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Abstract

We present several Markov chain Monte Carlo simulation methods that have been
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tation and explanation of applications to important models that are studied in econo-
metrics. We include a discussion of some implementation issues, the use of the methods
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find the techniques useful.
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1 Introduction

In this paper we explain Markov chain Monte Carlo (MCMC) methods in some detail and
illustrate their application to problems in econometrics. These procedures, which enable the
simulation of a large set of multivariate density functions, have revolutionized the practice
of Bayesian statistics and appear to be applicable to virtually all parametric econometric
models regardless of their complexity. Our purpose is to explain how these methods work,
both in theory and in practical applications. Since many problems in Bayesian statistics
(such as the computation of posterior moments and marginal density functions) can be
solved by simulating the posterior distribution, we emphasize Bayesian applications, but
these tools are also valuable in frequentist inference, where they can be used to explore
the likelihood surface and to find modal estimates or maximum likelihood estimates with
diffuse priors.*

An MCMC method is a simulation technique that generates a sample (multiple obser-
vations) from the target distribution in the following way: The transition probability of
a Markov process is specified with the property that its limiting invariant distribution is
the target distribution. The Markov chain is then iterated a large number of times in a
computer-generated Monte Carlo simulation, and the output, after a transient phase and
under various sets of conditions, is a sample from the target distribution. The first such
method, due to Metropolis et al. (1953) and Hastings (1970), is known as the Metropolis-
Hastings (MH) algorithm. In this algorithm, the next value of the Markov chain is generated
from a proposal density and then accepted or rejected according to the density at the can-
didate point relative to the density at the current point. Another MCMC method is the
Gibbs sampling algorithm, introduced by Geman and Geman (1984) and extended by Tan-
ner and Wong (1987) and Gelfand and Smith (1990), in which the next draw is obtained by
sampling sub-components of a random vector from a sequence of full conditional distribu-
tions. Other MCMC methods include hybrid versions of Gibbs sampling and MH sampling
[Tierney (1994)] and stochastic versions of the EM algorithm [Celeux and Diebolt (1985)].

!Smith and Roberts (1993) and Tanner (1993) contain valuable surveys of some of the same ideas but are
addressed to a general statistical audience. We emphasize econometric applications in the present paper.



The generated sample can be used to summarize the target density by graphical means,
by exploratory data analysis methods, and by other means.? For example, expectations
of integrable functions w.r.t. the target density can be estimated by taking a sample av-
erage of the function over the simulated draws. Under general conditions the ergodicity
of the Markov chain guarantees that this estimate is simulation consistent and satisfies a
central limit theorem as the length of the simulation goes to infinity. The MCMC strat-
egy has proved extremely useful in statistical applications, much more so than traditional
independent sampling methods, which by and large are difficult to apply in complex, high-
dimensional problems. MCMC methods can be applied without knowledge of the normaliz-
ing constant of the target density, which is very important in the Bayesian context where the
normalizing constant of the target (posterior) density is almost never known. In addition, it
is often possible to tailor an MCMC scheme such that models with an intractable likelihood
function can be simulated. This is usually achieved, particularly with Gibbs sampling, by
the device of “data augmentation” (the strategy of enlarging the parameter space to include
missing data or latent variables). Applications of this idea include models with structural
breaks at random points [Carlin, Gelfand, and Smith (1992)]; models with censored and
discrete data [Chib (1992a) and Albert and Chib (1993a,c)]; models with Markov switching
[Albert and Chib (1993b), Chib (1993b), and McCulloch and Tsay (1993)]; models with
parameter constraints [Gelfand et al. (1992)], and many others.?

The remainder of the paper proceeds as follows. In the second section we review the
theory behind generating samples by Markov chain Monte Carlo and discuss implementation
issues for the Gibbs and MH algorithms. In the third section these methods are applied to
models widely used in econometrics: the seemingly unrelated regression model, the tobit
censored regression model, binary and panel probit models, random coefficient model, linear
regression with AR(p) errors, and state-space models. In Section 4 we explain how output

from an MCMC simulation can be used for statistical inference, and Section 5 contains

2This feature is shared by non-MCMC methods (such as those based on rejection sampling) that are
designed to sample a density [Rubinstein (1981) and Ripley (1987)].

*By contrast, Monte Carlo methods with importance sampling [Kloek and van Dijk (1978), Geweke
(1989), Koop (1994)] are difficult to apply in these situations due to the complexity of the likelihood function.
In addition, the need to find a suitable importance sampling function is a limitation in high-dimensional
problems.



conclusions.

2 Markov chain Monte Carlo sampling methods

We begin the section with an informal presentation of some relevant material from Markov
chain theory and then discuss the Gibbs sampling algorithm and the MH algorithm. A
much more detailed discussion of Markov theory is provided by Nummelin (1984), Meyn
and Tweedie (1993), and Tierney (1994).

2.1 Markov chains

A Markov chain is a collection of random variables (or vectors) ® = {®; : ¢ € T'} where
T ={0,1,2,...}. The evolution of the Markov chain on a space & C R? is governed by the

transition kernel
P(z,A) =Pr(®;41 € A|®; =2,8;,j<1i), 2€Q, ACQ.

The assumption that the probability distribution of the next item in the sequence, given
the current and the past states, depends only on the current state is the Markov property.

Suppose that the transition kernel, for some function p(z,y) : @ x @ — R, is expressed as

P(z,dy) = p(z,y)v(dy) + r(z)éz(dy) , (1)

where p(z,2) =0, 6,(dy) = 1if z € dy and 0 otherwise, r(z) =1 — [, p(z,y) v(dy), and v
denote a o-finite measure on the Borel o-algebra on 2, then transitions from z to y occur
according to p(z,y) and transitions from z to @ occur with probabiltiy r(z). In the case
that 7(z) = 0, the integral of p(z,y) over y is 1 and the function p(z, y) may be referred to

as the transition density of the chain. Note that

P(z, A) = /AP(:{;, dy) . 2)

The transition kernel is thus the distribution of ®;,; given that ®; = z. The n-th step

ahead transition kernel is given by

P2, 4) = [ Pla,dy) POy, 4),



where P(1)(z,dy) = P(=,dy). Under certain conditions that are discussed below it can be
shown that the nth iterate of the transition kernel (as n — oo0) converges to the invariant

distribution, 7*. The invariant distribution satisfies

w(dy) = [ P(e,dy)n(a)o( de) 3)

where 7 is the density of #* with respect to the measure v (thus, 7*(dy) = #(y)v(dy)).
The invariance condition states that if ®; is distributed according to #*, then so are all

subsequent elements of the chain. A chain is said to be reversible if the function p(z,y) in

(1) satisfies
m(z)p(z,y) = ©(y)p(y, ). (4)

A reversible chain has 7* as an invariant distribution [see Tierney (1994) or Chib and
Greenberg (1994)]. An important notion is n*-érreducibility. A Markov chain is said to
be w*-irreducible if for every z € Q, #*(A) > 0 = P(®;, € A[®o = z) > 0 for some
7 > 1. This condition states that all sets with positive probability under 7* can be reached
from any starting point in 2. Another important property of a chain is aperiodicity, which
ensures that the chain does not cycle through a finite number of sets. A Markov chain is
aperiodic if there exists no partition of Q = (Do, D1,...,Dp_1) for some p > 2 such that
P(®* € D; mod(p)|®o € Do) =1 for all 4.

These definitions allow us to state the following (ergodicity) result [see Tierney (1994)],

which forms the basis for Markov chain Monte Carlo methods.

Proposition 1 If P(-,-) is #*-irreductble and has invariant distribution =, then 7* is the
untque tnvariant distribution of P(-,-). If P(-,-) ts also aperiodic, then for m*-almost every

z € Q, and all sets A
1. |P™(z,A) —7*(A)| — 0 as m — oo;
2. for all * -integrable real-valued functions h,

. ih({’i) — /h(m)w(az)y(dm) as m — 00, a.s.

m =1



The first part of this theorem tells us that (under the stated conditions) the probability
density of the mth iterate of the Markov chain is, for large m, very close to its unique,
invariant density. This means that if drawings are made from P™(z, dy), then for large m
the probability distribution of the drawings is the invariant distribution, regardless of the
initial value. The second part states that averages of functions evaluated at sample values
(ergodic averages) converge (as m — oo, almost surely) to their expected value under the

target density. Sufficient conditions for m*-irreducibility and aperiodicity are presented

below for the Gibbs and MH algorithms.

2.2 Gibbs sampling

As noted above, the objective in MCMC simulation is to find a transition density that
has the target density as its invariant distribution. One strategy is the Gibbs sampling
algorithm, in which the random vector is partitioned into several blocks and the transition
density is defined as the product of the set of full conditional densities (the conditional

4 The next item in

density of each block given the data and the remaining parameters).
the Markov chain is obtained by successively sampling the full conditional densities, given
the most recent values of the conditioning parameters. Casella and George (1992) provide
an elementary introduction. The value of this algorithm arises from the fact that in many
applications the full conditional densities (perhaps after the parameter space has been
augmented by latent data) take convenient forms and can be simulated even though the
target density is intractable.

Suppose w(z), ¢ € S C R?, is the (perhaps unnormalized) target density that we wish
to sample. For some decomposition of @ into zq,...,24, let the full conditional density
of the kth block be denoted by w(zk|z_1) = 7(zk|T1,. .., Th_1,Tki1,---,24).° Then the

Gibbs sampling algorithm is defined by the following iterations:

1. Specify starting values 2(®) = (ngo), .. .,mfio)) and set 7 = 0.

*For frequentist statisticians these distributions can be regarded as proportional to the conditional like-
lihood functions of each parameter, where the conditioning is on values of all remaining parameters.

®Note that the full conditional density (x| z_z) is proportional to the joint density «(z). Deriving
these is often straightforward.



2. Simulate

ngi-l_l) from 7r(a:1|:1:gi), J:gi), vey a:‘(;))

J:gz-l_l) from 7r(a:2|:1:§z+1), J:g), o a:(z))

J:g-l_l) from 7r(a:3|:1:§z+1), J:gz-l_l), ngf), o a:‘(;))
23((;-'_1) from 7r(a:d|:1:gi+1), J:gi-l_l), o J:((;j_ll)).

3. Set t =7+ 1 and go to step 2.

This algorithm thus provides the next item of the Markov chain 2(*+1) by simulating
each of the full conditional densities, where the conditioning elements are revised during
a cycle. Since transitions to the same point occur with probability zero, () = 0 and
transitions of the chain from z = z® to y = 20+1) (two distinct points) take place
according to the transition density

d

pG(mvy): HW(yk|y17'"7yk—17mk—|—17---7$d)- (5)
k=1

It is not difficult to check that this transition density satisfies (3): If v is Lebesgue measure,
Jpa(z,y)w(z)d(z) is

d
/H W(yk|y1’7;('"yk_l)w(wk“"'"md|y1"'"yk)r(mﬂwz,...,md)W(mz,...,md) de
k=1

Thtls- > Zd|Y1y - Yh—1)
by applying Bayes theorem to each term in the transition kernel and writing #(z) as
w(21|ee,...,24)7(22,...,24). The calculation is completed by noting that (i) the terms
7 (Yr|Y1, - - ., Yk—1) are independent of @, so they factor out as 12_, ©(Yr|Yy1, - - -, Yr—1) to
give w(y); (ii) the integral over @; is 1; (iii) the term w (22, ..., 24) cancels with the denom-
inator for k = 1; and (iv) cancellation by telescoping occurs since the numerator element in
term k — 1 is p(@k41,.--,2d|¥1, .-, Yk—1), Which cancels with the denominator in term k.

We now turn to some issues that arise in implementing the Gibbs sampling algorithm.
First, in designing the blocks, highly correlated components should be grouped together;
otherwise the Markov chain is likely to display autocorrelations that decay slowly, resulting
in slow convergence to the target density [see Liu et al. (1994) and Section 3.4]. Second,

a tractable full conditional structure can sometimes be obtained by introducing latent or



missing data into the definition of z. The idea of adding variables to the sampler, known

i

as “data augmentation,” was introduced by Tanner and Wong (1987) and is illustrated in
several of the examples in Section 3.6 Finally, if some of the full conditional densities are
difficult to sample by traditional means (by the method of rejection sampling or by a known
generator, for example), that density can be sampled by the MH algorithm [Miiller (1991)]
or a method that generates independent samples [Gilks and Wild (1992)].

Several sets of sufficient conditions ensure that the Markov chain generated by the Gibbs

sampler satisfies the conditions of Proposition 1. A convenient set is due to Roberts and

Smith (1994, Theorem 2) [see also Chan (1993)].

Proposition 2 Suppose that (i) w(z) > 0 implies there exists an open neighborhood N
containing = and € > 0 such that, for all y € N ., w(y) > € > 0; (it) [ 7(x) dey, is bounded
for all k and all y in a open neighborhood of ; and (i) the support of x is arc connected.

Then pg(z,y) satisfies the conditions of Proposition 1.

The intuition for these conditions (and their connection to 7-irreducibility and aperi-
odicity) should be noted. The conditions ensure that each full conditional density is well
defined and that the support of the density is not separated into disjoint regions so that once
the chain moves into one such region it never leaves it. Although these are only sufficient
conditions for the convergence of the Gibbs sampler, the conditions are extremely weak and

are satisfied in most econometric applications.
2.3 Metropolis-Hastings algorithm

The MH algorithm is another powerful MCMC method that can be used to sample an
intractable distribution 7*(.). A sequence of draws from that algorithm is obtained as
follows: Given that the latest drawing has yielded the value z, the next value in the sequence
is generated by drawing a value y from a candidate generating density g(z,y) (also called a

proposal density). The y thus generated is accepted with probability a(z,y), where
in | *a(v.z) : )
o) ={ T [Faesta] it w@ata) >0,

w(z)q(z.y)’
otherwise .

®The idea of data augmentation also appears in maximum likelihood estimation of missing data models
by the EM algorithm [Dempster et al. (1977)].



If the candidate is rejected, the next sampled value is taken to be the current value.

Two important points should be noted. First, the calculation of a(z,y) does not require
knowledge of the normalizing constant of 7(-). Second, if the proposal density is symmetric,
ie., g(z,y) = q(y, ), then the acceptance probability reduces to 7(y)/m(z), which is the
original formulation of Metropolis et al. (1953).

To understand the basis for this algorithm first note that the transition kernel of this

Markov chain is given by

Purs(z, dy) = q(2, y)olz, y) dy + [1 - [ a(e,v)ale,) dy) 8a(dy) (6)

which states that transitions from « to y (y # «) are made according to

pMH(wvy) = q(m,y)a(az,y), z 7£ Y,

The function payra(e, y) satisfies the reversibility condition (4). To see this consider the case
where az,y) < 1 (which implies that a(y,z) = 1). Then, n(2) pmu(z,y) = 7n(2)q(z, y)a(z,y) =
7(y)q(y, z), which is equal to #(y) pare(y, ) as was to be checked. Thus 7* is an invariant
distribution for Parg(z, dy).

A useful sufficient condition for convergence of chains generated by the MH algorithm

can be based on Lemma 1.2 of Mengersen and Tweedie (1993):

Proposition 3 If n(z) and ¢(z,y) are positive and continuous for all (z,y) then payr(z,y)

satisfies the conditions of Proposition 1.

Further discussion of sufficient conditions may be found in Smith and Roberts (1993)
and Tierney (1994). While Proposition 2 implies convergence, it is not informative about
the speed of convergence. This aspect of the theory is under active investigation, the main
focus being on geometric ergodicity. Some results may be found in the articles mentioned
earlier in this paragraph and in Roberts and Tweedie (1994).

We now turn briefly to the question of specifying the proposal density that drives the MH
algorithm. Several generic choices are discussed by Tierney (1994) and Chib and Greenberg
(1994). One possibility is to let the proposal density take the form ¢(z,y) = ¢(y —z), as, for



example, when the candidate is drawn from a multivariate normal density centered at the
current value . This is referred to as the random walk based MH chain. Another possibility,
suggested by Hastings (1970) and called the independence MH chain by Tierney (1994), is
specified by letting ¢(z,y) = ¢(y), which implies that the density ¢(z, y) is independent of .
This proposal density can be centered at the posterior mode (or some other suitable value)
with the form of ¢ adjusted to ensure that the acceptance rate (the proportion of times a
candidate value is accepted) is reasonable. What is reasonable depends on the context, but
it is important that the proposal density should be chosen so that the chain travels over the
support of the target density. This may fail to occur, with a consequent undersampling of
low probability regions, if the chain is near the mode and if candidates are drawn too close
to the current value.

It is worth emphasizing that once a proposal density is specified, the MH algorithm is a
straightforward method of simulating virtually any target density, including an intractable
full conditional density that may arise in implementing the Gibbs sampling algorithm. It
is easy to show that this combination of Markov chains (Metropolis-within-Gibbs) is itself
a Markov chain with the correct invariant distribution. Specifically, consider the case of
two blocks and suppose that the full conditional density #(y1|z2) can be sampled directly
but that m(yz|y1) requires use of the MH algorithm. Under the assumption of Lebesque
measure, the transition kernel is then the product of 7(y1|z2)dy; and the transition kernel

of the MH step, which is given by par(z2, y2|y1)dy2 + 7(22]y1)dz,(dy2). Then

[ [ 7@, za)m(sles) dyslpa(ez, volys )dye + r(z2l32)6 o (dys)] dos des
= /W($2)W(y1|i’32)d?/1 [pra(22, y2ly1)dys + r(22]91)8 o, (dy2)] deo
= 7w(y1)dy: /7?(132|y1)PMH(iL'2, Yaly1 )dya dea + 7 (y2) 7 (y1|y2)dy: dyar(y2|y1)
= w(y1)7(y2|y1)dy1dy- /pMH(yz,wz|y1)dm2 + 7 (Y1, y2)dy1dyar(y2|y1)
= 7(y1,y2)dyrdy2(1 — r(y2ly1)) + 7(y1, y2)dy1dy2r(y2|y1),

and invariance is confirmed. The fourth line above follows from the reversibility of the MH

step (22| y1)pmu(22,Y2| ¥1) = 7(y2|y1)pama(y2, 22|y1). It is therefore not necessary to

stop the Gibbs sampler to iterate the MH algorithm when an intractable full conditional

10



density is encountered; one value is generated from the MH procedure, followed by the next

Gibbs step.

2.4 Implementation issues

Single run vs multiple run sampling: The literature has suggested two methods for
generating a sample from an MCMC algorithm—the single-chain and the multiple-chain.
In the multiple chain method a starting value is chosen and a sequence is generated from
p(az(i_l), a:(i)). After a transient phase of Ny drawings, the Ng 4+ 1 drawing is regarded as a
sample from 7(-). A new starting value is then chosen, and the process is repeated. This
method generates an independent sample at the cost of discarding Ny drawings in each
cycle. In the single-run method the sequence {a:(N°+1),J:(N°+2), .. .,J:(NO"'M)} is regarded
as a sample of size M from =(-). The resulting sample is correlated because each drawing
depends upon the previous draw (the Markov property). The sample is nevertheless useful
because the sequence converges to the invariant distribution. The Markov nature of the
sample usually introduces strong positive correlation between parameter values at successive
iterations, but the correlation often dissipates quickly so that it is close to zero between the
iterate at ¢ and ¢ + nq, say, for moderate n;. In that case an approximately random sample
can be found by including in the sample every n;th item in the sequence after the transient
phase has ended.

Detection of convergence: Because the length of the transient phase seems to be model
and data dependent, the question of convergence requires considerable care. If the target
density being simulated is “well behaved” (as it is in many standard econometric models),
then the simulated Markov chain usually mixes rapidly and the serial correlations die out
quickly. But with weak identifiability of the parameters and/or multiple modes the chain can
be poorly behaved.” Many proposals have been made to shed light on these problems. One
class of approaches [exemplified by Ritter and Tanner (1992), Gelman and Rubin (1992),

"The multiple modes case can be quite deceptive. The chain may appear to mix well but may actually
be trapped in a sub-region of the support. This example indicates the importance of understanding by
analytical means the target density being simulated and then devising an algorithm to achieve a chain with
desirable properties (perhaps by combining MCMC schemes, by abandoning one MCMC algorithm in favor
of another, or by using multiple-chain sampling).

11



Geweke (1992), and Zellner and Min (1993)] attempts to analyze the observed output to
determine whether the chain has converged. The Gelman and Rubin approach, which is
based on multiple-chain sampling from dispersed starting values, compares the within and
between variation in the sampled values. The Ritter and Tanner approach, which requires
a single run, monitors the ratio of the target density (up to a normalizing constant) and
the current estimate of the target density; stability of the ratio indicates that the chain has
converged. Another type of approach [for example, Raftery and Lewis (1992) and Polson
(1992)] attempts to produce estimates of the burn-in time prior to sampling by analyzing the
rate of convergence of the Markov chain to the target density. Considerable work continues
to be done in this important area, but no single approach appears to be adequate for all

problems.

3 Examples

We now show how the MCMC simulation approach can be applied to a wide variety of
econometric models, starting with a simple example in which the Gibbs sampler can be
applied without data augmentation and where simulation is from standard distributions
only. The later examples require more of the methods described above. Our objectives are
to present the logic of the method and to help the reader understand how to apply the
method in other situations.

Before presenting the examples, we introduce the assumptions for prior densities that

are used throughout this section: The vector 3 follows a Nk(ﬂo,Bo_l), the variance o2 is

distributed as inverted gamma IG(%, 570), and the precision matrix Q! follows a Wishart
W, (po, Ro) distribution. Hyperparameters of the prior densities, subscripted by a 0, are
assumed to be known. A density or distribution function is denoted by [-], a conditional

density or distribution by [-|-], and 2 denotes equality in distribution.

3.1 The seemingly unrelated regression model

Our first example is the seemingly unrelated regression (SUR) model, which is widely em-

ployed in econometrics. Under the assumption of normally distributed errors, the observed

12



data y;; are generated by
Yit = mgtﬁi‘l'eit’ € = (elta-"vept)lNiide(Ovﬂ)v 1 S ZSpv 1 S t S n,

where 3; : k; X 1 and 2 is a positive definite matrix. By stacking observations for each time
period, we rewrite the model in vector form as y; = X3 + ¢, where yx = (y1¢,- .-, YUpt),
X; = diag( @}y, .-, 2p), B = (B1,...,0,) : kx1,and k = 3, k;. We obtain the single
equation Gaussian regression model when p = 1. It is well known that the maximum
likelihood estimators for a sample of data Y, = (y1,...,¥yr) can be obtained only through an
iterative procedure and that the finite sample distribution of these estimators is intractable.
In contrast, the Gibbs sampling algorithm provides an exact, small sample Bayesian analysis
for this model [Percy (1992) and Chib and Greenberg (1993b)].

Suppose that prior information about (3, 27!) is represented by the density = (3)x(Q71),
where we are assuming that 8 and Q7! (the precision matrix) are independent. Then the
posterior density of the parameters (proportional to the product of the prior density and

the likelihood function) is given by

n

m(Br(@7) x 107" P exp | -5 D (or - XeB)R (3 - XiB)

t=1

This is the target density (with unknown normalizing constant) that must be simulated.
Now note that if 3 and Q! are treated as two blocks of parameters, the full conditional
densities, B|Y,, Q! and Q71|Y,,, B are easy to simulate. In particular, under the priors

mentioned above,
B |Yn, Q71 ~ Ni(B,B,Y) and Q7YY B ~ Wy(vo + 1, Rn),

where § = B;'(Boflo + Liey X{Q7'9:), Ba = (Bo + Xy X(Q7'X,), and R, = [Rg" +
Y7 (ye— XiB8)(y: — XiB8)')7L. Tt is not difficult to verify the sufficient conditions mentioned
in Proposition 2. Therefore, simulating these two distributions by the Gibbs algorithm
yields a sample {ﬁ(i), Q_l(i)} such that 809 is distributed according to the marginal density
7(B|Y,), Q716 ~ 7(Q71Y,), and (8O, Q=) is distributed according to the target (joint)
density.® It should be noted that the sample of draws is obtained without an importance

sampling function or the evaluation of the likelihood function.

8The Wishart distribution can be simulated by the Bartlett decomposition: If W ~ Wy(v,G), then

13



3.2 Tobit and probit regression models

In the previous example the Gibbs sampler was applied directly to the parameters of the
model. In other situations a tractable set of full conditional distributions can be obtained
only by enlarging the parameter space with latent data, as we illustrate next for the tobit
and probit models. Interestingly, while the parameter space over which the sampler is
defined is extremely large (in the case of the probit model it is larger than the sample size),
the number of blocks in the simulation is quite small (three in the tobit model and two in
the binary probit model).

Consider the censored regression model of Tobin (1958), in which the observation y; is
generated by

zi~N(ziB,0%) and y =max(0,z), 1<i<n.

Given a set of n independent observations, the likelihood function for 3 and o2 is
_ 1

TT(t - (eis/o) T (o Demp | - 5 5(u— =i8)],

1€C ieC’!
where C' is the set of censored observations and ® is the c.d.f. of the standard normal
random variable. Clearly, this function (after multiplication by the prior density) is difficult
to simplify for use in the Gibbs sampling algorithm. Chib (1992a) shows (in one of the first
applications of Gibbs sampling in econometrics) that matters are simplified enormously
if the parameter space is augmented by the latent data corresponding to the censored
observations.

To see why, suppose we have available the vector z = (z;), ¢ € C.Let y, be anx1 vector
with ¢th component y; if the ith observation is not censored and z; if it is censored. Now
consider applying the Gibbs sampling algorithm with blocks 3, o2, and z with the respective
full conditional densities [3|Yy, z, 02], [0%|Yy, 2, 8], and [2]Y,,, B, 0?]. These distributions are
all tractable and the Gibbs simulation is readily applied. The first two distributions reduce
to

bt dot3,
)

Blyz, 0> ~ Ni(B, (Bo+072X'X)™") and o’ly, B ~ IG(—5—

NG

w2 LTT'L', where T = (%) is a lower triangular matrix with ¢; ~ x5_;1 and ¢;; ~ N(0,1), and L is
obtained from the Choleski factorization LL' = G.

14



where X = (21,...,2,), B = (Bo+072X'X) Y BoBo+072X"y,), and é, = (y.— XB) (y. —
X ), while the full conditional distribution of the latent data simplifies into the product of

n independent distributions, [z|Y,, 8, 0% = [;cclzilyi = 0,8, 0%, where
zilyi = 07ﬁ702 ~ TN(—oo,O](mgﬁvoj)v i€,

a truncated normal distribution with support (—co,0].? The simplification to conditional
independence observed in this case (for example, the distributions of 8 and o2 are indepen-
dent of the censored data given the latent data) usually occurs with data augmentation,
which explains why data augmentation is such a useful tool [Morris (1987)].

The value of data augmentation is also clear in the probit model, where we are given n
independent observations Y,, = {y;}, each y; being distributed Bernoulli with Pr(y; = 1) =
®(2;0). For this model and many others in this class, Albert and Chib (1993a) develop a
simple and powerful approach that introduces latent Gaussian data as additional unknown

parameters in a Gibbs sampling algorithm. They exploit the fact that the specification
z =z 4w, u ~iidN(0,1), and y; = I[z > 0] (8)

produces the probit model. The Gibbs sampling algorithm (with data augmentation) is

now defined through the full conditional distributions

n

[81Yn, Zn] £ [6]Zn] and  [Zn|Yn, 8] 2 [[[2ilw:, ).

=1
The full conditional distribution of # has the same form as (7) with y, replaced by Z,
and ¢% = 1. The full conditional [Z,|Y,,, 3], which factors into the product of independent
terms, depends on whether y; = 1 or y; = 0. From (8) we have z; < 0if y; =0 and 2z > 0

if y; = 1. Thus,
zilyy = 0,8 ~ TN(_W,O](wgﬁ, 1) and
zlyi =1,8 ~ TNw)(2iB,1), 1<i<n.

This MCMC algorithm can be easily modified to estimate a model with an independent
student-¢ link function with v degrees of freedom [see Albert and Chib (1993a)]. From

°To simulate from TN(a’b)(u,az), we first simulate a uniform random variate U and then obtain the
required draw as u + o® ' {p1 + U(p2 — p1)}, where &' is the inverse c.d.f of the normal distribution,
71 = ®[(a — p)/o] and p2 = S[(b— pr)/c]. Alternatively, the method of Geweke (1991) can be used to sample
this distribution.
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the result that the t-distribution is a scale mixture of normals with mixing distribution

Gamma(¥, 5) it is possible to further augment the parameter space by these gamma vari-
ables, one for each observation. The full conditionals are again tractable [see also Carlin
and Polson (1991) and Geweke (1993a) for use of this idea in linear regression]. Albert and
Chib (1993a) also let v be unknown, which leads to a general robustification of the probit

model.
3.3 Random coefficient panel model

We next consider another multiple equation model that is frequently applied to panel data.
In this model the data generating equation for the ith observation unit, usually an individ-

ual, household, or firm, over the T time periods is given by
yi = Xibi + €, &lo? ~iidNT(0,0%Ir), 1<i<m,

where y; = (¥i1,-.-,¥%i17), Xi = (2i1,...,2;7), and the individual-specific coefficients are
assumed to follow the distribution &;|8,Q ~ Ni(B3,Q). A sampling theory discussion of
models similar to this may be found in Hsiao (1986).

The first point to note in a Bayesian approach to this model is that a tractable full
conditional structure is not available from the likelihood function (obtained by integrating
out the random effects). It is, therefore, important to include {b;} as unknown parameters
in the Gibbs sampling algorithm [see Wakefield et al. (1994)]. The second point to note is
that the parameters S and 2 can also be treated as unknowns and included in the Gibbs
sampler without much extra effort.

If the Gibbs sampler is applied to the blocks {;}, o2, 3, and Q7 !, the hierarchical
structure of the model allows us to deduce the following facts: (i) the full conditional
distribution [{4;}|Y,,, 3, 0%, Q1] factors into a product of the distributions [b;| y,, 3, 0%, Q71],
depending only on the data in the ith cluster; (ii) the full conditional distribution of o2
does not depend on 8 and Q7!; and (iii) the full conditional distributions of 3 and Q! do
not depend on Y,,. Specifically, under our standard prior distributions, the Gibbs sampling
algorithm is defined by:

bi|yi7ﬁ70-279_1 ~ Nk (I;ia‘/i_1> 3 (Z S Tl),
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BlI{b:}, Q" ~ M By + nf2~ ) 1>

(4.
<V0-|-TZT o + D271 (¥ éXb)( Xibi))

Y, { b} ~ IG

; and

Q_l |{bz}7 ﬁ

2

=1

po+n, RO ‘|‘Zb— (bi_ﬁ)l)_)v

where b; = (V1Q 18+ 072 Xy), Vi = (7 + 07 2X!X;), and 8= (Bo + nQ_l)_1 (BoBo +
Q7Y by).

A full Bayes analysis of this important model is thus accomplished by simulating the
four distributions presented above. It should be noted that an extremely useful by-product
of the Gibbs algorithm is the posterior distribution of the random effects. This distribution
can be used to study the extent of heterogeneity present in the data [Allenby and Rossi
(1993)].

Additional complexity can be introduced into this model without destroying tractability.
For example, suppose y;; is a binary random variable such that Pr(y;: = 1|b;) = F( z},b;),
where F is a known c.d.f. For the logistic c.d.f., a Gibbs analysis of this model is de-
veloped by Zeger and Karim (1991). For the probit c.d.f., introduce latent variables
zip ~ dMN(z,bi,1), 1 < ¢ < n,1 < ¢t < T, into the Gibbs sampler, simulating each
from the truncated normal distribution 7N (g o0)(2},b:,1) if yix = 1 and TN (_o g)(20i, 1)
if y;x = 0 [Albert and Chib (1993c)]. Then, given values of {z;;}, the model reduces to the

one presented above.
3.4 State-space model
In the state-space model [Harvey (1981)], the observation vector y, is generated by
yr = Xibr + &, € ~1idN,(0,Q), 1<t<mn,
and the state vector §; : m X 1 evolves according to the Markov process
0; = GOy +my, My ~ 1idN, (0, ). (9)

In the frequentist approach the unknown parameters (2, G, ¥) are estimated by maxi-

mum likelihood, and inferences on the states are conducted through the Kalman filter and
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smoothing recursions, given the estimated parameters. A full Bayes approach for the non-
linear version of this model is developed by Carlin, Polson, and Stoffer (1992) and for the
present linear case by Carter and Kohn (1992), Chib (1992b), and Chib and Greenberg
(1993b). We illustrate the case of known G, but the procedure can be extended to deal
with an unknown G.

From the previous examples it is clear that the 6; should be included in the Gibbs

sampler, but this may be done either through the distributions
[0:Yn, Q, 9, 05(s # 1)],  [QUYn, {6:}, €],  [¥|Ya,{6:}, 9], (10)
or through the distributions
[0o,...,0n|Yn, Q, €], [QY,,{6:},¥], [¥|Y.,{6:},9]. (11)

The two samplers differ in the way they simulate the 6;’s. In (10) the states are simulated
from their individual full conditional distributions, while in (11) they are sampled from
their joint full conditional distribution. Because the 6, are correlated (they follow a Markov
process), the blocking in (11) will lead to faster convergence to the target distribution and
is therefore preferred.

The Gibbs sampler proceeds as follows: If the state vectors are known, the full condi-

tional distributions for Q=1 and ¥~ are given by

n -1
Q_1|Yn7 {6:} ~ W, (Po +n, [Ral + Z(yt — Xi0:)(y: — Xtot)ll ) )

t=1

n -1
‘11_1|an {0t} ~ Wn (50 +n, lDal + Z(et - Get—l)(ot - Got—l)ll ) ’

t=1

where §p and Dy : m X m are the parameters of the Wishart prior for ¥ 1. These are both
standard distributions.
For the simulation of the {6;}, let v = (Q,%¥) and Y; = (y1,...,y:). By writing the

joint density of {6} in reverse time order,

p(0n|Yna¢) X p(on—1|Yn7 0n7¢) X...X p(00|Yn7 017 R 0n7¢)7 (12)
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we can see how to obtain a draw from the joint distribution: Draw 6, from [01|Yn, ], then

draw 6,,_; from [0rn—1|Yn, 6, 9], and so on, until fo is drawn from [00|Yn, 01,...,0,, P]. We

now show how to derive the density of the typical term in (12), p(6¢|Yn, 0t11, - - -, 0n, ).
Let 6* = (6s,...,0,) and Y* = (ys,...,ys) for s <n. Then

p(0t|Yn70t+17¢) 58 p(othft”lﬁ)p(ot-l-lhftaota’lﬁ)f(Yt+170t+1|Y;570t70t+17¢)
X p(othft”lﬁb)p(ot-l-lwt"lﬁ)’

from (9) and the fact that (Y*™! 6*™) is independent of 6, given (6;11, ). The first density

(13)

is Gaussian with moments ét|t and Ry, which are obtained by running the recursions
ét|t = Gét|t—1 + Ki( y: — Xtét|t—1) and Rt|t = - KtXt)Rt|t—17 where ét|t—1 = Gét—1|t—17

Ft|t—1 = Xth|t_1X£ -I— Q, Rt|t—1 = GRt_1|t_1GI -I— ‘D, and Kt Rt|t 1X The SeCOIld

t|t 1
density is Gaussian with moments G6; and ¥. Completing the square in 6; leads to the

following algorithm to sample {6,}:

1. Run the Kalman filter and save its output {0t|t, Ry, M}, where Ry = Ry— My Ry M|

and Mt Rt|th-|—1|t

2. Simulate 6, from N, ( n|n,Rn|n); then simulate §,_; from Np,(6p_1, Rn_1), and so
on, until f, is simulated from Nm(éo, Ry), where 6, = ét|t + M; <0~t_|_1 — ét|t> .

3.5 Regression models with AR(p) errors

This subsection illustrates a simulation in which the MH algorithm is combined with the
Gibbs sampling algorithm. A detailed analysis of the regression model with ARMA(p, ¢)
errors may be found in Chib and Greenberg (1993a) and Marriott et al. (1993).

Consider the model

yp==z,8+e¢, 1<t<n, 14
¢

where y; is a scalar observation. Suppose that the error is generated by the stationary

AR(p) process
—re_1 — ... — Ppet_p =up or PH(L)er = uy, (15)

where u; ~ iidNV(0,02) and ¢(L) = 1 — ¢ L —...— ¢, LP is a polynomial in the lag operator

L. The stationarity assumption implies that the roots of ¢(L) lie outside the unit circle;
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this constrains ¢ = (¢1,...,¢,) to lie in a subset (say S4) of RP. To conform to this
constraint, we take the prior of ¢ to be N,(¢|do, @al)IS¢, a normal distribution truncated
to the stationary region (and assume the standard prior distributions for 3 and o?). The

likelihood function for this model can be expressed as

F(YalB,8,0%) = () x (7)) exp l—# > (i - wr'm?] :
t

=p+1

Where, for ¢ > p+ 17 yr = ¢(L)yt7 l’? = ¢(L)mt7 and
_ _ 1 _
¥(9) = (1) ISl exp [ 55 (Y — X8)%5 (Y, — X,) (16)
is the (stationary) density of the first p observations. In the above, Y, = (y1,...,%p),
X, =(Xy,...,X,),and T, = 8X,8" + e1(p) e1(p)’, with

| P &
=[5 %]

ei(p) = (1,0,...,0)", and ¢_p, = (¢1,..., Pp—1)""

How can the posterior density be simulated? The answer lies in recognizing three facts.
First, the Gibbs strategy is useful for this problem by taking 8, ¢, and ¢? as blocks.'°
Second, the full conditional distributions of 3 and 0% can be obtained easily after combining
the two exponential terms in the sampling density. Third, the full conditional of ¢ can be
simulated with the MH algorithm. We next provide some of the details.

Define Y, = Q 'Y, and X, = Q~'X,, where Q satisfies QQ' = ¥,. Let y* =
(v7,--.,y;)" and likewise for X*. Finally let e = (ept1,...,e,) and let E denote the
n — p X p matrix with tth row given by (e;_1,...,€et_p), where e; =y — 238, ¢t >p+ 1. It
is now not difficult to show that the full conditional distributions are

BlYn, 6,0> ~ N (B, B:")
B|Yn,B,0% o ¥(P) X N, ((;Aﬁ, °1>;1> Is,, and (17)
o2V, 8,6 ~ TG (ufn, fpd),
where § = B Y (Bofo + cr_ZX*Iy*), B, = (Bo + U_2X*'X*), dg = |ly" — X*BJ?, ¢ =
$-1(Bopo + 0 2E' ¢), and &, = (8¢ + 0 2E'E).

%Tn the analysis of the AR(p) model conditioned on Y¥,, Chib (1993) shows that all full conditional
distributions take standard forms.
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The full conditionals of 3 and o? are easily simulated. To simulate ¢ we can employ the
MH independence chain with A, ((;Aﬁ, & 1) Is, as the candidate generating density. Then
the MH step is implemented as follows. At the ith iteration of the Gibbs cycle, draw a
candidate ¢(*+1) from a normal density with mean (;AS and covariance 02(i)@;1; if it satisfies

stationarity, we move to this point with probability

)
min W’

and otherwise set ¢(it1) = ¢(#) Chib and Greenberg (1993a) verify the sufficient conditions

for the convergence of this algorithm and provide several empirical examples.

3.6 Other models

Other models in addition to those illustrated above lend themselves to MCMC methods
and to Gibbs sampling with data augmentation in particular. In the regression framework,
missing data can be added to the sampler to generate samples from distributions of the
parameters. The important class of multinomial probit models can be analyzed by MCMC
simulation (through data augmentation), as discussed by Albert and Chib (1993a), Mc-
Culloch and Rossi (1993), and Geweke, Keane, and Runkle (1993). Another important
area is that of mixture models, in which each observation in the sample can arise from
one of K different populations. Two types of models have been investigated. In the first,
the populations are sampled independently from one observation to the next [Diebolt and
Robert (1994)]. In the second, the populations are sampled according to a Markov process,
which is the Markov switching model [Albert and Chib (1993b), and Chib (1993c)]. New
econometric applications that illustrate the versatility of MCMC methods continue to ap-
pear: reduced rank regressions [Geweke (1993b)], stochastic volatility models [Jacquier et
al. (1994)], cost function models [Koop et al. (1994)], censored autocorrelated data [Zangari

and Tsurumi (1994)], and many others.

4 Inference with MCMC methods

We next examine ways in which a sample generated by MCMC methods can be used for

statistical inference, including estimation of moments and marginal densities, prediction,
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sensitivity, model adequacy, and estimation of modes.

4.1 Estimation of moments and numerical standard errors

An implication of Proposition 1 is that output from the MCMC simulation can be used to
estimate moments, quantiles, and other summaries of the target density. With ¢ denoting
parameters and latent data and Y,, denoting the sample data, the target density is the
posterior density 7(+|Y,) and the MCMC sample is the collection {4 : i < M}. The
MCMC estimate of the quantity A = [ h(¢)7(¢|Y,) dy (for integrable k) is given by the

ergodic average
M

h=M"13" h(yp®). (18)

=1
This expression can be used to estimate the posterior mean by letting h(¢) = ¢ and the
posterior second moment matrix by letting () = ¥¢’. It should be noted, however, that
the estimate of (18) differs from that of other Monte Carlo methods (importance sampling,
for example) because the {¢(i)} are not independent. In particular, the estimate of the
Monte Carlo standard error (numerical standard error), which indicates the variation that
can be expected in h if the simulation were to be repeated, is affected. Following Ripley
(1987, Ch. 6), let Z; = h(¥(®)). Under regularity conditions, since {Z;} is an ergodic time
series with autocorrelation sequence p, = corr(Z;, Z;_,) and variance 0% = var(Z;), we have
var(h) = M2 >k cov(Z;, Zy,)

= M35 Pk

= M 14252, (1- )]
which is larger than ¢?/M (the variance under independent sampling) if all the p, > 0,
as is frequently the case. The variance equals 72/M, where 72 = 27 f(0) and f(-) is the
spectral density of {Z;}. Many methods have been proposed to estimate the variance
efficiently; Geweke (1992), for example, estimates the spectral density at frequency zero,
while McCulloch and Rossi (1993) use the approach of Newey and West (1987) [see also
Geyer (1992)]. An equivalent, more traditional approach is based on the method of “batch
means.” The data {Z;} are batched or sectioned into k subsamples of length m with means

{B;} and the variance of h estimated as [k(k — 1)]"* Y(B; — B)2. The batch length m is

22



chosen large enough that the first order serial correlation between batch means is less than

0.05.

4.2 Marginal density estimates

Along with moments, the marginal and joint density functions of components of ) are
important summaries of the target density. To obtain such densities, for example the
marginal density of 11, it is possible to compute the histogram of the simulated values
{1#51)} since these are samples from the marginal posterior w(¢1|Y,,). More generally, the
histogram estimate can be smoothed by standard kernel methods. In the context of the
Gibbs sampling algorithm, however, another density estimate is available. Suppose there
are d blocks and we wish to compute the marginal density of the first block, 7 (¢1|Y,) =
S (1| Yn, ¥, .. ., 0a) T(2, . . ., ¥a|Ys) dips . . . dipg. Because {¢§i), .. .,¢((;)} is a sample from
the marginal density m (2, . ..,%4|Y,), an estimate of this density at the point 7 is

M . .
#(W5[Yn) = MY w9 Yn, 05, 9. (19)

=1
Gelfand and Smith (1990) refer to (19) as “Rao-Blackwellization,” and Liu et al. (1994)
show that this mixture approximation to the marginal density generally produces estimates
with smaller numerical standard error than the empirical estimator. They also find that
it is preferable to calculate [ h(¢1)7(¢|Y,) dy by averaging E(h(v1)|Yn, Y2, .. .,%q) (if the

latter is available) over the simulated draws of (vs, .. ., ¥4).

4.3 Predictive inference

Consider the question of obtaining the density of a set of future observations y; given the
current model. This is the predictive density f(y¢|Y,) = [ f(ys|Yn, ¥)7(¢|Y,) dip, where
Ff(y¢|Yn, ¥) is the conditional density of the future observations given 3. Even though the
integral cannot generally be evaluated it is possible to simulate (by the method of compost-
tion) a sample of draws from f(y¢|Y,,) given a sample from 7 (¢|Y,,) : For each () simulate
the vector y?) from the density f(yf|Yn,¢(i)). Then {y?)} constitutes the desired sam-

ple. The simulated forecast values can be summarized in the usual ways. Albert and Chib
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(1993b) use this approach to obtain the 4-step ahead prediction density for autoregressive

models with Markov switching.

4.4 Sensitivity analysis

It is often of interest to determine the sensitivity of the estimate in (18) to changes in
the prior distribution. This can be done by the method of sampling-importance-resampling
(SIR) without re-running the MCMC simulation [Rubin (1988)]. Specifically, given a sample
o M) from 7(¢¥|Y,), a sample of m draws from a posterior density p(¢|Y,) that
corresponds to a different prior density can be obtained by resampling the original draws
with weights w(;) « %, i=1,..., M. The resampled values, which are distributed
according to p(-|-) as M/m — oo, can be used to recompute h. Other model perturbations

can also be similarly analyzed [Gelfand and Smith (1992)].

4.5 Evaluation of model adequacy

The marginal (integrated) likelihood is a central quantity in the comparison of Bayesian
models. If the models are defined as Hy = {f(Ya|t¥r), 7(¥r)}, where ¢y is the parameter
vector for the kth model, then the marginal likelihood for model (or hypothesis) Hy is
defined as

m(Yy|Hy) = /f(Yn|¢k)7"('¢k)d'¢ka

which is the integral of the sampling density w.r.t. to the prior density. The evidence
in the data for any two models M} and M; is summarized by the Bayes factor By =
m(Y,|Hg)/m(Y,|H;), or by the posterior odds O = B X (pr/p1) where p is the prior
probability of M}, [Leamer (1978), Zellner (1984)].

Two distinct methods have been used to compute By [see Kass and Raftery (1994) for
a comprehensive review]. In the first approach [Newton and Raftery (1994), Chib (1994)],
m(Y,|Hy) is computed directly from the MCMC output corresponding to model Mj. In
the second approach [Carlin and Chib (1993)], a model indicator M, M € {1,...,K},
is defined, and a Gibbs sampler is constructed from the full conditional distributions

[¥1,...,YK|Yn, M] and [M|Y,,¥1,...,¥K]. The posterior relative frequencies of M are
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used to compute posterior model probabilities and thence the Bayes factors for any two
models. A related approach for models with a common parameter ¢ is considered by Carlin

and Polson (1991) and George and McCulloch (1993).

4.6 Modal estimates

Markov chain methods can be used to find the modal estimates in models with missing or
latent data. This is achieved by sampling the latent or missing data and then evaluating
the E step in the EM algorithm using the simulated draws [Celeux and Diebolt (1985), Wei
and Tanner (1990), and Ruud (1991)].

Given the current estimate of the maximizer (), define

Q(9,0(i)):/ log (7(8|Yy, Zy)) d[Zn|Yy, 0],

where Y,, is the observed data and Z, is the latent data. To avoid what is usually an
intractable integration, given parameter values we can draw a sample Z,;, j < N, by
MCMC and approximate @ by Q(G,G(i)) = N1 > log(7(0|Yn, Zpn,;)) - In the M-step, 0
is maximized over 6 to obtain the new parameter 8+, These steps are repeated until

the difference HG(i‘"l) — 0| is negligible. When producing the sequence {G(i)} it is usual

to begin with a small value of N and let the number of replications of Z, increase as
the maximizer is approached. This procedure is applied to finite mixture distributions
with Markov switching in Chib (1993b) and to partial non-Gaussian state-space models in

Shephard (1994).

5 Conclusions

Our survey of developments in the theory and practice of Markov chain Monte Carlo meth-
ods, with an emphasis on applications to econometric problems, has shown how Gibbs and
Metropolis-Hastings sampling, combined with data augmentation, can be used to organize
a systematic approach to Bayesian inference. We have illustrated the ideas in the context
of models with censoring, discrete responses, panel data, autoregressive errors, and random

and time-varying parameters, but the ideas can be applied to many other econometric mod-
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els. For frequentist econometricians, we have shown how Monte Carlo versions of the EM
algorithm can be used to find the posterior mode.

One of the considerable arguments in favor of MCMC methods (and for simulation-based
inference in general) is that they make possible the analysis of models that are difficult
to analyze by other means. No longer is analysis in the Bayesian context restricted to
tightly specified models and prior distributions. As we have shown, many models, including
those with intractable likelihood functions, can be simulated by MCMC methods. Various
inference questions, especially those relating to prediction, model and prior perturbations,
and model adequacy can be addressed effectively using the output of the simulation.

MCMC methods have already proved extremely useful in econometrics, and more ap-
plications continue to appear at a rapid rate. These developments have been enormously
aided by significant improvements in computer hardware and software. Great opportunities
remain for the work that still needs to be done, especially in the form of applications to new
and existing problems and theoretical developments on the speed of convergence, sufficient

conditions for validity, and tuning of methods.
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