

1. DF:AB = EF: AE
7. RP:PT=PT:PS

3. DC:AE = BC: AB
9. PJ:HP =R]:SH

Pages 272-273

1. 6 3. 114 5. 20
17. 8 19. 24 91. 8

7. 15.3 9. 8
23. 30.6 25. 16

Pages 276-277

1. 10 3. 103 5. 17
17. 9.6 19. 5.5 21. 7

7. 12.8 9. 133

Pages 278-281

451
9. 30 gal 11. 11%in.

15 13. 15 15. 24

5. CE:BE=AC:BD
11. 8% 13. 18 15. 16

“Testl

1. PT 3. similar 5. ECXDC 7. 20 9.

Test 2

Test 3

1. 10 3. 13.856 5. 9.798 7.8 9. 30

Pages 285-287

11. a+c¢ > b+d
19. AD > BE

13. x< r
21. BD < AC

15. z > «x

11. 10 13. 9 15. 18
11. 20 13. 6 15. 8
a+b
b 11. 6 13. 3:7

13. F 15. T 17. F

11. 20 13. 13

17. m£ABC > m/DEF

23, mla > msA




452 FUNDAMENTALS OF COLLEGE GEOMETRY ANSWERS TO EXERCISES 453

(b) 3.4248; (¢) 17.0499 7. 4:9 9. 65.6 ft? 11. 76,986 ft? 13. 703.36 in.?

Page 297 15. 1238412 17. 6949.3 fi2 19 483.48 in.

1. meB > msA >msC 3. NM 5. §

Pages 357-359

Pages 300-302 Test1

Test1 Lpi 3. 277 5 (radius)? 7.2
1. greater 3. > 5 < 7. < 9. > 11. sum 13. < 15. > Test 2
17. < 19. RT
| Test 2 1. T 3. F 5. T 7. F 9. F 11. F 13. F
. T 3T 5T 7F 9T I.LF 13.F 15 F Test3
7.7 19T 1. 85in? 3. 624f 5 114in2 7. 157ft
Pages 337-339 Pages 361-362
Test 1 L. {x|]x > —2} 3. {—2,0,2} 5. { }
1. perpendicular bisector 3. circle 5. 2 7.3 7 AN NS S O N U TR NN NN N N 1
9. bisector 11. circle 13. two points ) _3 2 -1 0 1 2
Test 2
9. AR I TR S SN R VAN NN S E B NN
1. (d) 3. 5.(d) 7@ 9@ 1L () 13 (b R 4 6 8 10
Page 344 11. | ST G SN R N RS G B J_‘
-4 -2 0 2 4 6
1. (a) 28 ft%; (b) 12.5 ft%; (cy 77/8f 3. 140 yd? 5. 30 7. 30
o 2 M 2
9. 10in. 11. 15in. A W A N AR W N R
-4 -2 0 2 4 6
Pages 347-348 (a)
1. 160in2 3. 7Hin. = 7.84 in. 5. 187in (approx.) 7. (a) 168in2  (b) 168in.2 13.
(¢) 168in.2  (d) 42in? (e) 84in? (f) 84in2 9. 172in. 11. 128in.?* 138. 36in.? _‘lt | _; | éJ é ! ll‘ ] tl')
Pages 350-352 ®
L9231 3. 112 5187 7202  9.96 1164 13 9.2 P S e
15. 15.6 17. 8in. 19. 8.48in; (b) 67.1 in. 21. (a) 72in.%; (b) 1352in.2 -3 =2 -
23. (a) 21.1in.2;(b) 1171in.2 15 “
RS A A AN R N T A S N
Pages 354-356 -3 =2 -1 0 1 2
(b)

1. (a) 33; (b) 16.0; (c) 204.6 3. (a) 89; (b) 27.88; (c) 21.7585 5. (a) 2.79;
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-1 b
=3 -2 -1 0 1 2 3
- (a)
17.
[ IR T B S G A B
-3 -2 -1 0 1 2 3
(b)
TR N S IR SN N RN
-4 =2 0 2 4
(a)
19.
[ R N S S S SR D S| .
-4 =2 0 2 4
(b)

Pages 365-367

8. A(1,0); B~ 0); C(2,0); D(=3,0); E(0.8); Py(2,8); Py(—3,1); Py(—5—2);

Pi3—3) 5 @2 Mb)3 04 (d)5; (e)5; (£) 95 () 3; (h) 4, (1) 3; (j) 2; (k) 5; ()3 13. 5

x;+ x5

15, y,—y 17. (0,4) 19. 5

Page 370

1. (a) 5; (b) 13; (c) 17;(d) V1I3 (e) 8V2(f) 12V2 (g) 2V68 3. 11414 5.

1. @) (3.92); (0) (— 3= (B2, a/2)

24

ANSWERS TO EXERCISES 455
e
' —
[
[ 21
l —
L | L
I3
-6 2 _2{—.‘0
ooy
=
b
11.
py
2]
| L -
-2 0 L L

Page 375
.2 38—t 5 - 7.4B|CD 9. AB|CD 11. 4B L CD

Page 379

i
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Pages 381-382

—

. 210in.3

ANSWERS TO EXERCISES 457

Pages 403-404

1. 4x—y—25=10 3. 2x+v+4=0 3. 400 1n.3 5. 9721in.3 7. 312in.? 9. 1164 in.2
5. y=-—3 7. 2x—y—1=0
9. 3 1. =3 Pages 405-406
T, < . 3
13. 2 15. 0 .
17, 2%y =0 19. x—y=0 1. 471 in.? 3. 1570 fr.2 5. 938in3 7. 4051n.2 9. 127,000 {3 11. 15,400 fe?
2]1. x—2y=10
Pages 408-409
Page 385 o
1. no 3. 829in.? 5. 5300 gals 7. 7850 f? 9. 206 Ib
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A A. similarity corollary, 260

A.A.A. similarity theorem, 259

Abscissa, 362
Absolute value, 19
Acute angle, 31
Acute triangle, 37
Ahmes, 353
Altitude, of cone, 404
of cylinder, 407
of equilateral triangle, 350
of parallelogram, 186
of prism, 397
of pyramid, 401
of trapezoid, 185

of triangle, 129, 260, 269, 270

Analytic geometry, 330
Angle(s), 24
acute, 31, 309
addition theorem of, 103
adjacent, 30, 90, 92, 183
alternate-exterior, 158

subtraction theorem of, 103
supplementary, 35
symmetric theorem for, 103
transitive theorem for, 103
trihedral, 390
trisection of, 312
vertex, 129
vertex of, 24
vertical, 31
Arc(s), 211
addition of, 214
congruent, 215, 223
intercepted, 217
major, 211, 213
measure of, 213
minor, 211, 213
semicircular, 211
Archimedes, 2, 208
Area, 340
of circle, 354
of circular cylinder, 408

——alternate-interior, 158
1,1

of cone_404

base, 37, 126, 129
bisector of, 33, 105, 130
central, 211, 213
complementary, 35, 168
congruent, 33,172,223
construction of, 306
corresponding, 107, 158
dihedral, 32, 388

exterior, 130, 131, 158, 167, 185

exterior of, 25
inscribed, 217, 218
interior, 130, 158
interior of, 25
measure of, 26
obtuse, 31, 168, 309
reflexive theorem for, 103
right, 31, 33, 390
polyhedral, 390
sides of, 24

straight, 31, 32

of equilateral triangle, 350
of parallelogram, 345
of polygon, 341
postulate, 342
of prism, 398
of pyramid, 402
of rectangle, 343
of thombus, 346
of right circular cone, 404
of sphere, 409
of square, 343
of trapezoid, 348
of triangle, 346
AS.A,120
Assumption, 43
Axis, 360

Base, of cone, 404
of cylinder, 407
of parallelogram, 186

459




60 INDEX

of polygon, 184
of pyramid, 401
of trapezoid, 185
- of triangle, 37
Between, 20
Bisector, of angle, 33, 104
of segment, 20, 105, 227, 369

benter, of circle, 209
' of sphere, 211
hords, 209, 227, 228
angle formed by, 236
congruent, 223
ircle(s), 206, 209
arc of, 211
area of, 354
center of, 209, 231
central angle of, 211
chord of, 209
circumference of, 352
circumscribed, 210, 314
concentric, 209
congruent, 209
diameter of, 209
exterior of, 210
great, 212
inscribed, 314
interior of, 210
radius of, 209
tangent to, 210, 231-238
Circumference, 352
Collinear, 12
Compass, 209, 303
Complement, 35
Conclusion, 41, 82
Cone, 404
altitude of, 404
base of, 404
circular, 405
directrix of, 404
~ generatrix of, 404
lateral area of, 404
- right circular, 405
slant height of, 405
surface of, 405
vertex of, 404
volume of, 405
ongruence, 101
of angles, 33,103, 172, 223

of arcs, 215, 223
of segments, 32, 102
of triangles, 107,113,119, 120
Conic section, 411
Conjunction, 53
Construction(s), 303
of angle bisector, 306
of circles, 209
of congruent angles, 306
impossible, 312
of parallel lines, 311
of perpendicular bisector, 309
of perpendicular line, 307, 310
Contraposition, 67
Converse, 64
Coordinate, 17, 362
Coordinate geometry, 360
Coplanar, 12
Corollary, 84
Correspondence, one-to-one, 17, 107
Corresponding parts, 101, 107, 125
Cube, 398
Cylinder, 407
altitude of, 407
base of, 407
circular, 407
directrix of, 406
element of, 406
generatrix of, 406
lateral area of, 407
right circular, 407
surface of, 406
total area of, 408
volume of, 408

Decagon, 184

Deduction, 43

Definitions, circular, 11

Degree, angle, 26

Denying the alternative, 62

Diagonal, 184, 189, 192

Diameter, 209

Directrix, 404, 406

Disjoint sets, 7

Distance, formula, 367
from point to line, 34, 227, 228
between two points, 18

Doubling the cube, 312

Drawing, 303

Edge, 25, 288, 390
Einstein, Albert, 155
Element, 404
Ellipse, 332
Endpoint, 20
of arc, 157
of ray, 22
Equation, intercept form, 383
point-slope form, 380
slope-y-intercept form, 381
two-point form, 381
Equivalence, logical, 65
Euclid, 2, 155, 208
Excluded middle, law of, 62
Existence, 147
Extremes, 248

Faces, of dihedral angle, 390
of prism, 397
of pyramid, 401
Field, properties of, 73
Figures, congruent, 33, 101, 113-132
Foot of perpendicular, 34

Generatrix, 404, 406
Geometry, 1
coordinate, 360
Euclidean, 155, 208
non-Euclidean, 155
space, 388
Graphing, 360, 377
Greek alphabet, 419

Haif-line, 21
Half-plane, 25
closed, 25
edge of, 25
Hemisphere, 212
Hexagon, 184
Historical notes, 1, 2, 150, 155, 206, 303, 312
353
Hyperbola, 334
Hypotenuse, 37, 175
Hypothesis, 82

Implication, 58
Inclination, 371, 372
Induction, 43
Inequalities, 283

of angles, 287—290

’
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of arcs, 294—-295
of chords, 295, 296
of segments, 288ff
sense of, 284
theorem of, 284
Intersection, 6
Interval, 21
Irrational number, 17
Isosceles, 36, 185

Lateral area, of cone, 404
of cylinder, 407
of prism, 397
of pyramid, 402
Legs of right triangle, 37
Linear pair, 32
Line(s), 12
construction, 305
curved, 12
equations of, 380—383
oblique, 148
parallel, 13,139, 154—163
perpendicular, 33, 91, 92, 147, 149
segment of, 20
side of, 25
skew, 139
straight, 12
Lobachevsky, Nicholas, 155
Locus(loci), 319335
intersection of, 325
theorems of, 322—-325
Logic, 51

Measurement, 41, 213, 253

Median, of trapezoid, 185
of triangle, 130

Midpoint, 20, 198, 199
formula, 369

Modus ponens, 60

Modus tollens, 61

Negation, 56, 57
Numbers, abstract, 246
irrational, 17
rational, 17
real, 16

Octagon, 184
Order, 18, 283
Ordinate, 362
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rigin, 362

parabola, 328

parallelepiped, 397
rectangular, 397

parallel lines, 13, 139, 153-163, 188,253

255,373

construction of, 311
planes, 140, 153
postulate of, 155

Parallelogram, 186—192
aititude of, 186
area of, 345

~ diagonals of, 189,192

Pentagon, 184

| equiangular, 184
equilateral, 184
external angle of, 185
regular, 184

Perimeter, 184

Perpendicular, 33, 91, 92, 147, 150, 153, 157,

230

Pi (), 353

Plane(s), 12
intersecting, 14
parallel, 140, 141
perpendicular, 141, 393

regular, 397

right, 397

total area of, 397

volume of, 399
Proof, 81

formal, 81

geometric, 116

indirect, 142

by measurement, 41
Proportion, 248

extremes of, 248

means of, 248

theorems of, 249—-251
Proportional, fourth, 249

mean, 249

segments, 261
Protractor, 27
Pyramid, 401

altitude of, 401

base of, 401

lateral area of, 402

lateral edges of, 401

lateral faces of, 401

regular, 401

slant height of, 401

vertex of, 401

volume of, 402

diagonals of, 188
Region, area of, 341

polygonal, 340
Relativity, theory of, 155
Rhombus, 186, 189
Rieman, Bernard, 155
Rigidity, 110
Ruler postulate, 79

S.AS.,, 113
Secant, 210, 236, 274, 275
Segments, 20
addition theorems for, 102
bisector theorem for, 104
endpoint of, 20
measure of, 20
midpoint of, 20, 105, 227
reflexive theorem for, 102
of secant, 274
subtraction theorem for, 102
symmetric theorem for, 102
transitive theorem for, 102
Semicircle, 211, 218
angle inscribed in, 218
Set, 2
complement of, 6
elements of, 3

INDEX

Square, 186, 343, 349
Square root table, 421
Squaring the circle, 312
S.S.S.,132
Statement, 51
Straight, 12
edge, 303
Subset, 6
Supplement, 35
Surface, 12
conical, 404
cylindrical, 406
spherical, 409

Tangents, to a circle, 210, 230—-238

from external point, 232
Thales, 2, 208
Theorem, 43, 75, 82
Transversal, 158
Trapezoid, 185

altitude of, 185

area of, 348

bases of, 185

isosceles, 185

legs of, 185

median of, 185
Triangle(s), 36
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line perpendicular to, 391 Pythagoras, 2, 208 empty, 3 aCI}te, 37
f;:atc;, .2 55 Pythagorean theorem, 270 ;‘3‘111?: 2 :ll-::uncie ;)i% 129
P:i)rl'nt?‘i,l Quadrant, 363 nll%L 3 base of, 37
collinear. 12 Quadrilateral, 184 .un.lversa_l, 5 con.gl'uent, 111,113,114,119,120, 131
Polygon(s)’ 183 Similar polygons, 256—259 equfangular, 37,173
area of 3’41 Radius, 209 Similar t‘riangles, 259-269 equxlz'iteral, 37,173, 350
convex’ 183 Ratio, 245 Slant height, 401, 405 extergor angle of, 130, 167
diagona,l of, 184 of similitude, 258 Slope, 371 .exter.lor of, 36
inscribed, 210 Rational numbers, 17 Solid, 12 fnterlor of, 36
regular 1’84 Ray, 22 Sphere(s), 211 1sosc?1es, 36
' direction of, 196 area of, 409 labeling of, 36

similar, 256
Polyhedral angles, 388

edges of, 390

faces of, 390

vertices of, 388
Polyhedron, 396
Prism, 396

altitude of, 397

area of, 397

bases of, 396

lateral area of, 397

lateral edges of, 397

endpoint of, 22
opposite, 22
Real numbers, 72
equality of, 72
order properties of, 73
Reasoning, converse, 64
deductive, 43
inductive, 43
logical, 51
Rectangle, area of, 343
definition of, 186, 188

center of, 211
concentric, 211
congruent, 211
exterior of, 211
great circle of, 212
interior of, 211
plane tangent to, 211
properties of, 212
radius of, 211
small circle of, 212
volume of, 409

median of, 130

obtuse, 37

right, 37,173, 175

rigidity of, 110

scalene, 36

similar, 259—-269

vertex angle of, 36
Trisection of angle, 312
Truth, 44

value, 51
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Union, 7

Uniqueness, 147

Unit of measurement, 212
Universal set, 5

Validity, 44

Venn diagram, §

Vertex, of angle, 24
of cone, 404

of isosceles triangle, 36

of polygon, 183

of pyramid, 401
Vertical angles, 31, 91
Volume, of circular cone, 405

of circular cylinder, 408

of prism, 399

of pyramid, 402

of sphere, 409
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